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Unit E1 
Cosets and normal subgroups 


Introduction 


Introduction to Book E 


You met many of the basic ideas of group theory in Book B Group 

theory 1. This book builds on that material and introduces you to more 
advanced group theory. You will learn more about how group theory 
reveals links and similarities in concepts that seem unrelated, giving us a 
greater understanding of these concepts. You will also see examples of how 
group theory can simplify problems that at first sight appear prohibitively 
complicated, and so make it possible to solve them. 


The mathematics that you will cover in this second group theory book is 
more abstract than that in the first book, and many students find it more 
challenging. However, do not let that put you off — being challenged should 
be an enjoyable part of learning mathematics, and it enables you to meet 
some quite powerful and beautiful group theory. 


To avoid this book being too challenging, though, you must make sure that 
you have a really sound working knowledge of the material covered in the 
first group theory book, Book B, which forms a foundation for this second 
book. To help you achieve this, this second book of group theory includes 
revision of the main ideas and techniques that you will need from the first 
book. You should work carefully through all the revision material, most of 
which is in the first unit. Doing this will also give you a useful start on 
your exam revision. 


The ideas that you have already met in Book B are covered much more 
concisely here than in Book B, so if you find that you need more detail on 
a topic then you should consult the original coverage of it in Book B. Most 
of the results from Book B are stated here without proof, as they have 
already been proved in Book B. 


The second unit in this book, Unit E2, is more substantial than the other 
three units, so you should expect to spend more time studying it. 


Introduction 


Sections 1 and 3 of this unit, which together constitute about half of the 
unit, are devoted to revision of some of the important ideas from Book B. 
They will give you the grounding that you need before you go on to the 
more abstract group theory later in the book. These sections also include 
some interesting examples of groups that you have not met before. 


The other three sections cover new topics. Section 2 introduces matrix 
groups — groups whose elements are matrices — which will be used 
frequently in this book. Section 4 introduces the idea of cosets, which are 
subsets of a group related to a particular subgroup. This work leads in 
Section 5 to the notion of a normal subgroup, which is a crucial concept in 
group theory: normal subgroups allow us to ‘break down’ groups into 
simpler groups. Both cosets and normal subgroups will be important 
throughout the rest of this book. 
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Figure 1 The symmetries of 
the square 


1 Groups 


In this first section you will revise the definition of a group and some basic 
properties of groups, and go on to revise permutation groups, symmetry 
groups and subgroups. 


1.1 Definition of a group 


In mathematics, there are many situations in which we have a set together 
with a means of combining any two elements of the set. For example, we 
might have one of the following. 


e The set of all real numbers, with addition. We can use addition to 
combine any two real numbers: for instance, 2.1 + 3.7 = 5.8. 


e The set of all symmetries of the square, with function composition. We 
can use function composition to combine any two symmetries of the 
square. For instance, if the symmetries of the square are labelled as 
shown in Figure 1, then aob=c. 


A means of combining any two elements of a set is called a binary 
operation defined on the set. If a set and a binary operation defined on 
the set together possess the four standard properties given in the box 
below, then the set and binary operation are said to form a group. 


Definition 
Let G be a set and let o be a binary operation defined on G. Then 


(G,o) is a group, and we also say that G is a group under o, if the 
following four group axioms hold. 


G1 Closure For all g, h in G, 
geme (ne 
G2 Associativity For all g, h, k in G, 
go(hok)=(goh)ok. 
G3 Identity There is an element e in G such that 
goe=g=eog forallginG. 
(This element is an identity element for o on G.) 


G4 Inverses For each element g in G, there is an element h in G 
such that 
ge M= e = Me g 


(The element h is an inverse element of g with respect to o.) 


This definition is illustrated in the worked exercise below. When you apply 
it you may assume without proof that the following binary operations are 
associative. (You saw that matrix multiplication is associative in 

Corollary C44 at the end of Subsection 3.1 of Unit C3.) 


Standard associative binary operations 
e Addition e Multiplication 
e Modular addition e Modular multiplication 
e Matrix addition e Matrix multiplication 


e Function composition 


Worked Exercise E1 


Determine which of the following are groups. 


(a) (Z,x) (b) (Z,+) 


Solution 
(a) We consider each axiom in turn. 


®. To show that a group axiom holds, we must give an algebraic 
argument that applies to all group elements (though we can 
assume that axiom G2 holds if the group operation is one of the 
standard associative binary operations). To show that a group 
axiom does not hold, we must give a counterexample. .© 


G1 Closure 
For all m,n E Z, 
mxn Ez, 
so Z is closed under multiplication. 
G2 Associativity 
Multiplication of numbers is associative. 
G3 Identity 
We have 1 € Z, and for all n € Z, 
i < 1 =o = IL & 
So 1 is an identity element for x on Z. 
G4 Inverses 


The element 2 is in Z, but it has no inverse with respect to 
multiplication in Z, since there is no element n € Z such that 


2a — Enx 2. 
Thus axiom G4 fails. 


Hence (Z, x) is not a group. 


1 Groups 
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(b) Again, we consider each axiom in turn. 
G1 Closure 
For all m,n E€ Z, 
m+n EZ, 
so Z is closed under addition. 
G2 Associativity 
Addition of numbers is associative. 
G3 Identity 
We have 0 € Z, and for all n € Z, 
m 0 = m = O m- 
So 0 is an identity element for + on Z. 
G4 Inverses 
For each n € Z, we have —n € Z and 
n+(-n)=0=-n+n. 


So each element n in Z has an inverse element in Z with 
respect to addition. 


Since all four axioms hold, (Z, +) is a group. 


Although the solution to Worked Exercise E1(a) proceeds by considering 
all the group axioms systematically until one is found to fail, simply 
demonstrating that any one axiom fails is enough to show that a set and 
binary operation do not form a group. 


Exercise E1 
Let A = {5k : k € Z} = {...,—10, —5,0,5,10,...}. 
By using the group axioms, determine which of the following are groups. 


(a) (4,+) (b) (A, x) 


The next exercise involves a group that you have not met before but which 
will be used later in this book. The binary operation of this group is 
defined using the idea of the fractional part of a real number. 


The fractional part of a real number z, denoted by frac(x), is given by 
frac(z) = x — |z], 


where |x] is the integer part of x (the largest integer that is less than or 
equal to x). 


1 Groups 


For example, 
frac(1.2) = 1.2 — 1 = 0.2, frac(x) 
frac(3.9) = 3.9 — 3 = 0.9, SEEEN 
a 


S T TA =u y 


Essentially, frac(x) is equal to 0 if x is an integer, and is equal to the integers 
distance from x to ‘the next integer down’ otherwise, as illustrated in Figure 2 The fractional part 
Figure 2. So it is always a number in the interval [0, 1). of areal numberr 


The binary operation + is defined on the interval [0, 1) by 
xz +1 y = frac(x + y). 
For example, 


0.9 +1 0.7 = frac(0.9 + 0.7) = frac(1.8) = 0.8. 


Exercise E2 


Given that the binary operation +, defined above is associative on the 
interval [0, 1), show that (0, 1), +1) is a group. 


(If you want a challenge, try showing also that +, is associative on [0, 1). 
A solution to this is provided at the end of the solution to this exercise.) 


A group (G,o) that has the additional property that 
goh=hog forallg,hinG 


is called an abelian (or commutative) group. A group that is not 
abelian is non-abelian. 


The group (Z,+), from Worked Exercise E1(b), is an example of an abelian 
group, since a +b = b+ a for all a,b € Z. In fact, any group whose elements 
are numbers and whose binary operation is addition or multiplication is an 
abelian group, since a +b = b +a and a x b = b x a for all numbers a 

and b. In contrast, a group whose binary operation is function composition 
or matrix multiplication may be either abelian or non-abelian. 


An infinite group is one with infinitely many elements. So, for example, 
the group (Z, +) is an infinite group. A finite group is one with a finite 
number of elements. If a finite group (G, o) has n elements, then we say 
that it is a group of order n, and we write |G| = n. 


The infinite groups of numbers in the box below occur frequently. 
Remember that Q* = Q — {0}, R* = R — {0} and C* = C — {0}. 


Some standard infinite groups of numbers 
The following are groups: 
(Z,+), (V+), (R+) (C+) 
(Q*, x), (R*,x), (C*,x). 
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Figure 3 The main diagonal 
of a Cayley table 
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Figure 4 Occurrences of the 
identity element indicating 
inverse elements 


When we are working with a binary operation o defined on a small finite 
set, we often display the composites given by o in a Cayley table. For 
each x and y in the set, we enter the composite x o y in the Cayley table in 
the row labelled x and the column labelled y. We can use a Cayley table 
to help us check the group axioms, as described in the box below (recall 
that the main diagonal of a Cayley table is the diagonal shown in 

Figure 3). The construction of a Cayley table and its use to check the 
group axioms are demonstrated in the next worked exercise after the box. 


Using a Cayley table to check the group axioms 

Let G be a finite set and let o be a binary operation defined on G. 

Then (G, 0) is a group if and only if the Cayley table for (G,o) has 

the following properties. 

G1 Closure ‘The table contains only elements of the set G; that is, 
no new elements appear in the body of the table. 

G2 Associativity The operation o is associative. 

(This property is not easy to check from a Cayley table.) 

G3 Identity A row and a column labelled by the same element 
repeat the table borders. This element is an identity element, 
e say. 

G4 Inverses Each row contains the identity element e, occurring 
either on the main diagonal or symmetrically with another 
occurrence of e, with respect to the main diagonal (see 
Figure 4). For each such occurrence of e, the corresponding 
elements in the table borders are inverses of each other. 


Remember also that a finite group is abelian if and only if its Cayley table 
is symmetric with respect to the main diagonal. 


A Cayley table of a group is called a group table. 
Worked Exercise E2 
Construct a Cayley table for the set G = {1,3,7,9} under multiplication 


modulo 20. Hence show that (G, x20) is a group. 


Solution 
The Cayley table is as follows. 


il 
ji 3 9 
slg 9 1 7 
“|e lg & 
QO 7 3 ll 
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o g 
N 
\ 
Z 
A 
=A 
Remember that a self-inverse element is one that is an inverse of itself. My 
In a Cayley table each self-inverse element corresponds to an occurrence of * 
the identity element e on the main diagonal, as shown in Figure 5. Figure 5 A self-inverse 
element g 


Exercise E3 


Let G = {1,R,S,T} where 


1 0 —1 0 -1 0 1 0 
e e a a (0 4), 
Construct a Cayley table for the set G under matrix multiplication. Hence 


show that (G, x) is a group. Determine whether it is an abelian group. 


(Notice that I, R, S and T are all diagonal matrices and hence are 
straightforward to multiply together.) 
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In the next exercise you will need to construct Cayley tables using 
modular arithmetic. Remember that there are ways to make modular 
arithmetic calculations quicker and easier, as you saw in Subsection 3.3 of 
Unit A2 Number systems. For example, to work out 9 X24 15, instead of 
starting by working out 9 x 15 = 135, you can proceed as follows: 
9x15=9x3x5 
=27x5 
=3x5 
= 15 (mod 24). 
Thus 9 X24 15 = 15. 
Similarly, to work out 9 x24 21, you can proceed as follows: 
9 x 21 = 9 x (-3) 
= —27 
=-3 
= 21 (mod 24). 
Thus 9 X24 21= 21, 
You can also make use of the fact that modular addition and modular 
multiplication are commutative binary operations, so a Cayley table for a 


set of numbers with one of these operations will be symmetric with respect 
to its main diagonal. 


Exercise E4 


In each of the following cases, construct a Cayley table for the set and 
binary operation, and hence determine whether they form a group. 


(a) ({0,1,2}, +3) (b) @2,4,6},xs) (c) ({1, 5}, x6) 
(d) ({3, 9, 15,21}, X24) 


Exercise E4(a) and (c) are particular examples of the first two of the 
following general results that you met in Unit B1 Symmetry and groups. 
(Here and elsewhere in this book, results from Book B are quoted with 
their original numbers.) 


Standard finite groups of numbers 


Theorem B8 For each integer n > 2, the set Zn = {0,1,...,n — 1} is 
a group under +n. 

Theorem B9 For each integer n > 2, the set U, of all integers in Zn 
that are coprime to n is a group under Xn. 


Corollary B10 For each prime p, the set Z% = {1,2,...,p— 1} isa 
group under xp. (Note that Up = Z% when p is prime.) 


Exercise E5 


List the elements of each of the following groups. 


(a) (Uis; xis)  (b) (U7,x7) (c) (Z7, x7) 


In Unit B1 you met some useful facts that follow directly from the group 
axioms. Here is an important one to remember, from Subsection 4.1 of 
Unit B1. 


In a group (G,o) we write composites of three or more elements such 
as goho k and gohokol without brackets, because it follows from 
axiom G2 that any possible way of interpreting such a composite gives 
the same answer. 


For example, the composite go h o k can be evaluated by interpreting it as 
either go (ho k) or (goh) ok. It does not matter which of these 
expressions we choose, as they both give the same answer, by axiom G2. 


Remember, though, that in general we cannot change the order of the 
elements in a composite of group elements. For example, go ho k is not 
necessarily equal to h o g o k. However, if the group is abelian, then we can 
change the order of the elements in a composite in any way we like, since 
all possible orders will give the same answer. 


The two boxes below contain some other important results about groups 
that follow directly from the group axioms. 


Uniqueness of the identity and of inverses 

The following hold in any group. 

Proposition B11 The identity element is unique. We usually denote 
it by e. 


Proposition B12 Each element x has a unique inverse. We usually 
denote it by «71. 


Basic properties of group elements 
The following hold for any elements x, y, a and b of any group (G, o). 


Proposition B13 (x71)! =a 


1 il 


Proposition B14 (xoy)! = y7! os 


Proposition B15 Left and Right Cancellation Laws 
Ifoa=a20b, thena=b. 


Ii @O2 SOO, Uien @ = to, 
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You saw in Unit B1 that the Left and Right Cancellation Laws can be 
used to prove the following property of group tables. 


Proposition B18 


In a group table, each element of the group occurs exactly once in 
each row and exactly once in each column. 


Thus, if you meet a Cayley table in which this property does not hold, 
then you can immediately conclude that it is not a group table. For 
example, if the set {e, a,b,c} with binary operation o has the Cayley table 


ole a bc 
ele a bc 
ala ecb 
bib c be 
clc b eb 


then ({e,a,b,c},0) is not a group because b occurs more than once and a 
not at all in some rows and columns of the Cayley table. 


It is important to remember that a group (G, o) consists of two things: the 
set G and the binary operation o. However, frequently for convenience we 
refer to a group (G,o) just as the group G, provided this will not cause 
confusion. For instance, we often do this in the following situations: 


e where there is an ‘obvious’ binary operation under which a set G is a 
group 


e where the binary operation associated with a set G is clear from the 
context 


e where we are discussing a general, abstract group and do not need to 
refer to the binary operation. 


For example, we might refer to the group (R*, x) simply as ‘the group R*’, 
since the only obvious binary operation under which R* is a group is 
multiplication. 


1.2 Permutation groups 


An important family of groups is that of groups of permutations. 
A permutation of a finite set S is a one-to-one function from S to S. It 
can be written in two-line form. For example, the notation 


i 123456 
~ 1s. 6 3-2 1 24 


specifies that the permutation f maps 1 to 5, 2 to 6, 3 to 3, and so on. 


A more convenient notation for permutations is cycle form. This notation 
depends on the fact that for any permutation f of a set S, if we write down 
all the elements of S and draw an arrow from each element to its image 
under f, then we obtain one or more cycles. For example, if we do this for 
the permutation f above, then we obtain the cycles shown in Figure 6. 


OV © 


Figure 6 ‘The cycles of the permutation f 


Using these cycles, we write the permutation f above in cycle form as 
f = (1 5)(2 6 4)(3). 


In the cycle form of a permutation, each cycle can be written with any of 
its symbols as the first symbol, and the cycles can be written in any order. 
For example, an alternative way to write the permutation f above is 


f = (3)(6 4 2) 1). 


However, if the symbols in the permutation are numbers then we usually 
write the smallest symbol in each cycle first and arrange the cycles with 
their smallest symbols in increasing order, unless there is a reason to do 
otherwise. 


The length of a cycle is the number of symbols in it, and a cycle of 
length r is called an r-cycle. We usually omit 1-cycles from the cycle form 
of a permutation. So our standard way to write the permutation f above is 


f = (1 5)(2 6 4). 


Note that the cycles in the cycle form of a permutation are disjoint — that 
is, they have no elements in common. 


Any two permutations of the same set S can be composed to give another 
permutation of S. For example, if f is the permutation (1 5)(2 6 4) above 
and g is the permutation (1 5 4 3 6), then the composite go f (that is, 

f followed by g) can be illustrated as follows. 


123456 
fllitids 
5 63 21 4 
gtt} 
41625 8 


This diagram shows, for example, that f maps 1 to 5 and then g maps 5 
to 4, so altogether go f maps 1 to 4. 


The worked exercise below demonstrates how to compose two 
permutations by directly using their cycle forms, for the same two 
permutations f and g as above. 
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Worked Exercise E3 


Find, in cycle form, the composite permutation go f of the permutations 


f=(15)(264) and g=(15436). 


Remember that the order in which you compose permutations is 
important: if f and g are permutations, then the composite f o g may not 
be equal to the composite go f. 


Exercise E6 


Determine the cycle form of each of the following composites of 
permutations. 


(a) (1275)(384)0(13675) (b) (13 7)(25 4)0(2 4)(3 8)(5 6) 


You can use the method demonstrated in Worked Exercise E3 to compose 
any number of permutations. For example, in Exercise E7 (below) the first 
(right-most) permutation maps 1 to 7, then the next permutation maps 7 
to 4, and finally the third permutation maps 4 to 5, so altogether 1 is 
mapped to 5. 


Exercise E7 


Determine the cycle form of the following composite of permutations. 


(1456)0(23748)0(176)(3 25). 


Any permutation is equal to the composite (in any order) of its disjoint 
cycles. For example, 


(1 5)(2 6 4) = (1 5) 0 (2 6 4) = (2 6 4) o (1 5). 


However, not every composite of cycles can be interpreted as the cycle 
form of a permutation. For example, (1 2) o (2 3) is a composite of cycles, 
but (1 2)(2 3) is not the cycle form of a permutation because the two 
cycles here are not disjoint (they have the symbol 2 in common). 


The inverse of a permutation of a set S' is another permutation of S. For 
example, if f = (1 5)(2 6 4), as above, then the effect of f is 


so the effect of its inverse f~t, obtained by reversing the arrows, is 


123 4 5 6 


i i a ae 
563214 


The next worked exercise demonstrates how to find the inverse of a 
permutation directly from its cycle form. 


Worked Exercise E4 


Find, in cycle form, the inverse of the permutation f = (1 5)(2 6 4). 
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Exercise E8 


Find the inverse of each of the following permutations. 


(a) (175 2)(384) (b) (14)(23)(68) 


The technique of reversing the cycles to find the inverse of a permutation 

works only if the permutation is in cycle form. For example, the inverse of 
the composite permutation (1 2 3) o (3 4) is not obtained by reversing the 
cycles (1 2 3) and (3 4), because these cycles are not disjoint. 


A 2-cycle is called a transposition. Any cycle can be expressed as a 
composite of transpositions, as follows. 


Strategy B10 


To express a cycle (a1 a2 a3 ... ar) as a composite of transpositions, 
write the transpositions 


(ap ao). (Œ 2e) (ay a) 2229 (n Gp) 
in reverse order and form their composite. That is, 


(on aa 03 coo Cp) = (ay r) o (ai Opa) oe lo a) (C a2): 


For example, as you can check by composing the transpositions, 
(123456) =(1 6)o(1 5)o(1 4)0(1 38) o (1 2). 


Because any cycle can be expressed as a composite of transpositions, so 
can any permutation, as illustrated in the next worked exercise. 


Worked Exercise E5 


Write the permutation (1 5 7 2)(3 4 6) as a composite of transpositions. 


Exercise E9 


Write the permutation (1 5 3)(2 4 7 9 6) as a composite of transpositions. 


There are many different ways to express a particular permutation as a 
composite of transpositions. For example, by Strategy B10 the 
permutation (3 4 5) can be written as 


(3 5) 0 (3 4), 

but since (3 4 5) = (4 5 3), it can also be written as 
(4 3)0 (45). 

A third way to write it is 
(3 5)o (3 4)o (1.2) 6 (1 2), 

since (1 2) is the inverse of itself. 


However, we have the following theorem. 


Theorem B58 Parity Theorem 


A permutation cannot be expressed both as a composite of an even 
number of transpositions and as a composite of an odd number of 
transpositions. 


We say that a permutation is even if it can be expressed as a composite of 
an even number of transpositions, and odd if it can be expressed as a 
composite of an odd number of transpositions. The evenness or oddness of 
a permutation is called its parity. 


The parity of a permutation has the properties in the box below. 


The first two properties come from the fact that an r-cycle can be 
expressed as a composite of r — 1 transpositions, by Strategy B10. The 
third and fourth properties come from considering the numbers of 
transpositions in composites of permutations. 


Properties of the parity of a permutation 

e A cycle of odd length is an even permutation. 

e A cycle of even length is an odd permutation. 

e The composite of two odd or two even permutations is even. 


e The composite of an even and an odd permutation is odd. 


We can use these four properties to determine the parity of any 
permutation expressed in cycle form, as demonstrated in the following 
worked exercise. 


1 Groups 
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Worked Exercise E6 


Determine the parity of the permutation 


f = (13 4)(2 6)(5 978). 


Solution 


The cycles (1 3 4), (2 6) and (5 9 7 8) are even, odd and odd, 
respectively. Hence the permutation f is 


even + odd + odd = even. 


Exercise E10 


Determine the parity of each of the following permutations. 


(a) (158)(2734) (b) (18)(27)(3 546) 


The method of determining parity demonstrated in Worked Exercise E6 
shows us that any two permutations with the same cycle structure (that 
is, the same number of cycles of each length) have the same parity. For 
example, the permutations (1 2)(3 4 6) and (1 4 3)(2 5) have the same 
cycle structure and hence the same parity. 


In Unit B3 Permutations you saw proofs of the following facts. 


The symmetric group S,, and the alternating group A, 


Theorems B52 and B53 For each positive integer n, the set Sn of 
all permutations of the set {1,2,...,n} is a group under 
function composition, called the symmetric group of 
degree n. It has order n!. 


Theorems B61 and B62 For each positive integer n, the set An of 
all even permutations of the set {1,2,...,n} is a group under 
function composition, called the alternating group of 
degree n. For n > 2 it has order $n. 


The identity element of both the group Sn and the group Apn is the 
permutation that maps every element of the set {1,2,..., n} to itself, 
which we call the identity permutation and usually denote by e. 
The group Sn is non-abelian for n > 3 and the group An is non-abelian 
for n > 4. 


The group A, is a subgroup of the group Sn: you will revise the idea of a 
subgroup in Subsection 1.4. 


A group whose elements are permutations of a finite set and whose binary 
operation is function composition is called a permutation group. 


1.3 Symmetry groups 


A rich source of examples of groups, many of them non-abelian, is the 
symmetry of figures. A figure in R? is any subset of R?, such as a triangle, 
a square, a rectangle or a line. Similarly, a figure in R? is any subset of R3, 
such as a tetrahedron or a cuboid. Some examples of figures are shown in 
Figure 7. A figure in R? is called a plane figure. A figure in R? is called a 
solid figure if it has non-zero height, non-zero width and non-zero depth. 


An O = 


Figure 7 Examples of plane and solid figures 


An isometry of R? is a function f : R? —> R? that preserves distances; 
that is, for all points X,Y € R?, the distance between f(X) and f(Y) is 
the same as the distance between X and Y. A symmetry of a plane figure 
is an isometry of R? that maps the figure to itself. An isometry of R°, and 
a symmetry of a 3-dimensional figure, are defined in an analogous way. 


It is straightforward to check that the set of symmetries of a figure, with 
the binary operation of function composition, satisfies the group axioms: 
try thinking this through for yourself. So we have the following theorem. 


Theorem B21 


If F is a figure (in R? or R3), then the set S(F) of all symmetries of F 
is a group under function composition, called the symmetry group 
of F’. 


For example, you have met S(A), S(O), S(©) and S(O), the symmetry 
groups of the equilateral triangle, the square, the rectangle and the regular 
hexagon, with orders 6, 8, 4 and 12, respectively. You have also met S(tet) 
and S(cuboid), the symmetry groups of the regular tetrahedron and a 
cuboid with no square faces, with orders 24 and 8, respectively. 


The identity element of the symmetry group of a figure F is called the 
identity symmetry of F, and is usually denoted by e. 


The groups S(A), S(O) and S(©) are summarised below. Figures 8, 9 
and 10 show the elements of these groups, except the identity symmetry, 
and Tables 1, 2 and 3 describe these elements. Each element can be 
represented as a permutation of the labels of the vertex locations, as given 
in the tables. For example, the symmetry a of the equilateral triangle is 
represented by the permutation (1 2 3) because it maps the vertex at 
location 1 to the vertex at location 2, the vertex at location 2 to the vertex 
at location 3, and the vertex at location 3 to the vertex at location 1. 
Remember that the numbers label the vertex locations rather than the 
vertices themselves: the labels do not move when the figure is transformed 
by a symmetry. 
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Figure 10 S( 
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Here and throughout the group theory units we express angles of rotation 
of plane figures in radians anticlockwise, unless otherwise stated. 


Table 1 The elements of S(A) 


Symmetry Description Representation 
e identity e 
a rotation though 27/3 (1 23) 
b rotation though 47/3 (1-32) 
r reflection in axis through vertex 1 (2 3) 
s reflection in axis through vertex 2 (1 3) 
t reflection in axis through vertex 3 (1 2) 


Table 2 The elements of S(O) 


Symmetry Description Representation 
e identity e 
a rotation through 7/2 (1 234) 
b rotation through 7 (1 3)(2 4) 
c rotation through 37/2 (1 43 2) 
if reflection in vertical axis (1 4)(2 3) 
s reflection in diagonal through vertex 1 (2 4) 
t reflection in horizontal axis (1 2)(3 4) 
u reflection in diagonal through vertex 2 (1 3) 


Table 3 The elements of S(1) 


Symmetry Description Representation 
e identity e 
a rotation through 7 (1 3)(2 4) 
r reflection in vertical axis (1 4)(2 3) 
S reflection in horizontal axis (1 2)(3 4) 


We can compose the symmetries of a figure by composing the 
permutations that represent them. For example, for the symmetries 
s and b in S(A) we have 


bos =(132)0(13) =(1 2)(3) = (12) =¢. 


1 Groups 


By combining all pairs of symmetries in each of S(A), S(O) and S(©) in 
this way, we obtain the following group tables. 


olea brst ole a bers tu ole ar s 
ele a brs t ele abers tu ele ar s 
ala betr s ala b c e stur aja e sr 
bjb eastr bib c eatur s rir sea 
rir s t ea b cle ea burst s|s rae 
s|s t r bea riru t s ecoba so) 
t/t rs abe s|s ru taec b 
S(A) tlt s ru baee 
ulu ts rcbaee 


A 


Exercise E11 


Use the group table for S(A) to determine the following. 
(a) aos (b) bo! (c) boroa 


Hint: In part (c), write bo roa as either bo (roa) or (bor) oa. 


A symmetry of a plane figure is direct if its effect can be demonstrated 
using a model of the figure without removing the model from the plane. 
For a solid figure, a symmetry is direct if its effect can be demonstrated 
directly in space using a model of the figure. The symmetries of a plane or 
solid figure that are not direct are called indirect. 


If a plane figure is bounded, then its direct symmetries are rotations about 
a central point (including the identity symmetry, which is a rotation 
through 0 radians), and its indirect symmetries, if it has any, are 
reflections in lines through this point. For example, in S(A), the direct 
symmetries are e, a and b, and the indirect symmetries are r, s and t. 


If a solid figure is bounded, then its direct symmetries are rotations about 
lines, and its indirect symmetries, if it has any, include reflections in planes 
and possibly other types of indirect symmetries. 


Properties of direct and indirect symmetries 


e The composite of two direct symmetries or two indirect symmetries 
is direct. 


e The composite of a direct symmetry and an indirect symmetry is 
indirect. 


Theorem B22 Tf a figure has a finite number of symmetries, then 
either they are all direct or half are direct and half are indirect. 
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The symmetries of a solid figure can be represented by permutations of its 
vertex location labels in the same way as those of a plane figure. For 
example, if the vertex locations of the cube are labelled as shown in 
Figure 11, then the reflection in the horizontal plane through the centre of 
the cube is represented by the permutation (1 2)(3 4)(5 6)(7 8). 


For brevity, from now on in this book we will use phrases such as ‘vertex 
labels’, rather than the more correct ‘labels of the vertex locations’, and 
‘the line 14’, rather than the more correct ‘the line through the vertices at 
locations 1 and 4’. 


Exercise E12 


This question is about the labelled cube in Figure 11. 


(a) Describe geometrically the symmetry of the cube represented by each 
of the following permutations. 


(i) (18)(27) Gi) (148.5)(23 76) 


(b) Compose the two permutations in part (a) in each of the two possible 
orders, and describe geometrically the symmetry represented by each 
of the resulting two composite symmetries. 


(c) Write down, in cycle form, the permutation that represents each of 
the following symmetries of the cube. 


(i) Rotation through 7 about the line that passes through the 
midpoints of the faces 1265 and 4378. 

(ii) The two non-trivial rotations about the line that passes through 
the vertices 1 and 7. 


1.4 Subgroups 


We make the following definition. 


Definition 


A subgroup of a group (G,°) is a group (H, o), where H is a subset 
at (Gr 


Notice that for a group H to be a subgroup of a group G the binary 
operation must be the same for G and H. 


For example, the group (Q, +) is a subgroup of the group (R, +), since Q is 
a subset of R and the two groups have the same binary operation. On the 
other hand, the group (R*, x) is not a subgroup of the group (R, +), even 
though R* is a subset of R, because the two groups do not have the same 
binary operation. 


1 Groups 


Every group of order greater than 1 has at least two subgroups, namely 
the group itself and the trivial subgroup, whose only element is the 
identity element. 


The following two theorems were proved in Unit B2 Subgroups and 
isomorphisms. 


Theorem B23 Identity and inverses in a subgroup 

Let (G,o) be a group with a subgroup (H, o). 

(a) The identity element of (H,o) is the same as the identity element 
of (G.o)) 

(b) For each element h of H, the inverse of h in (H,o) is the same as 
its inverse in (G, o). 


Theorem B24 Subgroup test 


Let (G,o) be a group with identity element e, and let H be a subset 
of G. Then (H,o) is a subgroup of (G,o) if and only if the following 
three properties hold. 


SG1 Closure For all x, y in H, the composite x o y is in H. 
SG2 Identity The identity element e of G is in H. 


SG3 Inverses For each v in H, its inverse x~! in G is in H. 


We refer to properties SG1, SG2 and SG3 as the three subgroup 
properties. Subgroup property SG1 (closure) is the same as group 
axiom G1 (closure). However, subgroup properties SG2 (identity) and 
SG3 (inverses) are not the same as group axioms G3 (identity) and 

G4 (inverses): these two subgroup properties are concerned with belonging 
to, whereas the corresponding two group axioms are concerned with 
existence. 


Notice that before you check the three subgroup properties for a subset H 
of a group G, you first have to be sure that H is a subset of G, and that the 
binary operation o defined on H is the same as that defined on G. If either 
of these conditions do not hold, then (H,o) cannot be a subgroup of (G,°). 


For a finite subset of a group, if you suspect that the subset is a subgroup, 
then it can be helpful to construct a Cayley table for the subset before you 
try to apply Theorem B24. In the next exercise you can practise applying 
Theorem B24 to finite subsets of a group. 
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Exercise E13 


Determine whether each of the following sets, with the binary 
operation x 5, is a subgroup of the group (U25, X95). 


(Remember that U25 is the set of integers in Zə5 coprime to 25.) 
(a) A= {1,5,10,15,20} (b) B = {1,6,11, 16,21} 
(c) C = {1,9,11,21} 


As with groups in general, we often refer to a subgroup (H,o) of a group 
(G,o) simply as the subgroup H if the binary operation is clear from the 
context. This is done in the solution to Exercise E13. Also, if you are asked 
to show that a particular subset H of a group G is a subgroup of G, then 
you should assume that the binary operation on H is the same as on G. 


Exercise E14 


Let x be a self-inverse element of a group (G, o) with identity e. Show that 
{e,x} is a subgroup of G. 


You will have an opportunity to practise applying Theorem B24 to infinite 
subsets of infinite groups in the next section. In the rest of this subsection 
we will look briefly at some subsets of particular types of finite groups, 
namely symmetry groups and symmetric groups. We will also revise 
Lagrange’s Theorem, which is about subgroups of finite groups. 


Subgroups of symmetry groups 
In Unit B2 you met the following result. 


Theorem B25 


Let F be a figure in R? or R°. Then the set of direct symmetries of F, 
denoted by S*(F), is a subgroup of the symmetry group S(F) of F. 


For example, the set S*(A) = {e,a,b} of direct symmetries of the 
equilateral triangle is a subgroup of S(A). (The non-identity elements 
of S(A) are shown in Figure 12.) 


1 Groups 


You also saw that you can find subgroups of a symmetry group S(F) by 
modifying the figure F. For example, the plane figure in Figure 13 is a 
modified version of the equilateral triangle in Figure 12. The only 
symmetries of the original triangle that are also symmetries of the 
modified triangle are e and r, so {e,r} is a subgroup of S(A). 


Figure 13 A modified equilateral triangle 


Table 4 lists all the subgroups of the group $(A): there are six altogether. 
The three subgroups of order 2 can be obtained by modifying the triangle 
in ways similar to that shown in Figure 13. Alternatively, we can use the 
fact that if x is any self-inverse element in a group G with identity e, then 
{e, x} is a subgroup of G, as shown in the solution to Exercise E14. The 
three elements r, s and t of S(A) are all self-inverse. 


Table 4 The subgroups of S(A\) 


Order Number of subgroups Subgroups 


{e} 

{e,r}, {e, 5}, {e,t} 
{e, a, b} 

S(A) 


= =e we 


1 
2 
3 
6 


Exercise E15 


The non-identity elements of the symmetry group S(O) are shown in 
Figure 14. The group S(O) has ten subgroups: 


(a) one subgroup of order 1 


(b) five subgroups of order 2 
(c) three subgroups of order 4 
(d) one subgroup of order 8. 


Write down as many of these subgroups as you can. (Do not look back to 
where these subgroups are given in Book B!) Figure 14 S(O) 
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Subgroups of symmetric groups 


In Unit B3 you met various subgroups of symmetric groups. Each 
symmetric group Sn has the alternating group An as a subgroup, as 
mentioned in Subsection 1.3. 


One way to find another subgroup of a symmetric group Sn is to draw a 
suitable figure, label its vertices (or some other suitable features, such as 
its edges) with some or all of the symbols from the set {1,2,...,n}, and 
represent the symmetries of the figure as permutations of these labels. For 
example, the labelled rectangle in Figure 15 gives the following subgroup 
of S6: 


{e, (1 3)(4 6), (1 6)(3 4), (1 4)(3 6)}. 


Exercise E16 


Use the labelled figure below to find a subgroup of the symmetric group 57. 
1 


Another way to find a subgroup of a symmetric group Sn is to find all the 
permutations in Sn that fix a particular symbol from the set {1,2,...,n}, 

or that fix each symbol in some set of symbols. For example, {e, (1 4)} is 

the subgroup of S4 whose elements are the permutations in S4 that fix the 
symbols in the set {2,3}. 


There are many more ways to find a subgroup of a symmetric group. 
Another way is given in the next exercise. 


Exercise E17 


(a) Let n be a positive integer and let A be any subset of the set 
S = {1,2,...,n}. Let G be the subset of the symmetric group Sn that 
consists of all the permutations in S» that map each element of A to 
another element of A. By using Theorem B24 (Subgroup test), prove 
that G is a subgroup of Sn. 


(b) List the elements of the group G defined in part (a) when n = 5 and 
A= {4,5}. 


Lagrange’s Theorem 


The following fundamental theorem was proved in Unit B4 Lagrange’s 
Theorem and small groups. 


Theorem B68 Lagrange’s Theorem 


Let G be a finite group and let H be any subgroup of G. Then the 
order of H divides the order of G. 


The converse of Lagrange’s Theorem is not true. In other words, if m is a 
positive divisor of the order of a group G, then there is no guarantee that 
G has a subgroup of order m. It may have such a subgroup, or it may not. 


2 Matrix groups 


Unlike Sections 1 and 3, this section does not contain revision of group 
theory that you have already met in Book B. It is about a new topic: 
matrix groups. 


In Subsections 3.1 and 4.1 of Unit C1 Linear equations and matrices you 
saw that, for any positive integers m and n, 


e the set of all m x n matrices with real entries forms a group under 
matrix addition, denoted by Mm n 


e the set of all invertible n x n matrices with real entries forms a group 
under matrix multiplication. 


The second of these groups is called the general linear group of 
degree n (over the real numbers), and is denoted by GL(n). This name is 
used because the word ‘linear’ is associated with matrix algebra — known 
as linear algebra (it arises from systems of linear equations) — and the word 
‘general’ distinguishes this group from the special linear group of degree n, 
which is defined later in this section. 


Throughout this book we will work frequently with GL(2), the group of 
invertible 2 x 2 matrices with real entries under matrix multiplication, and 
with some of its subgroups. This section introduces you to some of these 
subgroups. We will assume throughout that by ‘matrix’ we mean a matrix 
with entries that are real numbers (rather than complex numbers, for 
example). 


First, here is a reminder of some important properties of 2 x 2 matrices 
that we will need. You met these properties in Unit C1. Most of them 
generalise to properties of n x n matrices, but in Book E we will need 
them only for 2 x 2 matrices. 


In the box below, and generally throughout this book, we write a product 
of two matrices in the form AB, in the usual way, rather than making the 
binary operation explicit by writing A x B. 


2 Matrix groups 
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1. The 2 x 2 identity matrix 


r=(5 3) 


has the property that 
Als AN = IA 
for each 2 x 2 matrix A. 


2. If A is a 2 x 2 matrix, then there may exist a 2 x 2 matrix, 
denoted by A~!, such that 


AA+t=I1=A"!A. 


If such a matrix A7! exists, then it is unique and is called the 
inverse of A, and we say that A is invertible. 


3. The determinant of A = : A is given by 
det A = ad — be. 
A 2 x 2 matrix A is invertible if and only if det A Æ 0. 


ATAS (: A is invertible, then 


1 d —b 
Ka ; 
ad — bc € ) 
5. For all 2 x 2 matrices A and B, 
det( AB) = (det A) (det B). 


6. For all invertible 2 x 2 matrices A and B, 
(AB) FB A 


1 
A =—_. 
da det A 


Exercise E18 


Determine whether each of the following matrices is invertible, and write 
down its inverse if it exists. 


@ (63) oI 
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Although you have already seen in Subsection 4.1 of Unit C1 that the set 
of invertible 2 x 2 matrices is a group under matrix multiplication, a proof 
of this fact is given below, to help familiarise you with this group. The 
proof given here is only for 2 x 2 matrices, rather than more generally for 
n x n matrices, as this is all we need here. 


Theorem E1 


The set of invertible 2 x 2 matrices is a group under matrix 
multiplication. 


Proof Let G be the set of invertible 2 x 2 matrices. We show that the 
four group axioms hold for G under matrix multiplication. 


G1 Closure 


Let A and B be any elements of G. Then AB is a 2 x 2 matrix. 
Also, since A and B are invertible, det A Æ 0 and det B Æ 0, so 


det(AB) = (det A)(det B) 4 0. 


Hence AB is invertible. Therefore AB € G. So G is closed under 
matrix multiplication. 


G2 Associativity 
Matrix multiplication is associative. 
G3 Identity 


The 2 x 2 identity matrix I is an invertible 2 x 2 matrix, so I € G 
and we have 


AI=A=IA 
for each A € G. Thus I is an identity element in G. 


G4 Inverses 


Let A be any element of G. Then A is invertible, so its inverse A~! 
exists and is itself an invertible 2 x 2 matrix (with inverse A). Hence 
A`! € G and we have 


AA =I= AA. 
Thus each element A € G has an inverse element A~! € G. 
Hence (G, x) satisfies the four group axioms and so is a group. | 


As mentioned earlier, the group in Theorem E1 is called the general 
linear group of degree 2 and is denoted by GL(2). 


2 Matrix groups 
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Now let us look at some subgroups of GL(2). The first worked exercise in 
this subsection shows that the set of all lower triangular matrices in GL(2) 
is a subgroup of GL(2). Recall that a lower triangular matrix is a 
matrix each of whose entries above the main diagonal is zero. So a 2 x 2 
lower triangular matrix is a matrix of the form 


a 0 
c d)’ 
where a,c, d E€ R. 


Worked Exercise E7 


Show that the set L of lower triangular matrices in GL(2) is a subgroup of 


GL(2). 


Solution 
We show that the three subgroup properties hold for L. 
SG1 Closure 

Let A,B EL. 


@. We need to show that AB € L. We know that AB € GL(2) 
since A, B € GL(2) and GL(2) is a group, so all we need to 
show is that AB is lower triangular. © 


Then 
bal, and fail, a 
oe wl ge M 


for some r,t, u,v, x,y E€ R. Hence 


aB= (i aie ee ru ae 
u u w w vO Ue U 
This is a lower triangular matrix, so AB € L. 


Thus L is closed under matrix multiplication. 
SG2 Identity 


The identity element I = i) of GL(2) is lower triangular. 
lnlemes It Ib. 

SG3 Inverses 
Let A € L. 


@. We need to show that A~! € L. We know that A~! € GL(2) 
since A € GL(2) and GL(2) is a group, so all we need to show is 
that AT! is lower triangular. © 


Then 


r W 
a= (7a) 


for some r,t,u E€ R. 
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The set L in Worked Exercise E7, that is, the set of lower triangular 
matrices in GL(2), can be described without reference to GL(2) as the set 
of invertible 2 x 2 lower triangular matrices. We can specify it 
algebraically by using the fact that the 2 x 2 lower triangular matrix 


(Ci) 


is invertible if and only if its determinant 


ad—0xc=ad 


is non-zero. This gives 


a 0 
ral J) :a,c,d ER, od #0}. 


It can be shown in a similar way to the solution to Worked Exercise E7 
that the set U of all upper triangular matrices in GL(2) is a subgroup 

of GL(2). Remember that an upper triangular matrix is a matrix each 
of whose entries below the main diagonal is zero. The group U can be 
specified in a similar way to the group L as follows: 


a b 
pA J :a,b,d E€ R, od #0}. 


The next exercise is about the set D of all diagonal matrices in GL(2). 
Remember that a diagonal matrix is a matrix each of whose entries not on 
the main diagonal is 0. So a 2 x 2 diagonal matrix is a matrix of the form 


i 


where a,d E€ R. 


Exercise E19 


Show that the set D of diagonal matrices in GL(2) is a subgroup of GL(2). 


The next exercise introduces another subgroup of GL(2). 


2 Matrix groups 
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Exercise E20 


Show that the set H of matrices in GL(2) with determinant 1 is a 
subgroup of GL(2). 


The group in Exercise E20 is called the special linear group of 

degree 2 and is denoted by SL(2). (The proof in the solution to 

Exercise E20 can be generalised to show that for any positive integer n the 
set of matrices in GL(n) with determinant 1 is a subgroup of GL(n); this 
group is known as the special linear group of degree n (over the real 
numbers) and is denoted by SL(n).) 


The general linear group GL(2) and the four subgroups of GL(2) that you 
have met so far will be used frequently later in this book, and are 
summarised in the box below. 


Some standard matrix groups 


The group GL(2), the group of all invertible 2 x 2 matrices under 
matrix multiplication, is given by 


GL(2) = (2 ‘) yada ad—be #0}. 


Its subgroups include the following. 


e The group SL(2) of all 2 x 2 matrices with determinant 1: 


SL(2) = uC :a,b,c,d ER, od—ve=1}. 


e The group L of all invertible 2 x 2 lower triangular matrices: 


a W 
rai 3 :a,c,d E R, ad Zo}. 


e The group U of all invertible 2 x 2 upper triangular matrices: 


@ o 
all, 4) :a,b,d E R, ad Zo}. 


e The group D of all invertible 2 x 2 diagonal matrices: 


Dai ) :a,d €R, ad #0}. 


The group GL(2) has very many more subgroups than the four above. 


The next worked exercise concerns a subgroup of GL(2) whose description 
is a little more complicated than those that you have met so far. 
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Worked Exercise E8 


Show that the set 


rA ee 


is a group under matrix multiplication. 


Solution 


The set Y is a subset of the group GL(2), because each matrix 


(0 1) 
© 1 
in Y has determinant 
Ix =< Osi 
and is therefore invertible. Also, the binary operation specified for Y 


is the same as the binary operation of GL(2). 


®. Therefore, to show that Y is a group, we can show that it is a 
subgroup of GL(2): we do not need to check the four group axioms 
from scratch. & 


We show that the three subgroup properties hold for Y. 
SG1 Closure 
Let A,B € Y. Then 


IL n I 
fel; ") and ae ue 


for some m,n E Z. So 


ao ") 


®. To check that AB € Y, we have to check that it is of the 
form specified before the colon in the definition of Y, namely 


(0 1): 


and also that it satisfies the condition given after the colon, 
namely b € Z. & 


il @ 

0 i) with b= m+n. Also m+n 
is an integer since both m and n are integers. So ABE Y. 
Thus Y is closed under matrix multiplication. 


This matrix is of the form ( 
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SG2 Identity 
The identity element 


(9) 


of GL(2) is of the form k i) with b = 0. ThusTeY. 


SG3 Inverses 
Let A € Y. Then 


IL i 
a= (o 1) 


for some n € Z. The inverse of A in GL(2) is 


1/1 -n il = 
-l_ei = 
Ao a (i l (i i) l 


This matrix is of the form € ) with b = —n. Also, —n is an 


integer since n is an integer. So A~'! € Y. Thus Y contains the 
inverse of each of its elements. 


Since the three subgroup properties hold, Y is a subgroup of GL(2). 
Hence it is a group under matrix multiplication. 


Notice that when subgroup property SG1 was checked in Worked 
Exercise E8, the two general elements A and B of the set 


r={( ee 


were taken to be 


l m l n 
A=(j ig and He J 


So two new symbols, m and n, were chosen to represent the two variables 
needed; the symbol b from the definition of the set Y was not used at all. 
It is sometimes convenient to choose completely new symbols in this way, 
to prevent possible confusion when we later compare an element that we 
have found (such as a product matrix AB or an inverse matrix AT!) to the 
general form of an element of a set. An alternative to choosing completely 
new symbols is to use subscripts: for example, here we could take 


= 1 by = 1 by 
et 2) and B= (i ae 


The next worked exercise involves a subset of GL(2) that is not a subgroup. 


Worked Exercise E9 


Show that the subset 
a l 
w={(5 1) :adeR, ad #0} 


of GL(2) is not a subgroup of GL(2). 


Here are some similar exercises for you to try. 


Exercise E21 


Show that the following are groups under matrix multiplication, by 
showing that they are subgroups of GL(2). 


(a) m={(0 r) :a,bER, azo} 


(b) pa a sa ER, azo} 


Exercise E22 


Show that the subset 


x={(° J :a,b,cE R, a— tex 0} 


of GL(2) is not a subgroup of GL(2). 


The group GL(2) also has non-trivial finite subgroups. For example, you 
saw in Exercise E3 in Subsection 1.1 that the set of matrices {I, R, S, T} is 
a group under matrix multiplication, where 


e Sa (4 90-4 Set 9, 


Each of these matrices is in GL(2), since each of them has a non-zero 
determinant. 
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3 Group structures 


This section contains revision of four topics from Book B that relate to the 
structures of groups, namely the order of a group element, cyclic 
subgroups, cyclic groups and isomorphic groups. 


3.1 Order of a group element 


In this first subsection you will revise the idea of the order of a group 
element. This is a different concept from the order of a group, which as 
you have seen means the number of elements in the group. 


First, here is a reminder about multiplicative notation and additive 
notation. 


We use multiplicative notation for abstract groups (such as the general 
groups mentioned in theorems, proofs and general discussions about 
groups) and for groups whose binary operation is some kind of 
multiplication, or function composition. We call such groups 
multiplicative groups. 


We use additive notation for groups whose binary operation is some 
kind of addition, and we call such groups additive groups. 


The box below summarises the two types of notation. 


Multiplicative notation and additive notation for groups 


Feature Multiplicative Additive 
notation notation 
Composite aob a+b 
or axb (or similar) 
or ab 


(or similar) 


Identity e or Íl 0 
Inverse gt =i 
Power/multiple TA nx 


The last row of the table in the box above relates to the following 
conventions. 


If we repeatedly compose an element x of a multiplicative group with itself, 
then we call the resulting element a power of x, as follows. 


Definition 
Powers of an element x of a multiplicative group (G, o) are defined as 
follows. Let n be a positive integer. Then 


x? =e, the identity element 


ie” = @ © FO 000 © aE 
D , 
n copies of x 
fot rl or Yoo or.. 
es 


n copies of x71 


All powers of x are elements of G, since G is closed under o. 


If we repeatedly compose an element x of an additive group with itself, 
then we call the resulting element a multiple of x, as follows. 


Definition 
Multiples of an element x of an additive group (GŒ, +) are defined as 
follows. Let n be a positive integer. Then 


Ox =e, the identity element 
(Wd = 80 ap AB GP S88 sp ae 
n copies of x 
-nz = (-2) + (-2) +--+ (-2), 


All multiples of x are elements of G, since G is closed under +. 


Most results and discussions in group theory are stated in multiplicative 
notation. To apply them to an additive group, you have to translate them 
into additive notation. 


For example, the following boxes state the index laws for group elements 
and the versions obtained when they are translated into additive notation. 
You met these laws in Unit B2. 
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Theorem B27 Index laws 


Let x be an element of a group (G,o), and let m and n be integers. 
The following index laws hold. 


(a) r” og” = gin 
(b) (m) =a" 


O =e" ee) 


Theorem B28 Index laws (in additive notation) 


Let x be an element of a group (G,+), and let m and n be integers. 
The following laws hold. 


(a) ma+nz=(m+n)x 
(b) n(ma) = (nm)a 


(c) —(nz) = (—n)a = n(—2) 


Usually group theory results and discussions will not be explicitly 
translated into additive notation for you, as that would complicate and 
lengthen the text. Occasionally the versions in additive notation are given 
for clarity, but most often you will have to do the translation yourself as 
needed. 


Exercise E23 


Translate the following statements about an element x of a multiplicative 
group (G,o) into additive notation for an element x of an additive group 
(G, +). 


(a) z? og = zt (b) z505 =e (c) (=a)? 


We can now define what is meant by the order of a group element. 


Definitions 
Let x be an element of a group (G, o). 


If there is a positive integer n such that x” = e, then the order of x is 
the smallest positive integer n such that x” = e. We say that x has 
finite order. 


If there is no positive integer n such that x” = e, then x has infinite 
order. 
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Worked Exercise E10 


Determine the order of each of the following group elements. 


(a) cin S(O) (shown in Figure 16) (b) 2 in (R*, x) 


Solution 
(a) In S(O) we have 


C=C 6C=)ee=G, 


ens Figure 16 S(O) 
C=C CU Oe =e: 


®. We have shown that the smallest positive integer n such that 
c=eis4 & 


Thus c has order 4 in S(Q). 
(b) ®. We have 


gi=2, 2?=4, 2=8, 2*=16, 


No matter how long we keep going we will not reach a positive 
integer n such that 2” is equal to the identity element 1 of 
(R*,x). # 


There is no positive integer n such that 2” = 1, so 2 has infinite 
order in (R*, x). 


You met the following results in Unit B2. 


Orders of elements in finite and infinite groups 

e In every group, the identity element e has order 1. 

e If the group element zx is self-inverse and x # e, then x has order 2. 
Theorem B29 Every element of a finite group has finite order. 


Theorem B30 A group element and its inverse either have the same 
finite order, or they both have infinite order. 


Exercise E24 


Determine the order of each of the following group elements. 
(a) In S(Q): (i) a (ii) b (iii) r 

(b) In (Ug, x9): (i) 5 (ii) 2 (iii) 7 
(c) In (Zg,+s): (i) 2 (ii) 3 (iii) 6 
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Exercise E25 


Find the order of each of the following elements of the group GL(2). 
0 -1 1 0 —1 0 1 1 
ta) (; (b) G 2) (©) ( 0 = (d) (o 4 


You met the following important theorem in Unit B2. Part (a) of the 


Oe oe theorem is illustrated in Figure 17. 
"g Ty 
r grat 
ort og 
y i Theorem B31 
2 í 
A 4 Let x be an element of a group (G, o). 
TH g a) If {x has finite order n, then the n powers 
aN 
or Ciy gooo 
Figure 17 The cycle of are distinct, and these elements repeat indefinitely every n 
powers of an element x of powers in the list of consecutive powers of x. 
order n 


(b) If a has infinite order, then all the powers of x are distinct. 


ee = 
a | 7 For example, in S(O) (see Figure 18), the element c has order 4, and the 

F list of consecutive powers of c in S(Q) (including the zeroth power and the 
7 


We es negative powers) is 
P 


8. 22 e 0 te 2D 8: A oe 6 T. 8 
eg e sO eG ely Ce Cy Ce Ce Cy O's Cs °C, 2534 


i ~ 
which evaluates to 
4 SS 
uX, | \ 
/ | 4 ...,€, €, 6, a, e, c, b a, e, c, D a,.... 
Figure 18 S(O) So the powers e, c, c?,c?, that is, e,c,b,a, repeat indefinitely every 4 


powers, as shown in Figure 19. 


You met another important theorem about the orders of group elements in 


Pi C ba Unit B4. 
c a 


7 i Je Corollary B69 to Lagrange’s Theorem 
oc oc 
P Let g be an element of a finite group G. Then the order of g divides 
Figure 19 ‘The cycle of che osder atc. 
powers of the element c 
in S(O) 


Finally in this subsection, let us look at how to find the order of an 
element of a symmetric group, that is, the order of a permutation. One 
method is to find its consecutive powers, as for any group element, but 
there is a much quicker method, as follows. 
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Order of a permutation in cycle form 


The order of a permutation in cycle form is the least common multiple 
of the lengths of its cycles. 


For example, the permutation (1 3 4)(2 6)(5 9 7 8) in Sg has cycles of 
lengths 3, 2 and 4, so its order is the least common multiple of 3, 2 and 4, 
which is 12. 


Exercise E26 


State the orders of the following permutations in So. 


(a) (23)(698) (b) (17324) (c) (17)(3645) 


3.2 Cyclic subgroups 


If x is an element of a group (G, o), then we denote the set of all powers 
of x (including the zeroth power and all negative powers) by (x). That is, 


(a) = {zf : k € Z}. 


In the case of an element x of an additive group (G, +), the set (x) is the 
set of all multiples of x: 


(x) = {kz : k € Z}. 


The theorem below was proved in Unit B2. 


Theorem B32 


Let x be an element of a group (G,o). Then ((x)},o) is a subgroup 
of (G,o). 


The subgroup ((z),0) in Theorem B32 is called the cyclic subgroup 

of (G,oc) generated by x. It may contain infinitely many elements, or, if 
the powers (or multiples) of x are not all distinct, only finitely many 
elements. 


For example, in S(O), whose non-identity elements are shown in Figure 20, S => T 
the powers of the element c are 


...,€,€,b,a,e,¢,b,a,e,c,b,a,..., 


SO 


(c) = {e,a, b,c}. 
Similarly, in (Z9, +9) the multiples of the element 3 are 
_..,0,3,6,0,3,6,0,3,6,.-., 


so Figure 20 S(O) 
(3) = {0,3,6}. 
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In (Z,+) the multiples of the element 7 are 
veg —2l,—14,;—7,0, 7,14, 21,5. 

(there is no repeating pattern), so 
(7) = {...,-21, —14, —7, 0, 7,14, 21,...}. 


These examples illustrate the following theorem. 


Theorem B33 
Let x be an element of a group (G,°). 
(a) If x has finite order n, then the subgroup (x) has order n. 
In multiplicative notation, 
(a) = fe,x,c7,...,2° "}. 
In additive notation, 
(D Onn me ar 
(b) If x has infinite order, then the subgroup (x) has infinite order. 
In multiplicative notation, 
lo) = aug meat geok 
In additive notation, 


(o = So aog 2 Oa Dyana Ne 


Theorem B33 shows in particular that there is a close connection between 
the two meanings of the word order in group theory: the order of an 
element x is equal to the order of the cyclic subgroup generated by x. For 
example, in S(O) the element c has order 4 and the subgroup 


(c) = {e,c,c”,c3} = {e, a,b, c} 


has order 4. 


Exercise E27 


By using the solution to Exercise E24, determine the cyclic subgroup 
generated by each of the following group elements. 


(a) In S(Q): (i) a (ii) b (iii) r 
(b) In (U9, xg): (i) 5 (ii) 2 
(c) In(Zg,ts): (i) 2 (ii) 3 (iti) 6 


Two different elements of a group can generate the same cyclic subgroup. 
For example, in S(O) the elements a and c do this: 


(a) = {e,a,a7,a°} = {e, a,b,c}, 
(c) = {e,,c7,c?} = {e,c, b,a} = {e, a,b,c} = (a). 


You saw other examples of this in Exercise E27. 


The following simple results about cyclic subgroups were proved in 
Subsection 3.1 of Unit B2. 


Some special cyclic subgroups 

Let (G,o) be a group with identity element e, and let x € G. 
e (e) = {e}. 

e If x is self-inverse and x # e, then (x) = {e, £}. 


e (x!) = (x) (or, in additive notation, (—x) = (z)). 


Exercise E28 


For each of the following groups, determine the cyclic subgroup generated 
by each of its elements, and list the distinct cyclic subgroups of the group, 
stating how many there are. 


(a) S(O) (b) (Z9,+9) (c) (Z7,x7) (d) S3 


3.3 Cyclic groups 


We make the following definitions. 


Definitions 


A group G is cyclic if it contains an element x such that G = (2). 
Such an element x is called a generator of the group. 


A group that is not cyclic is called non-cyclic. 


For example, in (Zo, +9), 
(1) = {0, 1, 2, 3, 4, 5, 6, T, 8} = Zy, 


so (Zg, +9) is a cyclic group, and 1 is a generator of this group. In fact, the 
elements 2, 4, 5, 7 and 8 are also generators of (Zg, +9), as you can see 
from the solution to Exercise E28(b). 
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The theorem below follows immediately from the fact that a group element 
of order n generates a cyclic subgroup of order n (Theorem B33(a)). 


Theorem B34 


A finite group of order n is cyclic if and only if it contains an element 
of order n. 


Exercise E29 


Determine which of the following groups are cyclic. State all the 
generators of each cyclic group. 


(a) S0) (b) S*(Q) (c) (Zs, +5) (d) (Us, xs) 


In Unit B2 you met the following theorems about cyclic groups. 


Theorem B35 Every cyclic group is abelian. 


Theorem B36 Every subgroup of a cyclic group is cyclic. 


You also studied the standard cyclic groups (Zn, +n), where n > 2, in 
detail, and met the following theorems. 


The group (Zn, +n) (n > 2) 

Theorem B37 The group (Zn, +n) is cyclic, and one of its generators 
is) Il, 

Theorem B38 If m is a non-zero element of (Zn, +n), then m has 
order n/d, where d is the highest common factor of m and n. 


Corollary B40 The element m of (Zn, +n) is a generator of (Zn, +n) if 
and only if m is coprime to n. 


Exercise E30 


(a) Find the order of each element of the group (Zy4, +14). 
(b) State the generators of the group (Zy4, +14). 


44 


The following theorem describes all the subgroups of each group (Zn, +n), 
where n > 2. 


Theorem B41 Subgroups of (Zn, +n) 


The group (Zn, +n) has exactly one cyclic subgroup of order q for 
each positive factor q of n, and no other subgroups. 


e The subgroup of order 1 is generated by 0. 


e For each other factor q of n, the subgroup of order q is generated 
by d, where qd = n. 


Exercise E31 


Write down all the distinct cyclic subgroups of the group (Z16, +16), listing 
the elements of each subgroup and giving each subgroup once only. 


3.4 Isomorphic groups 


In this subsection we will revise what it means for two groups to be 
isomorphic. 


Consider the five groups of order 4 whose group tables are given below. 


ole abe +410 1 2 3 x,/1 2 3 4 
ele abe 0/0 1 2 8 1/123 4 
ala b c e LiL 2 3 0 2/2 4 1 8 
blib cea 21/2 3 0 1 31/3 1 4 2 
cle ea b 313 0 1 2 4 |4 3 2 1 
(St( ),°) (Za, +4) (Zz, x5) 
ole ar s xgll 3 5 7 
ele ar s Ii. 3 5 7 
ala e s r 3/3 1 7 5 
rir sea 515 7 1 3 
sls rae TIT 5 3 1 
(S), 0) (Us, x8) 


In one sense, all these groups are different, because their sets and binary 
operations are different. Superficially, they have a ‘sameness’ in that they 
all have four elements. The idea of isomorphism is much stronger than 
this: two groups are isomorphic if they have identical structures — that is, 
if one of the groups can be obtained from the other by ‘renaming’ the 
elements and the binary operation. 
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For finite groups we can define this concept more rigorously as follows: two 
finite groups are isomorphic if there is a one-to-one and onto mapping 
from one group to the other group that transforms a group table for the 
first group into a group table for the second group. Such a mapping is 
called an isomorphism. (The isomorphism ‘renames’ the elements.) 
Remember that ‘mapping’ is just another word for ‘function’. 


For example, consider the first two of the five groups above, (S*(D), o) 
and (Z4, +4), whose group tables are repeated below. 


ole abe +4/0 1 2 3 
ele abe 0;0 12 8 
aja b c e 1/12 3 0 
blb cea 2/2 3 01 
cle ea b 3/3 0 1 2 
(S*(Q),°) (Z4, +4) 


If we take the group table of (S*(Q),0) and replace each element in it 
with an element of (Z4, +4) according to the ‘renaming’ mapping 


o: S*( )— Z4 
em 0 
am 1 


b— 2 
C> 3 


(and also replace the symbol o in the table with the symbol +4), then we 
obtain the group table of (Z4, +4), as you can check. So these two groups 
are isomorphic, and the mapping ¢ is an isomorphism. 


The reason why the group table of (Z4, +4) can be obtained from the 
group table of (S*(C),0) by ‘renaming’ the elements is that the two group 
tables have exactly the same pattern. They both have the pattern of 
Figure 21 The pattern of the bottom left to top right diagonal stripes shown in Figure 21. 


group tables of (S*(O),°) and Now consider the third of the five groups above, (Zz, x5). At first sight it 

(Za, +4) looks as if it has a structure different from that of the first two groups, 
because its group table does not have the pattern of diagonal stripes in 
Figure 21. However, if we swap the elements 3 and 4 in the borders of the 
group table of (Zz, x5), and rearrange the entries in the body of the table 
accordingly so that the table is still a correct group table for (Zz, x5), then 
we obtain the following table: 


x5 ;/1l 2 4 3 
1 |12 4 8 
2/2 4 3 1 
4/4 3 1 2 
31/13 12 4 
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This group table for (Zz, x5) does have the pattern of diagonal stripes in 
Figure 21, so the group (Zé, x5) is isomorphic to the first two groups. The 
following mapping, obtained by matching up the elements in the borders of 
the group table for (S*(Q),0) and the rearranged group table for (Zz, x5), 
is an isomorphism: 


$: S+(0) > Z 
em 1 
am 2 


b= 4 
c= 3. 


Now consider the final two of the five groups above, (S(C),°) 
and (Ug, X8), whose group tables are repeated below. 


ole ar s xs|1 3 5 7 
ele ar s 1 |i 3 7 
aļa e s r 3/3 1 7 5 
rir sea 5157 13 
s|s rae 7/17 5 3 1 
Figure 22 The pattern of the 
(MENS (Us, x8) ee tables of (5( ),0) 
These group tables have the same pattern as each other, namely the and (Ug, X8) 


pattern shown in Figure 22, so these two groups are certainly isomorphic 
to each other. 


To determine whether they are also isomorphic to the first three groups, 
we need to ascertain whether it is possible to rearrange the elements in the 
borders of their group tables to obtain group tables that have the diagonal 
stripes pattern in Figure 21. A little thought shows that this is not 
possible: in each of these two groups every element is self-inverse, so no 
matter how we rearrange the borders of their group tables, the four 
positions on the main diagonal will contain four occurrences of the identity 
element, whereas the diagonal stripes pattern has two different elements on 
the main diagonal. So the groups (S(4),°) and (Ug, xg) are not 
isomorphic to the groups (S*(Q),0), (Z4, +4) and (Zé, x5). 


Exercise E32 


(a) List the elements of the group (U10, X10). 
(b) Construct a group table for this group. 


(c) Show that (U10, X10) is isomorphic to one of (Z4, +4) or (S(F),°) 
by finding an isomorphism from (U10, X10) to one of these two groups. 
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You saw above that the condition for a one-to-one and onto mapping @ 
from a finite group (G,o) to a finite group (H, x) to be an isomorphism is 
that it must transform the group table of (G,o) into a group table 

for (H,*). This condition can be expressed algebraically as follows. 


Consider any elements x and y of G, and their composite x o y in the group 
table for (G,o), as illustrated on the left below. In the table transformed 
by using the mapping ¢, these three elements are replaced by ¢(x), (y) 
and ¢(x0 y), as illustrated on the right. 


Sl se. Se oe se ne, bly). e 
af Loy — (x) d(x oy) 
(G, 0) (H, «) 


If the table obtained is to be a correct group table for (H, *), then the 
entry in the cell with row label ¢(x) and column label ¢(y) must be equal 
to d(x) * d(y), so we must have 


p(x oy) = (x) * Oly). 


This applies to all elements x and y of G, so the condition for ¢@ to be an 
isomorphism can be expressed algebraically as 


o(xoy) = d(x) * by) for all x,y €G. 


Thus we can define an isomorphism from a finite group (G,°) to a finite 
group (H,*) to be a one-to-one and onto mapping ¢ : (G,o) — (H, x) 
that satisfies the condition above. This also applies to infinite groups; the 
only difference is that we cannot write down group tables for such groups. 
So we have the following definitions. 


Definitions 


Two groups (G,o) and (H,*) are isomorphic if there exists a 
mapping ¢: G —> H with the following properties. 


(a) @ is one-to-one and onto. 
(b) For all z,y E€ G, 


p(z o y) = (x) * oly). 


Such a mapping ¢ is called an isomorphism. 


We write (G,o) S (H,*) to assert that the groups (G,o) and (H,*) are 
isomorphic. 
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Exercise E33 


The cyclic subgroup of the infinite additive group (Z,+) generated by the 
integer 3 is 


(3) = {...,-9, —6, —3, 0, 3,6,9,...}, 


and we denote this group by 3Z. Show that (Z, +) S (3Z,+) by showing 
that the mapping 


o:Z — 3Z 
n => 3n 


is an isomorphism. 


The collection of all groups can be split (partitioned) into disjoint classes, 
which we call isomorphism classes, such that two groups belong to the 
same isomorphism class if they are isomorphic, and belong to different 
isomorphism classes otherwise. 


Within each isomorphism class all the groups have the same order, since 
two groups cannot be isomorphic if they do not have the same order. 
However, two groups of the same order may not be isomorphic, so there 
may be more than one isomorphism class for groups of a particular order. 


Earlier in this subsection you saw two different structures for groups of 
order 4. It was proved in Subsection 2.3 of Unit B4 that these two 
structures are the only possible structures for groups of order 4, so there 
are exactly two isomorphism classes for groups of order 4. 


In fact you met all the isomorphism classes for groups of orders 1 to 8 in 
Section 2 of Unit B4. They are summarised in the table below. There is a 
row for each different isomorphism class, so the table shows that for each 
of the orders 1, 2, 3, 5 and 7 there is just one isomorphism class, whereas 
for each of the orders 4 and 6 there are two isomorphism classes, and for 
order 8 there are five isomorphism classes. 


For each isomorphism class, the table gives one or two standard groups in 
the class. Where there is more than one isomorphism class for groups of a 
particular order, the table gives some distinguishing features of groups in 
the different classes. For example the table shows that if a group of order 6 
is abelian (or contains an element of order 6), then it is isomorphic to the 
group Ce (and to the group Ze). 
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Recall that the notation Cn, where n is a positive integer, denotes a 
standard, abstract cyclic group of order n. The notation V denotes the 


Klein four-group, which is a standard, abstract group isomorphic to $(-), 


the symmetry group of a rectangle. The notation Qg denotes the 
quaternion group, a group of order 8 that contains an identity element, one 
element of order 2 and six elements of order 4; its group table was given in 
Subsection 2.5 of Unit B4. The group S$(cuboid) is the symmetry group of 
a cuboid with no square faces. 


Isomorphism classes for groups of orders 1 to 8 


Order Standard 


Distinguishing features 
(given the order of the group) 


Exactly 2 self-inverse elements. 
An element of order 4. 


All elements self-inverse. 


group(s) 

il Ci 

2 Co, Zə 

3 C3, Zs 

4 C4, Za 
vV, SE) 

5 Cs, Zs 

6 Ce, Ze 
S(A) 

7 Cy, r 

8 Cs, Ze 
S(cuboid) 
U15 
S(O) 
Qs 


Abelian. 
An element of order 6. 


Non-abelian. 


Abelian with exactly 2 self-inverse elements. 
An element of order 8. 


Abelian with all elements self-inverse. 
Abelian with exactly 4 self-inverse elements. 
Non-abelian with exactly 6 self-inverse elements. 


Non-abelian with exactly 2 self-inverse elements. 


Where two sets of distinguishing features are given on separate lines in 
the same row of the table, either distinguishes the isomorphism class. 
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Notice that the table does not state the binary operation of the standard 
groups. You are familiar with a symmetry group (S(F),o) being denoted 
by just S(F). In the same way, we will often use the following abbreviated 
notation throughout the rest of this book. 


e The group Zn means the group (Zn, +n). 
e The group Un means the group (Un, Xn). 


e The group Z% means the group (Z5, x») (where p is prime). 


These assumptions are natural: Z, is a group under +, but not under Xn, 
Un is a group under x, but not under +n, and (provided p is prime) Z% is 
a group under Xp but not under +p. 


Exercise E34 


State a standard group that is isomorphic to the group (G, x) of matrices 
whose group table you were asked to find in Exercise E3 in Subsection 1.1, 
justifying your answer. 


Exercise E35 


Write down the elements of the group Ujg. Without constructing a group 
table for this group, identify a standard group from the table of 
isomorphism classes above that is isomorphic to this group, justifying your 
answer. 


The table of isomorphism classes in the box above indicates that there is 
only one isomorphism class for each of the orders 2, 3, 5 and 7. In fact 
there is only one isomorphism class for any prime order. This follows from 
the corollary below. 


Corollary B71 to Lagrange’s Theorem 


If G is a group of prime order p, then G is isomorphic to the cyclic 
group (Zp, +p). 


You will revise isomorphisms further in Unit E3 Homomorphisms. 


You have now finished the revision of Book B in this unit. In the rest of 
the unit you will be studying new material. 
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4 Cosets 


In this section you will see how we can use a subgroup of a group to split 
the group in a natural way into disjoint subsets, one of which is the 
subgroup itself. You have already seen some examples of this. For 
instance, the group S(O) can be split into its subgroup of direct 
symmetries and its subset of indirect symmetries, as follows: 


Ste) = fe,a,b,¢} Ur, tuh: 


Another example is that the group Zj2 (that is, (Z12, +12)) can be split 
into its subgroup (4) = {0,4,8} and three other subsets obtained by 
‘shifting’ this subgroup, that is, by adding (modulo 12) the same element 
of Z12 to each element of the subgroup: 


Zı2 = {0,4,8} U {1, 5, 9} U {2, 6, 10} U {3, 7, 11}. 
The second subset here is obtained by adding 1 to each element of the 
subgroup, the third subset by adding 2 and the fourth subset by adding 3. 


In each of these two examples, the subsets are cosets, which you will learn 
about in this section. 


Cosets are of fundamental importance in group theory. They are of two 
types: left cosets and right cosets. In the first subsection we will look at 
left cosets. Right cosets are similar and are dealt with in the second 
subsection. 


Note that although so far in this unit we have usually denoted an abstract 
group by (G,o), and a composite of two elements x and y of G by xo y, for 
the remainder of the unit and in the rest of Book E we will often adopt the 
following useful convention, which you met in Unit B4. 


Convention 


In discussions about abstract groups, we use the following notation 
and terminology where it will not cause confusion. 


e We denote an abstract group simply by a single symbol such as G, 
without specifying a symbol for its binary operation. 


e We denote a composite of two elements x and y of G simply by xy. 


Warning: Unless the group is abelian, the composites ry and yx are 
not necessarily equal. 


We refer to multiplicative notation that uses this convention as concise 
multiplicative notation. 
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4.1 Left cosets 
We begin with the definition of a left coset. 


Definition 
Let H be a subgroup of a group G, and let g be an element of G. The 
left coset gH of H is given by 


gH = Son we HW). 


It is the subset of G obtained by composing each element of H with g 
on the left. 


This definition is expressed in the concise multiplicative notation described 
in the convention above, so you may need to translate it when you want to 
apply it to a particular group. For example, consider the subgroup 

H = (r) = {e,r} of the group S(O), and the element a of S(O). The left 
coset aH of H in S(O) is 


aH = afe,r} = {ao e,a or} = {a,s}. 


Notice that, for brevity, we usually denote a left coset by notation of the 
form gH, not go H, even if we are using the symbol o to denote the binary 
operation. 


The word ‘left’ in ‘left coset’ refers to the fact that to obtain the left 
coset gH we compose each element of H with g on the left. Right cosets 
are obtained in a similar way but by composing on the right; you will 
study them in the next subsection. 


You can think of a coset (either left or right) of a subgroup as being 
obtained by ‘shifting’ the subgroup, in the sense that to obtain the left 
coset gH, for example, we ‘shift’ every element of the subgroup H in the 
same way, by composing it with the group element g on the left. This is 
illustrated in Figure 23. 


7 


ai 


Figure 23 A left coset of a subgroup H in a group G is a ‘shift’ of H 


In the next worked exercise we find all the left cosets of the 
subgroup H = {e,r} of the group S(O), by calculating the left coset gH 
for each element g in S(O) in turn. 
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Worked Exercise E11 


Find all the left cosets of the subgroup H = {e,r} in the group S(Q). 
(The group table of S(O) is given as Table 5.) 


Notice from Worked Exercise E11 that a left coset of a subgroup is not 
necessarily a subgroup itself. 


Notice also that some of the left cosets found in Worked Exercise E11 turn 
out to be the same set. For example, both eH and rH are the set {e,r}. 
In fact there are only four distinct left cosets of the subgroup H = {e,r} in 
the group S(O), because 


eH =rH = {e,r}, 
aH = sH = {a, s8}, 
bH = tH = {b,t}, 
cH = uH = {c,u}. 
So the distinct left cosets of H = {e,r} in S(O) are 
{e,r}, {a,s}, {b,t}, {c, u}. 


Exercise E36 


(a) Find all the left cosets of the subgroup H = {e, s} in the group S(A). 
(The group table of S(A) is given as Table 6.) 


(b) List the distinct left cosets of H = {e, s} in S(A). 


Exercise E37 
(a) Show that H = {1,2,4} is a subgroup of the group Z?. (Remember 
that we use Zž to denote the group (Z3, x7).) 
Find all the left cosets of H in Z}. 
List the distinct left cosets of H in Z?. 


a O i 
SF 


You saw just after Worked Exercise E11 that the distinct left cosets of the 
subgroup H = {e,r} in the group S(O) are 


{e,r}, {a,s}, {b,t}, {cu}. 


Notice that these sets form a partition of the group S(O), as illustrated in 
Figure 24. Remember that a partition of a set is a family of subsets of 
the set such that every element of the set belongs to one of the subsets, 
and each pair of the subsets are disjoint — that is, they have no elements 
in common. In other words, each element of the set belongs to exactly one 
of the subsets in the partition. 


Figure 24 The group S(O) partitioned into the left cosets of the 
subgroup {e,r} 


Similarly, in each of Exercises E36 and E37 you should have found that the 
distinct left cosets of the subgroup form a partition of the group, as 
illustrated in Figure 25. 


(a) 


Figure 25 Groups partitioned into left cosets of a subgroup: (a) S(A) with 
subgroup {e, s} (b) Zš with subgroup {1, 2, 4} 


In fact, this always happens, as stated in the next theorem. 


Theorem E2 


Let H be a subgroup of a group G. Then the distinct left cosets 
of H in G form a partition of G. 


To prove this theorem we use the properties of equivalence relations, which 
you met in Unit A3 Mathematical language and proof. Remember that ~ is 
a relation on a set X if, whenever x,y € X, the statement x ~ y is either 
true or false, and an equivalence relation is a relation with the properties 
in the definition below. 
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Definition 
A relation ~ on a set X is an equivalence relation if it has the 
following three properties. 
E1 Reflexivity For all x in X, 
ABS WB. 
E2 Symmetry For all x,y in X, 
ifa~y, then y~ x. 
E3 Transitivity For all x,y,z in X, 


ife@~yand y~ z, then z ~ z. 


As you saw in Unit A3, if ~ is an equivalence relation on a set X and 

x € X, then we call the set {y € X : x ~ y} the equivalence class of x 
and denote it by [a]. The key property of equivalence classes that we need 
is the following result from Unit A3. 


Theorem A16 


The equivalence classes of an equivalence relation on a set X form a 
partition of the set X. 


We now apply these ideas to prove Theorem E2, which is repeated below. 
The overall method of the proof is that we define a particular relation on 
the set G, prove that it is an equivalence relation, and prove that its 
equivalence classes are the left cosets of H in G. It then follows from 
Theorem A16 that these left cosets form a partition of G. 


Theorem E2 


Let H be a subgroup of a group G. Then the distinct left cosets 
of H in G form a partition of G. 


Proof Let ~ be the relation defined on G by 
x~vy ifa € yH. 
We show that ~ is an equivalence relation. 


E1 Reflexive property 


Let x € G. We have to show that x ~ x, that is, x € eH. This is 
true, because 


x£ = LE 


and e € H, since H is a subgroup. Hence x ~ x. Thus ~ is reflexive. 


E2 Symmetric property 
Let x,y € G, and suppose that x ~ y, that is, x € yH. We have to 
show that y ~ x, that is, y € xH. Since x € yH, we have 
z= yh 
for some h € H. Composing both sides of this equation with h~! on 
the right gives 


rh! = yhh“, 
that is, 
th =y. 


Now h7! € H, since H is a subgroup, so this shows that y € zH, 
that is, y ~ x. Thus ~ is symmetric. 


E3 Transitive property 


Let x,y,z € G, and suppose that x ~ y and y ~ z, that is, x € yH 
and y E€ zH. We have to show that x ~ z, that is, x € zH. Since 
x € yH and y € 2H, we have 


x=yh, and y= zhə 
for some hy, hg E€ H. Using the second equation above to substitute 
for y in the first equation gives 
t= zhohy. 
Now heh; € H, since H is a subgroup, so this shows that x € zH, 
that is, x ~ z. Thus ~ is transitive. 
Hence ~ is an equivalence relation. 
Each element x in G has equivalence class 
[tq] ={yeG:y~a} 
={yEeG:yerH} 
= cH. 


Thus the equivalence classes of ~ are the left cosets of H in G. It follows 
from Theorem A16 that the left cosets of H in G form a partition of G, as 
required. a 


Some simple but important properties of left cosets are given in the 
proposition below. 


Proposition E3 Properties of left cosets 

Let H be a subgroup of a group G. 

(a) The element g lies in the left coset gH, for each g € G. 

(b) One of the left cosets of H in G is H itself. 

(c) Any two left cosets gı H and g2H are either the same set or are 
disjoint. 

(d) If A is finite, then each left coset gH has the same number of 
elements as H. 
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To illustrate these properties, consider again the left cosets of the subgroup 
H = {e,r} of S(Q), found in Worked Exercise E11: 

cha = fer}, 

aH =o =a. s\. 

bH =tH =1 bt, 

cH =u = feu. 


Observe that they have the following properties, corresponding to the 
properties listed in Proposition E3. 


(a) e€ eH, re rH, a€ aH, and so on. 


( 


b) 

(c) Any two left cosets are either the same set or are disjoint. 
(d) 

Proof of Proposition E3 


One of the left cosets, namely eH (equal also to rH), is H itself. 


Each left coset has two elements, the same number of elements as H. 


(a) Let g € G. Then g lies in the left coset gH, because 
g= ge 
and e € H since H is a subgroup. 
(b) The subgroup H is a left coset of H because 
eH ={eh: he H}={h: he H} =H. 
(c) This property follows immediately from Theorem E2. 
(d) Suppose that H has order m, with H = {h1, h2,..., hm}. Let g be 
any element of G. Then 
OH =SAGghis gha; ze; Ula: 


The m elements of the left coset gH listed here are all distinct, 
because the Cancellation Laws (Proposition B15) tell us that if 
ghi = ghj then h; = hj. Hence gH has m elements, the same number 
of elements as H. E 


Exercise E38 


Using only the properties of left cosets in Proposition E3, list the distinct 
left cosets of each of the following subgroups H of S(O). 


(a) H={e,a,b,c} (b) H={e} (c) H= S0) 


The properties in Proposition E3 give us the following efficient strategy for 
partitioning a finite group into left cosets. 


4 Cosets 


Strategy El 


To partition a finite group G into left cosets of a subgroup H, do the 
following. 


1. Take H as the first left coset. 


2. Choose any element g € G not yet assigned to a left coset and 
determine the left coset gH to which g belongs. 


3. Repeat step 2 until every element of G has been assigned to a left 
coset. 


Strategy El is applied in the next worked exercise, in which the left cosets 
found in Worked Exercise E11 are found again, but this time more 
efficiently. 


Worked Exercise E12 


Partition the group S(O) into left cosets of the subgroup H = {e,r}. 


(The group table of S(O) is given as Table 7.) Table 7 S(O) 

ole aberstu 

Solution ele aberstu 
@. We use Strategy E1. @ ala bte ea tur 
The left cosets are as follows. blbceaturs 
®. The first left coset is H itself. © cle eaburst 
rjruts6ecoba 

H = {e,r} sis rutaec b 

@. Now we choose an element not in H, say a, and find aH. & tjt srubaec 
ulu t srcecbae 


Ct = {uo etor} = {m5} 
®. Next we choose an element not in H or aH, say b, and find bH. & 
bal = Moe eoo rh = tb. ty 


®@. Now we choose an element not in H, aH or bH, say c, and 
find cH. # 


eh = {eoe eor] = {e u} 


®. Every element of S(O) has now been assigned to a left coset. © 


So the partition into left cosets is 


Nee daah Use he eak 


You can practise applying Strategy E1 in the next two exercises. 
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Exercise E39 


Write down the elements of the group U20, show that H = {1,19} isa 
subgroup of this group, and partition Up into left cosets of this subgroup. 


Exercise E40 


S(A) Partition S(A) into left cosets of the subgroup H = {e,t}. (The group 
; table of S(A) is given as Table 8.) 
r s 
ros t 
trs In the next worked exercise a permutation group is partitioned into left 
str cosets. 
eab 
i eg Worked Exercise E13 
abe 


Partition the group $3 into left cosets of the subgroup 


H = ((1,2)) = {e, (1 2)}. 


Solution 

@. We use Strategy El. &@ 

The left cosets are as follows. 

®. The first left coset is H itself. @ 
H = {e (1 2)} 


@. Now we choose an element of S3 not in H, say (1 3), and 
find (13)H. # 


(1 3)H = {(1 3) oe, (13) 0(12)} 
= {(1 3), (1 2 3)} 


®. Next we choose an element not in H or (1 3)H, say (2 3), and 
find (2 3)H. #@ 


Ba NO sito 2 So C D 
= {(2 3), (1 3 2)} 
®. Every element of S3 has now been assigned to a left coset. ® 


So the partition of S3 into left cosets of H is 


{e (1 2)}, {0 3), 123), {(2 3), 13 2)}. 


Exercise E41 


Partition the alternating group 


Ag = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3), 
123), (132), 124, (142, 
(134), (143), (234), (243)} 


into left cosets of the subgroup 
H = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}- 


(This set H is a subgroup of A4 because it is a subset of A4 and its 
elements represent the symmetries of the rectangle, as you saw in Table 3 
in Subsection 1.3.) 


Left cosets and their properties can be used to provide a very 
straightforward proof of Lagrange’s Theorem, as follows. 


Theorem B68 Lagrange’s Theorem 


Let G be a finite group and let H be any subgroup of G. Then the 
order of H divides the order of G. 


Proof Let G and H have orders n and m, respectively, and let the 

number of left cosets of H in G be k. Each left coset has m elements, and 
the left cosets form a partition of G, so the total number of elements in G 
is km. That is, n = km. Hence m divides n. E 


Although all the examples of left cosets that you have met in this 
subsection are left cosets in finite groups, the definition of left coset applies 
to any group, whether it is finite or infinite. All the properties of left cosets 
that we have obtained, and the proofs of these properties, apply to infinite 
groups as well as to finite ones, unless stated otherwise. In particular, the 
left cosets of a subgroup of an infinite group form a partition of the group. 


A subgroup of an infinite group may have infinitely many distinct left 
cosets, or only finitely many: you will meet examples of the second 
possibility in Subsection 4.3, and an example of the first possibility in the 
next unit. 
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The term ‘coset’ was first introduced by the American mathematician 
George Abram Miller (1863-1951) in 1910. In 1893 Miller had taken 
up a position at the University of Michigan where he came under the 
influence of Frank Nelson Cole (1861-1926), and it was Cole who 
inspired Miller to devote himself to group theory. Cole had been a 
student of Felix Klein (1849-1925) in Leipzig, and in 1892 published 
an English translation of the 1882 book on group theory by 

Eugen Netto (1846-1919). Cole’s translation was the first book on 
group theory in English and it was important for stimulating interest 
in the subject. 


4.2 Right cosets 


In the previous subsection the left coset gH of a subgroup H of a group 
(G,o) was defined to be the set 


gH ={gh:he H}. 


That is, it is the subset of G obtained by composing each element of H 
with g on the left. 


Right cosets are defined in the same way, but with the composition with g 
on the right, as below. 


Definition 


Let H be a subgroup of a group G, and let g be an element of G. The 
right coset Hg of H is given by 


Jalo = Aing w E Hy. 


It is the subset of G obtained by composing each element of H with g 
on the right. 


For example, consider the subgroup H = {e,r} of the group S(O), and the 
element a € S(O). The right coset Ha of H in S(O) is 


Ha = {e,r }a = {e o0 a,r oa} = {a,u}. 


In the previous subsection we found all the left cosets of the subgroup 
H = {e,r} in the group S(O). In the next worked exercise we find all the 
right cosets of the same subgroup. 


Worked Exercise E14 


Find all the right cosets of the subgroup H = {e,r} in the group S(Q). 
(The group table of S(O) is given as Table 9.) 


As with left cosets, some of the right cosets found in Worked Exercise E14 
turn out to be the same set as each other: 


He = Hr = {e,r}, 
Ha = Hu = {a,u}, 
Hb= Ht=d4b th 
He= Hs =16,3}. 
The distinct right cosets of the subgroup H = {e,r} in the group S(O) are 


{e,r}, {a,u}, {b,t}, 168}. 


Notice also that the right coset Ha of H = {e,r} is not the same set as the 
corresponding left coset aH. We found above that 


Ha={e;ria= eoa; roa} = {aut 

whereas we found earlier, in Worked Exercise E11, that 
aH = a{fe,r} = {ao e,aor} = {a,s}. 

So, in general, left cosets and right cosets are different sets. 


However, sometimes left and right cosets turn out to be the same set. For 
example, again for the subgroup H = {e,r} of the group S(O), we found 
above that 


Hb = {e,r}b = {eo b,r o b} = {b,t} 

and earlier, in Worked Exercise E11, we found that 
bH = b{e,r} = {bo e,bor} = {b,t}. 

So in this instance Hb = bH. 


Table 9 S(O) 


O 


m 


ÈE w 3 6 cS 


eaberstu 


eaberstu 
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All the results for left cosets that you met in the previous subsection have 
analogous results for right cosets, as stated below. The proofs of these 
results are analogues of the proofs for left cosets given earlier, so are 
omitted here. 


Theorem E4 


Let H be a subgroup of a group G. Then the distinct right cosets 
of H in G form a partition of G. 


Proposition E5 Properties of right cosets 
Let H be a subgroup of a group G. 


(a) The element g lies in the right coset Hg, for each g € G. 

(b) One of the right cosets of H in G is H itself. 

(c) Any two right cosets Hg; and Hgp are either the same set or are 
disjoint. 

(d) If A is finite, then each right coset Hg has the same number of 
elements as H. 


We also have the following strategy for finding right cosets in a finite group 
efficiently, analogous to Strategy E1 for left cosets. 


Strategy E2 


To partition a finite group G into right cosets of a subgroup H, do the 
following. 


1. Take H as the first right coset. 


2. Choose any element g € G not yet assigned to a right coset and 
determine the right coset Hg to which g belongs. 


3. Repeat step 2 until every element of G has been assigned to a right 
coset. 


This strategy is demonstrated in the next worked exercise, in which the 
right cosets found in Worked Exercise E14 are found again, but this time 
more efficiently. 


Worked Exercise E15 


Partition the group S(O) into right cosets of the subgroup H = {e,r}. 
(The group table of S(O) is given as Table 10.) 


Solution 
@. We use Strategy E2. ® 
The right cosets are as follows. 


®. The first right coset is H itself. & 
kh = ie r} 


®. Now we choose an element of S(O) not in H, say a, and 
find Ha. #@ 


Ha = eom oa} = Jou) 
@. Next we choose an element not in H or Ha, say b, and find Hb. © 
b= te op roby = footy 


®. Now we choose an element not in H, Ha or Hb, say c, and 
find Hc. & 


He—Aeoc joc) = 1e o) 
®. Every element has now been assigned to a right coset. ® 


So the partition of S(O) into right cosets of H is 


lerh auh oih leak 


Exercise E42 


Partition S(A) into right cosets of the subgroup H = {e, s}. (The group 
table of S(A) is given as Table 11.) 


We now have two ways to partition a group into cosets of a subgroup: the 
partition into left cosets and the partition into right cosets. You have seen 
that these two partitions may not be the same. For example, in Worked 
Exercise E12 in the previous subsection we found that the partition of 

S(O) into left cosets of the subgroup {e,r} is 


{er}, {as}, {bt}, {eu}, 


whereas the partition of S(O) into right cosets of the same subgroup, 
which we found in Worked Exercise E15, is 


{e,r}, {a,u}, {b.t}, {68s}. 
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These two partitions of S(O) are shown in Figure 26. 


Figure 26 The partitions of S(O) into (a) left and (b) right cosets of {e,r} 


Similarly, the partition of S(A\) into left cosets of its subgroup {e, s}, 
which you were asked to find in Exercise E36 in Subsection 4.1, is 


{es}, {ar}, {bt}, 


and this is not the same as the partition of S(A) into right cosets of {e, s}, 
which you were asked to find in Exercise E42, and which is 


{e,s}, {a,t}, {b,r}. 


These two partitions of S(A) are shown in Figure 27. 


(b) 
Figure 27 The partitions of S(A) into (a) left and (b) right cosets of {e, s} 


However, sometimes the partitions of a group into left cosets and right 
cosets of a subgroup are the same. For example, this always happens if the 
group is abelian. This is because if H is any subgroup of an abelian 

group G and g is any element of G, then the left coset gH and the right 
coset Hg are the same set: 


gH ={gh:he H} = {hg : h € H} = Hg. 


The partitions into left cosets and right cosets can also be the same for 
some groups and subgroups where the group is non-abelian. We will 
consider this possibility in Section 5. 


There is in fact a simple connection between the left cosets and the right 
cosets of a subgroup of a group. If we take the partition into left cosets, 
and replace every element by its inverse, then we obtain the partition into 
right cosets, and vice versa. 


For example, consider the group S(O) and its subgroup {e,r} again. The 
partition of S(O) into left cosets of the subgroup {e,r}, found in Worked 
Exercise E12, is 


{e,r}, fa, st, {b,t}, {cu}. 


Let us replace each element in this partition by its inverse. The elements a 
and c are inverses of each other, and every other element is self-inverse. 
Replacing each element by its inverse gives the following. 


{e,r} {a,s} {b,t} {c, u} 
$4 44 44 44 
{e,r} {cs} {b,t} {a,u} 


The result is the partition of S(O) into right cosets of the subgroup {e,r}, 
which we found in Worked Exercise E15 to be 


{e,r}, {a,u}, {b.t}, {68s}. 


(The order in which the cosets in the partition are listed does not matter, 


of course.) 


This connection between left cosets and right cosets is stated as a theorem 
below, and you are asked to provide most of the proof as an exercise. 


Theorem E6 
Let H be a subgroup of a group G. 


(a) If every element in the partition of G into left cosets of H is 
replaced by its inverse, then the result is the partition of G into 
right cosets of H. 


(b) The same is true if the words ‘left’ and ‘right’ are interchanged. 


Proof We need to prove only part (a). Part (b) then follows immediately, 
since the inverse of the inverse of an element is the original element. 


To prove part (a), we have to prove that every pair of elements x and y 
of G lie in the same left coset of H if and only if their inverses x~! and y7 
lie in the same right coset of H. Now saying that x and y lie in the same 
left coset of H is the same as saying that x € yH, and similarly saying that 
x! and y~! lie in the same right coset of H is the same as saying that 

y | € Hx". So the fact that we need to prove follows from Exercise E43 


below. ag 


1 


Exercise E43 
Let H be a subgroup of a group G, and let x,y € G. Prove that 
zeyH 4 y`! e Hrt, 


by proving the = > part and the 4— part separately. 
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Note that Theorem E6 does not say that if H is a subgroup of a group G 
and g is an element of G then replacing every element of the left coset gH 
by its inverse gives the right coset Hg. This procedure certainly gives a 
right coset of H in G, by Theorem E6, but it may not be the right 

coset Hg. 


Theorem E6 has the following immediate corollary. 


Corollary E7 


Let H be a subgroup of a group G. Then the number of distinct left 
cosets of H in G is equal to the number of distinct right cosets of H 
in G (or there may be infinitely many of each). 


We can now make the following definition. 


Definition 
The number of distinct left cosets, or, equivalently, the number of 


distinct right cosets, of a subgroup H in a group G is called the index 
of H in G. 


If H has infinitely many left cosets, or, equivalently, infinitely many 
right cosets, in G, then we say that H has infinite index in G. 


For example, you saw earlier that the subgroup H = {e,r} of the 
group S(O) has four left cosets in S(O) (and also four right cosets), so the 
index of the subgroup H = {e,r} in S(O) is 4. 


It is straightforward to work out the index of a subgroup H in a finite 
group G, as follows. (Remember that we use the notation |G| for the order 
of a finite group G.) 


Proposition E8 


Let H be a subgroup of a finite group G. Then the index of H in G 
is |G|/|H|. 


Proof This holds because the left cosets (or right cosets) of H 
partition G and each left coset (and each right coset) has |H| elements. E 


If H is a subgroup of an infinite group G, then H may have infinitely 
many left cosets (and hence infinitely many right cosets) in G, or only 
finitely many. That is, H may have infinite index in G, or finite index. 
You will see examples of the second possibility in the next subsection, and 
examples of the first possibility in the next unit. 


4 Cosets 


4.3 Cosets in additive groups 


In this subsection we consider cosets in additive groups. Examples of 
additive groups include (Z, +) and (Zg, +9). 


Since all additive groups are abelian, the left cosets of any subgroup of an 
additive group are the same as the right cosets. So there is no need to 
distinguish between left and right cosets, and we refer simply to cosets. 


For an additive group, we denote cosets using notation of the form g + H 
rather than gH, as follows. 


Convention 


Let H be a subgroup of an additive group (G, +), and let g be an 
element of G. The coset g + H of H is the set 


gt+tH={g+h:he H}. 


Worked Exercise E16 


Partition the group Zg into cosets of the subgroup H = (3) = {0,3, 6}. 
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Exercise E44 


In each of parts (a) and (b) below, partition the group Zo into cosets of 
the subgroup H. 


(a) H = (2) ={0,2,4,6,5} (b) H =o) = 410,5} 


Next we look briefly at some examples of partitioning an infinite group 
into cosets of a subgroup. Remember that a subgroup of an infinite group 
can have infinitely many cosets in the group, or only finitely many: that is, 
it can have either infinite index or finite index in the group. 


If a subgroup has infinite index, then although we could use our usual 
strategy for finding cosets, Strategy E1, to find more and more of them, we 
would never find them all. However, if it has finite index, then we can use 
the strategy to find all the cosets. 


In the next worked exercise we use Strategy E1 to partition an infinite 
additive group into cosets of a subgroup that has finite index. 


Worked Exercise E17 


Explain how you know that the set 
H = {...,—6, —3,0,3,6,...} 
is a subgroup of the group (Z, +), and partition Z into cosets of H. 


Solution 


The set H is the cyclic subgroup of (Z, +) generated by 3, so it is a 
subgroup of (Z, +). 


®. To find its cosets in (Z, +), we use Strategy E1. @ 
The cosets are as follows. 
®. The first coset is H itself. ® 
i = hoea R] 
@. We then choose an element not in H, say 1, and find 1 + H. © 
en a a 
= {..., 1+ (—6), 1 + (—3), 1+0, 1+3, 1+6, ...} 
S A 
@®. Next we choose an element not in H or 1 + H, say 2, and 
find 2+ H. # 
Pi 4. 63 06d 
= {..., 2+ (—6), 2+ (—3), 2+0, 2+3, 2+6, ...} 
E eae 


®. Every element has now been assigned to a coset. .©& 
The partition of (Z, +) into cosets of H is therefore 
i= (= a 0) 60) 
ey ee yey E 
DET ed Ds 


The subgroup H in Worked Exercise E17 is the subset of Z that we 
denoted by 3Z in Exercise E33: 


3Z = {3k : k € Z} ={...,—6, —3,0,3,6,9,... }. 


In general, for any number x, we denote the set of integer multiples of x 
by xZ; that is, 


xZ = {zk : k € Z} = {...,—2x, —x, 0, £, 2x, Be...) 
For any integer n, the set 
nZ = {nk:k € Z} 


is a subgroup of (Z, +), because it is the cyclic subgroup of (Z, +) 
generated by n. 


(a) Partition the group (Z, +) into cosets of the subgroup 4Z. 
(b) Partition the group (2Z, +) into cosets of the subgroup 6Z. 


The blue box below expands on the blue box Permutations and bell ringing 
in Subsection 2.4 of Unit B3. If you want to read it, you may find it 
helpful to read the earlier box again first. Remember that all the material 
in the blue boxes is optional. 
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Assumption of the Blessed 
Virgin Mary, Leckhampstead, 
Buckinghamshire 


Bell ringers at the Church of 
the Assumption of the Blessed 
Virgin Mary, Lillingstone 
Lovell, Buckinghamshire 
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The coloured lines trace the changes in place of each bell. The eight 
sequences of bells are all different, and each bell changes by at most 
one place from each sequence to the next. 


Sequence of Permutation Permutation 

bells applied from start 

a” oe e 

B AP Ç (1 2)(3 4) (1 2)(3 4) 

B D AC (2 3) (1342) 1 3 
D BB CC A (1 2)(3 4) (1 4) 

| L l 

r a (2 3) CEDIES 2 A 
C D B (1 2)(3 4) (1 3)(2 4) 

Coe Dye (273) (1243) 

A C B DEG) (2 3) 


The column headed ‘Permutation applied’ in the table shows the 
permutation of places that is applied to obtain each sequence of bells 
from the one before. For example, the second sequence BADC is 
obtained from the first sequence ABC D by interchanging the bells in 
places 1 and 2 and interchanging the bells in places 3 and 4, that is, 
by applying the transposition (1 2)(3 4). 

The column headed ‘Permutation from start’ shows the permutation 
of places that is applied to obtain each sequence from the first 
sequence. For example, since the second sequence is obtained from the 
first sequence by applying (1 2)(3 4), and the third sequence is 
obtained from the second sequence by applying (2 3), it follows that 
the third sequence is obtained from the first sequence by applying 


(2 ayic (1 DS 4) = (L 3 4 D). 
Similarly, the fourth sequence is obtained from the first sequence by 
applying 

(CUI Ae (3 42) = (1 4); 
and so on. 
Since two sequences of bells are different if and only if the 
permutations of places applied to obtain them from the first sequence 
are different, the eight permutations in the ‘Permutation from start’ 
column are all different. In fact these eight permutations are the 


elements of the group S(O), when the square is labelled as shown on 
the right above. 


A pattern for ringing n bells that contains all possible sequences of 
the n bells is known as an extent for n bells. The pattern in the table 
above is only a partial extent for four bells, because it contains only 


eight sequences whereas the total number of possible sequences for 
four bells is 4! = 24. The pattern cannot be extended to a full extent 
for four bells by continuing it in the same way, that is, by applying 
the permutations of places (1 2)(3 4) and (2 3) alternately to each 
new sequence of bells, because applying the permutation (2 3) to the 
eighth sequence gives the first sequence again. 


However, the partial extent in the table can be extended to a full 
extent for four bells by using the idea of cosets. Let H be the 
subgroup of S4 (isomorphic to S(0O)) whose elements appear in the 
‘Permutation from start’ column of the table. Each element of H 
corresponds to a different sequence of bells, as explained above. To 
extend the partial extent, we disrupt the pattern by applying the 
transposition (3 4) instead of (2 3) to the eighth sequence of bells, as 
shown in the table below. Since the eighth sequence of bells 
corresponds to the permutation (2 3), the ninth sequence of bells then 
corresponds to the permutation 


G40 @3)= 043). 


This is not in H, so the ninth sequence of bells is different from the 
first eight sequences. We then continue the pattern in the same way 
as before, by applying the permutations of places (1 2)(3 4) and (2 3) 
alternately: a little thought shows that this amounts to composing 
each of the elements of H in turn on the right by the permutation 

(2 4 3), as shown in the table below. So we obtain the eight sequences 
of bells corresponding to the eight elements of the right coset H(2 4 3) 
of H in Sa. 


We then disrupt the pattern a second time by again applying the 
transposition (3 4). Since the sixteenth sequence of bells corresponds 
to the permutation (2 3) o (2 4 3), the seventeenth sequence of bells 
then corresponds to the permutation 


(3 4) 0 (2 3)0(243) =(23 4). 


This is not in H or H(2 4 3), so the seventeenth sequence of bells is 
different from the first sixteen sequences. We then continue the 
pattern in the same way as before, which amounts to composing each 
of the elements of H in turn on the right by the permutation (2 3 4), 
as shown in the table. So we obtain the eight sequences of bells 
corresponding to the eight elements of the third and final right coset 
Hi 234) of Hin’ Sas 


Since the right cosets of H partition 53, in this way we obtain all 24 
different permutations in $4, corresponding to the 24 different 
sequences of four bells. Notice that applying the ‘disrupting’ 
permutation (3 4) to the final sequence gives the first sequence again, 
so bell ringers can ring the extent in the table several times 
consecutively if they wish. 
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Sequence of Permutation Permutation 

bells applied from start 

A JB © JD 

BA DC GABA UAG D 

B.D ALC (2 3) (3749) 

D BUC A (264 (1 4) 

De Be (2 3) (1 4)(2 3) 

C De B (12)(34) UJE 

C ADB C3 (1243) 

ACG BOD (1 2)(3 4) (2 3) 

Ae 2T (3 4) (24A 2) 
G A B Dp JGJ AJGA (2.43) 
CB AD 23) Gagazo 43 
B CLD A (12)(34) (1 4) 0(2 43) 
BP Oe (2 3) (1 4)(2 3) 0 (2 4 3) 
DB AC UDBY ADHA) 
DA e (2 3) (124 3)0(243) 
A D OC I3 (1 2)(3 4) (2:3)0(24 3) 
H | x 

A D 20 (3 4) (23 4) 
D ae B (12)(34) — (1. 2)(3 4) 0 (23 4) 
D C A B B3 (134 2)0(234) 
oD BA (1 2)(3 4) (1 4)0(234) 
Cee 2 (2 2) GAIA) 
B oe D (1 2)(3 4) DCERE 
B A C D (23) (124 3)0(23 4) 
AB DG (12)(84) (2 3) o (2 3 4) 


H(2 43) 


H(2 3 4) 


The pattern of eight sequences of four bells in the first table in this 
blue box is known to bell ringers as plain hunt minimus, and the 
pattern of 24 sequences in the second table is known as plain bob 
minimus. The word ‘minimus’ indicates that the pattern is rung on 


four bells. 
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5 Normal subgroups 


In the previous section you saw that the partition of a group into left 
cosets of a particular subgroup may be different from its partition into 
right cosets of the same subgroup. You saw that if the group is abelian 
then the two partitions are the same. 


There are also some non-abelian groups and subgroups for which the two 
partitions are the same, as illustrated by the following worked exercise. 


Worked Exercise E18 


Show that the partition of S(O) into left cosets of the subgroup H = {e, b} 
is the same as its partition into right cosets of this subgroup. (The group 


table of S( ) is given as Table 12.) Table 12 S( ) 

: ole aberstu 
Solution 

ele abers tu 

®., First we find the partition into left cosets, using Strategy El. & PE E EREE EE 

The left cosets are as follows. b)bceatur s 

Jal = {fe bt ele ea tb yr a 4 

aH =jaceacb)—{a,ct rirutsecba 

ph = iro e rool = Spi s|s rutaecb5 

sH = {soe,sob} = {s,u} tits r u b a eg 

ulu t srcecbae 


So the partition into left cosets is 


eb. Iaech mih Tout 


®. To find the partition into right cosets, we could use Strategy E2, 
the right coset analogue of Strategy E1. However, it is quicker to use 
Theorem E6: to obtain the partition into right cosets we replace each 
element in the partition into left cosets by its inverse. © 


In S(O) the elements a and c are inverses of each other and all the 
other elements are self-inverse. So the partition into right cosets is 


{e,b}, {ca}, {r,t}, {s,u}, 
that is, 
16,0 Vasc. ao aak 


Thus the partitions into left cosets and right cosets are the same. 


We make the following definition. 
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Definition 

Let G be a group and let H be a subgroup of G. Then H is a normal 
subgroup of G if the partition of G into left cosets of H is the same 
as the partition of G into right cosets of H. We also say that H is 
normal in G. 


For example, Worked Exercise E18 shows that {e,b} is a normal subgroup 


of S(O). 


On the other hand, the subgroup {e,r} of S(O) is not a normal subgroup 
of S(C), because, as you saw in Worked Exercises E12 and E15, for this 
subgroup the partitions into left cosets and right cosets are different. 


Normal subgroups play an important role in group theory, as you will see 
throughout the rest of this book. Some texts use the notation H < G to 
assert that H is a normal subgroup of G, but we will not use this notation 
in this module. 


Exercise E46 
Determine whether each of the following subgroups of S(A) is normal. 
(a) (t)={fe,t} (b) S*(A)={e,a,b} (c) {e} (d) S(A) 
Table 13 S(A) (The group table of S(A) is given as Table 13. In Exercise E40 in 


cle abrag Subsection 4.1 you were asked to partition S(A) into left cosets of the 
subgroup (t) = {e,t}.) 

elea brst 

ala be trs 

blbeastr Exercise E47 

Cf oe ea 2 Consider the alternating group 

s|s t r bea 

tlt rsabe A4 = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3), 


(123), (132), (124), (142), 
(134), (1 43), (23 4), (2 43)}. 
(a) Let H be the subgroup {e, (1 2 3), (1 3 2)} of Ay (it is the cyclic 
subgroup generated by (1 2 3)). 
By finding the left coset (1 2)(3 4)H and right coset H(1 2)(3 4), 
show that H is not a normal subgroup of A4. 


(b) Let K be the subgroup {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} of Ag. 
(It is the subgroup of S4 that represents the symmetries of the 
rectangle when its vertices are labelled 1, 2, 3 and 4.) 


Show that K is a normal subgroup of A4. 


(You were asked to partition A, into left cosets of this subgroup in 
Exercise E41 in Subsection 4.1.) 
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As illustrated by Exercise E46(c) and (d), every group has at least two 
normal subgroups, as follows. 


Theorem E9 

The following are normal subgroups of any group G. 
(a) The trivial subgroup {e}. 

(b) The whole group G. 


Proof Let G be any group. 


(a) Every left coset and every right coset of {e} in G contains just one 
element. So the partition of G into left cosets of {e} is the same as 
the partition of G into right cosets of {e}. That is, {e} is a normal 
subgroup of G. 


(b) There is only one left coset of G in G, namely G itself, and similarly 
there is only one right coset of G in G, namely G itself. Thus the 
partition of G into left cosets of G is the same as the partition of G 
into right cosets of G. That is, G is a normal subgroup of G. | 


For some groups, the subgroups in Theorem E9 are its only normal 
subgroups. At the other extreme, there are groups in which every 
subgroup is normal. For example, this is the case for every abelian group, 
as you saw in Subsection 4.2. This is stated and proved formally below. 


Theorem E10 


In an abelian group, every subgroup is normal. 


Proof Let H be any subgroup of an abelian group G, and let g be any 
element of G. Then the left coset gH and the right coset Hg are the same 
set: 


gH ={gh:he H}={hg:he H} = Hg. 


Thus the partitions of G into left cosets and right cosets of H are the 
same. Hence H is normal in G. | 


There is another straightforward situation in which a subgroup of a group 
is guaranteed to be a normal subgroup. This is when the subgroup has 
exactly two left cosets, or, equivalently, exactly two right cosets. This was 
the case in Exercise E46(b), for example, in which you saw that 

S*(A) = {e, a,b} is a normal subgroup of S(A) because the partitions into 
left cosets and right cosets are both as follows: 


{e,a, b}, {r,s,t}. 


5 Normal subgroups 


T7 


Unit E1 Cosets and normal subgroups 


~~ 
J J 


Figure 28 A group G 
partitioned into two cosets of 
a subgroup H 
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The general result is stated as the next theorem, using the term indez. 
Remember that the index of a subgroup in a group is the number of left 
cosets, or, equivalently, the number of right cosets, that it has in the 
group. The number of left cosets is always equal to the number of right 
cosets by Corollary E7. 


Theorem E11 


Every subgroup of index 2 in a group is a normal subgroup of the 
group. 


Proof Let H be a subgroup of index 2 in a group G; that is, H has 
exactly two left cosets and exactly two right cosets in G. Then the 
partition of G into left cosets of H and the partition of G into right cosets 
of H must each consist of the subgroup itself and a second coset containing 
all the elements of G that are not in H, as illustrated in Figure 28. Thus 
the two partitions are the same, so H is a normal subgroup of G. E 


A subgroup of index 2 in a finite group G is simply a subgroup whose 
order is half of the order of G. However, an infinite group can also have a 
subgroup of index 2. 


The following result about symmetric groups follows from Theorem E11. 


Corollary E12 


For each positive integer n, the alternating group An is a normal 
subgroup of the symmetric group Sn. 


Proof For n > 2, this follows from the facts that the order of Sn is n! 
and the order of Apn is n!/2. (See Theorems B53 and B62, restated in 
Subsection 1.2.) For n = 1 it follows from the fact that A; = S1. El 


Exercise E48 


Explain how you know that each of the following subgroups is normal in 
the stated group. 


(a) The subgroup 4Z of the group (Z, +). 


(b) The subgroup of direct symmetries of the group S(tet) (the symmetry 
group of the regular tetrahedron). 


(c) The subgroup of direct symmetries of the group S(4%) (the symmetry 
group of the 4-windmill). 


As you have seen, the condition for a subgroup H of a group G to be a 
normal subgroup of G is that the partition of G into left cosets of H must 
be the same as the partition of G into right cosets of H. This condition 
can be expressed algebraically, as stated in the proposition below. 


Proposition E13 


Let H be a subgroup of a group G. Then H is normal in G if and 
only if 


gH = Hg 


for each element g € G. 


Proof 
‘If’? part 
Suppose that gH = Hg for each element g € G. It follows immediately 


that the partitions of G into left cosets and right cosets of H are the same, 
so H is normal in G. 


‘Only if’ part 

Suppose that H is normal in G. Let g be any element of G. Then gH is 
the left coset containing g, and Hg is the right coset containing g. Since H 
is normal, the partitions of G into left cosets and right cosets of H are the 
same, so we must have gH = Hg. Oo 


It is important to appreciate that the equation gH = Hg in 

Proposition E13 means that the sets gH and Hg contain the same 
elements: it does not mean that gh = hg for all h € H. For example, for 
the subgroup H = S+ (A) = {e, a,b} of S(A), we have 


rH = {roe, roa, rob} = {Tait} 
Hr= {eor aor, bor}={r;t;s}: 

These sets are the same, so rH = Hr, but, for example, 
roa=s, whereas aor=t. 


If N is a normal subgroup of a group G then, since the left cosets of N are 
the same as the right cosets of N, we can refer simply to the cosets of N, 
in the same way as we do for subgroups of abelian groups. We will do this 
throughout the remainder of this book whenever we work with cosets of 
normal subgroups. 


5 Normal subgroups 


79 


Unit E1 Cosets and normal subgroups 


80 


Summary 


In this unit you revised many of the fundamental ideas of group theory 
that you met in Book B. You should now be ready to build on them to 
understand the deeper group theory in this book. You also met a new 
family of groups, namely the subgroups of the general linear group of 
degree 2, the group of all invertible 2 x 2 matrices under matrix 
multiplication. You started your study of more advanced group theory by 
meeting the ideas of the left cosets and the right cosets of a subgroup of a 
group. You saw that the left cosets of a subgroup of a group are subsets of 
the group that are ‘shifts’ of the subgroup and that they partition the 
group, and you saw that the right cosets of the subgroup are similar. You 
met normal subgroups, subgroups for which the partition into left cosets is 
the same as the partition into right cosets. 


Starting in the next unit, you will see how the ideas of cosets and normal 
subgroups lead us to the concept of quotient groups, which is a powerful 
tool for gaining a deeper understanding of the structures of groups. 


Learning outcomes 


After working through this unit, you should be able to: 

e work fluently with the ideas and techniques from Book B revised in this 
unit 

e determine whether a given set of 2 x 2 matrices forms a group under 
matrix multiplication 

e determine the left cosets and the right cosets of a subgroup in a group 


e understand that the left cosets and the right cosets of a subgroup in a 
group each form a partition of the group, and determine such partitions 


e determine whether a subgroup of a group is a normal subgroup of the 
group. 


Solutions to exercises 


Solution to Exercise E1 
(a) We check the group axioms for (A, +). 
G1 Let g,h € A. Then g = 5m and h = 5n for 
some integers m, n. Hence 
g +h = 5m + 5n = 5(m+n). 
Since m +n is an integer, this shows that 
g+h € A. Thus A is closed under addition. 
G2 Addition of integers is associative. 
G3 We have 0 € A, and for all g € A, 
g+0=g=0+4. 
So 0 is an identity element for + on A. 
G4 Let g € A. Then g = 5m for some integer m. 
Now 
-g = —(5m) = 5(—m). 
Since —m is an integer, this shows that —g € A. 
Also 
g+(-g)=0=-g+9.- 
Thus each element of A has an inverse in A with 
respect to addition. 
Hence (A, +) satisfies the four group axioms, and 
so is a group. 
(b) We check the group axioms for (A, x). 
G1 Let g,h € A. Then g = 5m and h = 5n for 
some integers m, n. Hence 
gx h = 5m x 5n = 5(5mn). 
Since 5mn is an integer, this shows that g x h € A. 
Thus A is closed under multiplication. 
G2 Multiplication of integers is associative. 
G3 Since 1 ¢ A, there is no element e € A such 
that 
gxXe=g=exg 
for all g € A. So there is no identity element for x 
on A. 
Hence (A, x) does not satisfy axiom G3, so it is 
not a group. 


(It is not necessary to confirm that axioms G1 
and G2 are satisfied here: you can just show that 
axiom G3 is not satisfied.) 


Solutions to exercises 


Solution to Exercise E2 


We check the group axioms for ({0, 1), +1). 
G1 Let x,y € (0,1). By the definition of the 
binary operation +1, 
x +1 y € (0,1). 
Thus [0,1) is closed under +1. 
G2 We are given that +) is associative on [0, 1). 
G3 We have 0 € [0,1), and for all x € [0, 1), 
x +1 0 = frac(x + 0) 
= frac(x) 
=x (since x € [0,1)), 
and similarly 
O4+,2=2. 
Thus 0 is an identity element for + on [0, 1). 


G4 The element 0 of [0,1) has inverse 0 with 
respect to + 1, since 


0+,0=0. 
Now let x be any other element of [0,1). Then 
1— x € (0,1) and we have 
x +, (1 — x) = frac(x + (1 —-2)) 
= frac(1) 
= 0, 
and similarly 
(l—a)+i,2=0. 
Hence 1 — x is an inverse of x with respect to +1. 


Thus each element of [0, 1) has an inverse in [0, 1) 
with respect to +1. 


Therefore ([0, 1), +1) satisfies the four group 
axioms, and so is a group. 


(Proving that +, is associative on [0, 1) is trickier 
than checking the other three group axioms for 
([0, 1), +1), but it can be done as follows. 
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G2 By the definition of +1, if z and y are any 
elements of [0,1) then 


x +1 y = frac(z + y) 
=g+y-—|z+y], 
so x +1 y is equal to x + y minus some integer. 
Now let x,y,z € [0,1). Then 


(£ +ıy)+ız 
=(xr+y-—p)+ız wherepeZ 


=(xr+y-—-p)+z—q whereqeZ 
=x+y+z-(ptq). 
Similarly, 
x +1 (y +1 2) 
=r+i(yt+z—r) wherereZ 
=x+(ytz—r)—s whereseZ 
=gz+y+z-(r+s). 
Since (x +1 y) +1 z and z +1 (y +1 z) both lie in the 
interval [0, 1), the integers p + q and r + s in the 


final lines of the two manipulations above must be 
the same integer. Therefore 


(£ +1 y) +1 2 = £ +1 (y +1 2). 


Thus +; is associative on [0,1).) 


Solution to Exercise E3 


We construct the Cayley table for (G, x) by 
multiplying each pair of the matrices I, R, S, T 
individually. The table is as follows. 


xiI R S T 
IJI R S T 
RIR I T S 
SIS T I R 
T/T S R I 


We consider each axiom in turn. 

G1 Every element in the body of the table is in G, 
so G is closed under matrix multiplication. 

G2 Matrix multiplication is associative. 

G3 The table shows that the matrix I is an 
identity element for (G, x). 


G4 The table shows that all the matrices in G are 
self-inverse. 


Since all four axioms hold, (G, x) is a group. 

The Cayley table is symmetric with respect to the 
main diagonal, so (G, x) is an abelian group. 
Solution to Exercise E4 

(a) A Cayley table for ({0, 1,2}, +3) is as follows. 


We consider each axiom in turn. 

G1 Every element in the body of the table is in 
{0, 1,2}, so {0,1,2} is closed under +3. 

G2 Modular addition is associative. 

G3 The table shows that 0 is an identity element 
for +3 on {0,1,2}. 

G4 The table shows that 0 is self-inverse, and 1 
and 2 are inverses of each other. 

Since all four axioms hold, ({0, 1,2}, +3) is a group. 


(b) A Cayley table for ({2, 4,6}, xg) is as follows. 


2/4 0 4 
4 0 0 0 
6 140 4 


The integer 0 appears in the body of the table, but 
0 £ {2,4,6}, so {2,4,6} is not closed under xs. 
Thus axiom G1 (closure) does not hold, so 

({2, 4,6}, xg) is not a group. 


(c) A Cayley table for ({1,5}, x6) is as follows. 


X6 1 5 
1 |1 5 
5 |5 1 


We consider each axiom in turn. 

G1 Every element in the body of the table is in 
{1,5}, so {1,5} is closed under xg. 

G2 Modular multiplication is associative. 

G3 The table shows that 1 is an identity element 
for xg on {1,5}. 

G4 The table shows that 1 and 5 are both 
self-inverse. 


Since all four axioms hold, ({1,5}, x6) is a group. 


(d) A Cayley table for ({3,9, 15,21}, x24) is as 
follows. 


X24 3 9 15 21 
3 9 3 21 15 
9 3 9 15 21 


15 |21 15 9 3 
21 |15 21 3 9 


We consider each axiom in turn. 


G1 Every element in the body of the table is in 
{3,9,15,21}, so {3,9,15,21} is closed under x4. 
G2 Modular multiplication is associative. 

G3 The table shows that 9 is an identity element 
for x24 on {3,9,15,21}. 

G4 The table shows that all four elements of 
({3, 9, 15,21}, x24) are self-inverse. 


Since all four axioms hold, ({3,9,15,21}, x24) isa 
group. 


Solution to Exercise E5 
(a) Uis = {1,5, 7, 11, 13, 17} 
(b) Uz = {1,2,3,4,5, 6} 

(c) Zš = {1,2,3,4,5,6} =U; 


Solution to Exercise E6 


(a) (1275)(3 8 4)0(13675) 
=(18436527) 

(b) (13 7)(25 4) 0 (2 4)(3 8)(5 6) 
= (138 7)(2)(45 6) 
= (1 3 8 7)(4 5 6) 


Solution to Exercise E7 


(145 6)0(23748)0(17 6)(3 25) 
= (1 5 7)(2 6 4 8)(3) 
= (15 7)(26 48) 


Solution to Exercise E8 


(a) (175 2)(3 8 4))-4 
= (2 5 7 1)(4 8 3) 
= (1 2 5 7)(3 4 8) 


(more usual form) 


Solutions to exercises 


(b) ((1 4)(2 3)(6 8))™ 
= (4 1)(3 2)(8 6) 
= (1 4)(2 3)(6 8) 
(In general, a permutation that contains only 
cycles of lengths 2 or 1 is self-inverse.) 


(more usual form) 


Solution to Exercise E9 

(15 3)(24796) 

= (1 3) o (1 5) o (2 6) o (2 9) o (2 7) o (2 4) 

Solution to Exercise E10 

(a) The parity of (1 5 8)(2 7 3 4) is 
even + odd = odd. 

(b) The parity of (1 8)(2 7)(3 5 4 6) is 
odd + odd + odd = odd. 


Solution to Exercise E11 
(a) aos=r 
(b) dt =a 


(We look along the row labelled b until we find e, 
then note that it is in the column labelled a.) 


(c) Working from the right, we obtain 
boroa=bo(roa)=bo0os=t. 
Alternatively, working from the left, we obtain 


boroa= (bor)oa=soa=t. 


Solution to Exercise E12 


(a) (i) The permutation (1 8)(2 7) represents the 
reflection of the cube in the plane 3456. 

(ii) The permutation (1 4 8 5)(2 3 7 6) represents 
a rotation of the cube through 7/2 about the 
vertical axis of symmetry of the cube. The rotation 
is anticlockwise when we look down this axis of 
symmetry from above. 
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(b) We have 


(1 8)(2 7)0(1 4 8 5)(2 3 76) 

= (1 4)(2 3)(5 8)(6 7) 
and 

(1 4 8 5)(2 3 7 6) o (1 8)(2 7) 

= (1 5)(2 6)(3 7)(4 8). 
The first of these permutations is the reflection in 
the plane that bisects the edges 14, 23, 58 and 67. 


The second is the reflection in the plane that 
bisects the edges 15, 26, 37 and 48. 


(c) (i) The rotation through m about the line 
through the midpoints of the faces 1265 and 4378 
is represented by (1 6)(2 5)(3 8)(4 7). 

(ii) The two non-trivial rotations about the line 
through the vertices 1 and 7 are represented 

by (2 4 5)(3 8 6) and (2 5 4)(3 6 8). 


Solution to Exercise E13 


(a) The integers 5, 10, 15 and 20 are not coprime 
to 25, so the set A is not a subset of U25 and hence 
it is not a subgroup of the group (U25, X25). 

(b) We have B = {1,6,11, 16,21} C U25, and the 
binary operation x25 is the same on each set. 


The Cayley table for (B, x25) is as follows. 


xo | 1 6 11 16 21 
1 1 6 11 16 21 
6 6 11 16 21 1 
11 |11 16 21 1 6 
16 |16 21 1 6 11 
21 |21 1 6 11 16 


We check the three subgroup properties. 


SG1 Every element in the body of the table is 

in B, so B is closed under X95. 

SG2 The identity element in (U25, X25) is 1, and 
we have 1 € B. 

SG3 The Cayley table shows that the element 1 is 
self-inverse, the elements 6 and 21 are inverses of 
each other, and the elements 11 and 16 are inverses 
of each other. So B contains the inverse of each of 
its elements. 


Hence B satisfies the three subgroup properties 
and so is a subgroup of (U25, X25). 


(c) The integers 9 and 11 are in C, but 
9 X95 11 = 24 ¢ C, 


so Č is not closed under x95. That is, 
property SG1 fails. 


Hence C is not a subgroup of (U25, X25). 


Solution to Exercise E14 


The set {e, x} is a subset of G. Since e is the 
identity element of (G,o) and x is self-inverse, the 
Cayley table for ({e,z},0) is as follows. 


Oje T 
e je z 
LIT e 


We check the three subgroup properties. 


SG1 Every element in the body of the table is in 
{e,x}, so this set is closed under o. 


SG2 The identity element in (G,o) is e, and we 
have e € {e, x}. 


SG3 The elements e and x are both self-inverse, so 
{e, x} contains the inverse of each of its elements. 


Hence {e, x} satisfies the three subgroup properties 
and so is a subgroup of (G, o). 


Solution to Exercise E15 
(a) The subgroup of order 1 is {e}. 
(b) The five subgroups of order 2 are 


{e,b}, {e,r}, {es}, {e,t}, f{e,u}. 


(c) The three subgroups of order 4 are 
{e, a, b, c}, {e, b, T, t}, {e, b, S, u}. 


The first of these is the group of rotations (direct 
symmetries) of the square; it can be spotted in the 
top left-hand corner of the group table for S(Q). 
The subgroups {e, b, r,t} and {e,b,s,u} can be 
obtained by considering the symmetries of each of 
the following modified squares, respectively. 


(d) The subgroup of order 8 is S( 


) itself. 


Solution to Exercise E16 
The subgroup of $7 obtained from the figure is 


{e, (13 7), (173), (13), 7), (38 7)}. 


Solution to Exercise E17 


(a) We show that the three subgroup properties 
hold for G. 


SG1 Let f,g € G. Then both f and g map each 
element of A to another element of A. We have to 
show that f og maps each element of A to another 
element of A. To do this, let k € A. Then g(k) € A 
and hence f(g(k)) € A, that is (fog)(k) € A. Thus 
fog maps each element of A to another element 
of A, so fog € G. Thus property SG1 holds. 

SG2 The identity permutation e in Sn maps each 
element of A to itself, soe € G. Thus 

property SG2 holds. 

SG3 Let f € G. Then f maps each element of A 
to another element of A. We have to show that 
f! maps each element of A to another element 

of A. Since f is one-to-one and maps each element 
of the finite set A to another element of A, each 
element of A must occur as the image of an 
element of A under f. Hence the image of each 
element of A under f~! is an element of A, as 
required. Thus property SG3 holds. 


Hence G is a subgroup of Sn. 


(b) When n = 5 and A = {4,5} the elements of 
the group G defined in part (a) are as follows: 


e, (4 5), 
(123), (123)(45), 
(132), (132)(45), 
12), 0245), 
3), (345), 
(2 3), (2 3)(4 5). 


(This group can also be obtained by labelling the 
vertices of the double tetrahedron: see Worked 
Exercise B39 in Unit B3.) 

Solution to Exercise E18 


(a) This matrix has determinant 


1x2-3x0=2-0=2 


Solutions to exercises 


and so is invertible. Its inverse is 


1/2 -3\_ f1 -3 
2\0 1/ \o 4} 


(b) This matrix is not invertible because it has 
determinant 


2x (—1) — (-2) x 1 = —2 + 2 = 0. 


Solution to Exercise E19 
We show that the three subgroup properties hold 
for D. 


SG1 Let A,B € D. Then 


r o0 v 0 
a-h; o) and B= (i nr 


for some r, u,v, y € R. Hence 


r O\ fv o0 ru 0 
TOR 
This is a diagonal matrix, so AB € D. Thus D is 


closed under matrix multiplication. 


(To show that AB € D here we do not need to 
show that AB € GL(2): we know that already 
because A, B € GL(2) and GL(2) is a group. We 
just need to show that AB is diagonal.) 


SG2 The identity element I = o 


0 o) of GL(2) is 


diagonal. Hence I € D. 
SG3 Let A € D. Then 
r o0 
a=(5 4): 


for some r,u € R. The inverse of A in GL(2) is 


SERGEN 


This is a diagonal matrix, so A~! € D. Thus D 
contains the inverse of each of its elements. 

(To show that A~! € D here we do not need to 
show that A~! € GL(2): we know that already 
because A € GL(2) and GL(2) is a group. We just 
need to show that A~! is diagonal.) 


Since the three subgroup properties hold, D is a 
subgroup of GL(2). 
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(Since every diagonal matrix is also an upper 
triangular matrix and a lower triangular matrix, it 
follows that D is also a subgroup of the group L of 
invertible 2 x 2 lower triangular matrices, and a 
subgroup of the group U of invertible 2 x 2 upper 
triangular matrices.) 


Solution to Exercise E20 
We show that the three subgroup properties hold. 


SG1 Let A,B € H. Then det A = 1 and 
det B = 1. Hence 


det(AB) = (det A)(detB) =1x1=1. 
So AB € H. Thus H is closed under matrix 
multiplication. 
SG2 The identity matrix I = k i has 
determinant 1 x 1—0x0=1,sole dH. 
SG3 Let A € H. Then det A = 1. Hence 
det A~* = 1/(det A) = 1/1 = 1. 


So A~! € H. Thus H contains the inverse of each 
of its elements. 


Hence H satisfies the three subgroup properties, so 
it is a subgroup of GL(2). 


Solution to Exercise E21 


(a) The set M is a subset of the group GL(2), 
because each matrix 


a b 
a where a Æ 0, 


in M has determinant 

axa—bx0=a? 0, 
and is therefore invertible. Also, the binary 
operation specified for M is the same as the binary 
operation of GL(2). We show that the three 
subgroup properties hold for M. 


SG1 Let A,B € M. Then 


r s v w 
a-h; *) and B= (j a 


for some r,s,v,w E€ R with r #0 and v £ 0. 


o 
_{r s\ fu wy) frv rw+ sv 
AB = (i i EN rv ). 


This matrix is of the form 


(0 «) 


with a = rv and b = rw + sv. Also, rv Æ 0 since 
r #0 and v 40. Hence AB € M. Thus M is 
closed under matrix multiplication. 


SG2 The identity element 


A 


of GL(2) is of the form 
(o a) 
0 a 
with a = 1 and b = 0. So I € M. 
SG3 Let A € M. Then 
r s 
a= 5), 


for some r,s € R with r #0. The inverse of A in 


GL(2) is 
O 1 r =s 
~ r2 \0 r 


AT! 
Ar —s/r? 
Ne 0 l/r j` 
This matrix is of the form 
a b 
0 a 
with a = 1/r and b = —s/r?. Also 1/r 4 0. Hence 
A`! € M. Thus M contains the inverse of each of 


its elements. 


Since the three subgroup properties hold, M is a 
subgroup of GL(2). Hence it is a group under 
matrix multiplication. 

(b) The set P is a subset of the group GL(2), 
because each matrix 


a 0 
0 1/a 
in P has determinant 


1 
ax—--0x0=1, 
a 


and is therefore invertible. Also, the binary 
operation specified for P is the same as the binary 
operation of GL(2). We show that the three 
subgroup properties hold for P. 


SG1 Let A,B € P. Then 


a-o A and BS ae 


for some x,y € R with x £0 and y Æ 0. So 


aB=(5 aya) (0 wy) 


7 ie view) l 


This matrix is of the form 


a 0 

0 1/a 
with a = zy. Also, ry £0 since x £0 and y £0. 
Hence AB € P. Thus P is closed under matrix 


multiplication. 
SG2 The identity element 


t= (53) 


of GL(2) is in P, since we can write 


1 0 
t= (5 in): 
which shows that I is of the form 
(0 se) 
0 1/a 
with a= 1. 
SG3 Let A € P. Then 


ash yya) 


for some x € R with x £0. The inverse of A in 
GL(2) is 


act.) lg 0 
“7h z)’ 


which we can write as 


a yay): 


This matrix is of the form 


a 0 

0 1/a 
with a = 1/x. Also, 1/x #0. Hence A7! € P. 
Thus P contains the inverse of each of its elements. 
Since the three subgroup properties hold, P is a 


subgroup of GL(2). Hence it is a group under 
matrix multiplication. 


Solutions to exercises 


(Another way to show that this set P is a subgroup 
of GL(2) is to use Theorem B81 from Unit B4, 
which states that the intersection of two subgroups 
of a group is always a subgroup of the group. 


The set P can be written as 


a 0 
pesi J :a,d E€ R, ad=1). 


So it is the set of all matrices in GL(2) that are 
diagonal and have determinant 1. Hence it is the 
intersection of D, the set of diagonal matrices in 
GL(2), and SL(2), the set of matrices in GL(2) 
with determinant 1. Each of these sets is a 
subgroup of GL(2), by the results of Exercises E19 
and E20 respectively, so it follows from 

Theorem B81 that P is also a subgroup of GL(2).) 


Solution to Exercise E22 


Consider, for example, the matrix 
2 1 
A= (; 1 | 
This matrix is in X, because it is of the form 
a b 
c I 
with a = 2 andb=c=1, and 
a-—be=2-1x1=1F0. 
However, 
3 f% 1) 2 1) 7 3 
as (; by hi ty — 18. 2) 


and this matrix is not in X, because it is not of the 
form 


(a) 


as its bottom right entry is not 1. Thus X is not 
closed under matrix multiplication. 


Hence property SG1 fails, so X is not a subgroup 
of GL(2). 


Solution to Exercise E23 
(a) x? ox = xf translates to 


3x + x = 4r. 
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(b) 2° o x75 =e translates to 
5a + (—5)x = 0. 
(c) (xt)! = (a1) translates to 


—(4x) = 4(— 7x). 


Solution to Exercise E24 
(a) (i) In S(Q), 


a? =aoa=b, 


Sa 
at =—aoa=coaxe. 
Thus a has order 4. 
(ii) In S(O), b? = e, so b has order 2. 
(iii) In S(O), r? = e, so r has order 2. 


(b) The identity element of (Ug, xg) is 1. 


oa=boa=c, 


(i) The consecutive powers of 5 in (Ug, xg) 
starting from 5! are 

eae et ae 
that is, 

Ds Oy Ae AM eevee 
So 5 has order 6 in (Ug, x9). 
(The first power in the list equal to 1 is the sixth 
power.) 
(ii) The consecutive powers of 2 in (Uo, xg) 
starting from 2! are 

DA B TD dea ats 
So 2 has order 6 in (Ug, x9). 
(Alternatively, the list of consecutive powers of 5 in 
part (b)(i) shows that 5~' = 2 in (Ug, x9). Hence 
the order of 2 is the same as the order of 5, so the 
order of 2 is 6. 
To see why the list of consecutive powers of 5 
shows that 5~! = 2 in (Uy, xg), use the fact that 
each integer in the list is obtained by composing 
the previous integer with 5 in (U9, x9). The 
integer 1 appears immediately after the integer 2 in 
the list, so 2 xg 5 = 1 and hence 57! = 2.) 
(iii) The consecutive powers of 7 in (Ug, x9) 
starting from 7! are 


T S bese 
So 7 has order 3 in (Ug, x9). 


(The list of consecutive powers of 7 in (Ug, x9) can 
be obtained simply by working them out, or 
alternatively by using the list of powers of 5 in 
part (b)(i). If we start at 5? = 7 in the list of 
powers of 5 and go forward two places at a time, 
then we obtain the powers 

540 DO 8 anes 
that is, 

lO) eee 1 sarin 
Hence we obtain the list of powers of 5? = 7.) 
(c) The group (Zg, +s) is additive, so the order of 
an element x in this group is the smallest positive 
integer n such that the multiple nx is equal to the 
identity element, 0. 


(i) The consecutive multiples of 2 in (Zg, +8) 
starting from 1(2) are 

1(2), 2(2), 3(2), 4(2), .-., 
that is, 

2,4,6,0,.... 
So 2 has order 4 in (Zs, +8). 
(The first multiple in the list equal to 0 is the 4th 
multiple.) 
(To calculate the consecutive multiples of 2 in 
(Zs, +s), we calculate 

2(2) = 2 +8 2 = 4, 

3(2) = 2 +8 2 +8 2 = 6, 

4(2) = 2 +8 2 +8 2 +8 2 = 0, 
and so on. 
That is, we start with 2 and successively add 2 
modulo 8 to each multiple to obtain the next 
multiple.) 
(ii) The consecutive multiples of 3 in (Zs, +) 
starting from 1(3) are 

3,6,1,4,7,2,5,0,.... 
So 3 has order 8 in (Zg, +8). 
(iii) The consecutive multiples of 6 in (Zs, +8) 
starting from 1(6) are 

6,4,2,0,.... 
So 6 has order 4 in (Zg, +8). 
(The fact that 6 has order 4 also follows from 
part (c)(i), since 6 is the inverse of 2 in (Zg, +8) 
and hence has the same order as 2.) 


(An alternative way to find the orders of elements 
in a group (Zn, +n) is to use Theorem B38 from 
Unit B2, which you will revise in the next 
subsection.) 


Solution to Exercise E25 


The identity element of GL(2) is ¢ i): 


(a) In GL(2), 


0 —1 
Thus (; has order 4. 


(b) The matrix f o) is the identity element of 


GL(2), so it has order 1. 
(c) In GL(2), 


G =o a) e 9), 


4) has order 2. 


This pattern will continue because for any positive 
integer k we have 


(0 i) (0 d= T) 


Hence in general for any positive integer n we have 


(1) = 1) 


Solutions to exercises 


(This can be proved formally by using 
mathematical induction.) 


Thus there is no positive integer n such that 


(0 i) =) 


Hence é i) has infinite order. 


Solution to Exercise E26 

(a) The permutation (2 3)(6 9 8) has order 6. 
(b) The permutation (1 7 3 2 4) has order 5. 
(c) The permutation (1 7)(3 6 4 5) has order 4. 


Solution to Exercise E27 


In each case, the order of the cyclic subgroup is 
equal to the order of the group element that 
generates it. You found this order in Exercise E24, 
and in the same exercise you also worked out 
consecutive powers (or multiples) of this element, 
which give all the elements of the cyclic subgroup. 


(a) The required cyclic subgroups of S(O) are as 


follows. 


(i) (a) = {e,a,b,c} 
(ii) (b) = {e,b} 
(iii) (r) = {e,r} 


(The consecutive powers of a, b and r in S( 


) are: 
...,€,@,6,¢,e,a,b,¢,..., 
js vy) Dy €) Dy Cy Vagis 
Fic Oa Te yey egos) 
(b) The required cyclic subgroups of (Ug, xg) are 
as follows. 
(i) (5) = {1,5,7,8,4,2} 
(ii) (2) = {1,2, 4,8,7,5} 
(iii) (7) = {1,7,4} 
(The consecutive powers of 5, 2 and 7 in (Ug, x9) 
are: 


(Thus (2) = (5).) 


cul 6. Cet AD, 
we pil, DART SA AR Be oc 
ey a oe ee 


89 


Unit E1 Cosets and normal subgroups 


(c) The required cyclic subgroups of (Zs, +8) are 
as follows. 

(i) (2) = {0,2,4,6} 

(ii) (3) = {0,3,6,1,4,7,2,5} (Thus (3) 
(iii) (6) = {0,6,4,2} (Thus (6) = (2).) 
(The consecutive multiples of 2, 3 and 6 in (Zg, +8) 
are: 


=F 


.,0,2,4,6,0,2,4,6,..., 
.,0,3,6, 1,4, 7, 2,5, 0,3,6,1,4,7,2,5,..., 
.,0,6,4,2,0,6,4,2,....) 


Solution to Exercise E28 


(a) In S(Q), 
(e) = {e}, 
(a) = {e,a,b,c} = (c) (since c = a™!), 
(b) = {e, b}, 
(r) = {6r}, 
(s) = {e, s}, 
(t) = {e,t}, 
(u) = {e, u}. 
Thus S(O) has seven distinct cyclic subgroups: 
{e}, {e,a,b,c}, 
{e,b}, {e,r}, f{e,s}, {e,t}, f{e,u}. 


(As well as these seven cyclic subgroups, S(O) has 
three further subgroups, which are non-cyclic. 
These are S(O) itself, and two subgroups of 

order 4, namely {e,b,7r,t} and {e,b,s,u}. The two 
non-cyclic subgroups of order 4 can be obtained by 
modifying the square, as given in the solution to 
Exercise E15(c).) 


(b) In the additive group (Zg, +9), 

(0) = {0}, 
(1) = {0, 1,2,3, 4, 5, 6, T, 8} = Zy = (8), 

(since 8 is the inverse of 1), 
(2) = 10) 2, 4, 6,8, 1,3,5, 7} = Zy = (7), 

(since 7 is the inverse of 2), 
(3) = {0,3,6} = (6), 

(since 6 is the inverse of 3), 
(4) = {0, 4, 8, 3, 7, 2, 6, 1,5} = Zy = (5), 

(since 5 is the inverse of 4). 
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Thus (Zg, +9) has three distinct cyclic subgroups: 
{0}, {0,3,6}, Zo. 


(c) In (Z, x7), we have 2 x74 = 1, so 2 and 4 are 
inverses of each other, and 3 x7 5 = 1, so 3 and 5 
are inverses of each other. 


In (Z7, x7), 
(1) = {1}, 
(2) = {1,2,4} = (4) (since 4 = 27"), 
(3) = {1,3, 2,6,4,5} = Zš = (5) (since 5 = 37), 
(6) ={1,6}. 
Thus ( 


{1}, 


ž, X7) has four distinct cyclic subgroups: 


{1,6}, {1,2,4}, Z}. 


e, (12 3), (1 3 2)} = ((1 3 2)) 
(since (1 2 3)7} = (1 3 2)). 
Thus S3 has five distinct cyclic subgroups: 


fe}, fe, (1 2)}, {6 (1 3)}, fe, (2 3)}, 
{e, (1 23), (13 2J}. 


Solution to Exercise E29 


(a) The group S( 
order 8 but contains no element of order 8 


) is non-cyclic because it has 


the identity element has order 1, 

the four reflections have order 2, 

the rotation b has order 2, 

the rotations a and c have order 4. 
(b) The group $*(Q) is cyclic because it has 
order 4 and contains two elements (a and c) of 
order 4; each of these elements is a generator of the 
group. 
(c) The group (Z5, +5) is cyclic because it has 
order 5 and contains four elements (1, 2, 3 and 4) 
of order 5; each of these elements is a generator of 
the group. 


(d) We have 
Ug = {1,3,5,7}. 
We find the orders of the elements of (Ug, xg). 
The identity element 1 has order 1. 
The consecutive powers of 3 are 
seis dye VBE ag 
so 3 has order 2. 
The consecutive powers of 5 are 
a., 1, 5,1,5,0, 
so 5 has order 2. 
The consecutive powers of 7 are 
S E Mega EA 
so 7 has order 2. 
Thus (Ug, xs) has order 4 but contains no element 
of order 4, so it is non-cyclic. 
Solution to Exercise E30 


(a) By Theorem B38, the orders of the elements of 
(Zi4, +14) are as follows. 


Element}O 1 2 3 4 5 678 9 10 11 12 13 
Order |1 1471471472714 7 14 7 14 
(b) By Corollary B40, or by the answers to 


part (a), the generators of (Z14, +14) are 1, 3, 5, 9, 
11 and 13. 


Solution to Exercise E31 


By Theorem B41, (Zı6, +16) has five subgroups, 
with orders 1, 2, 4, 8 and 16 (the factors of 16). 
They are: 


(0) = {0}, 

(8) = {0, 8}, 

(4) = {0, 4,8, 12}, 

(2) = {0, 2,4, 6, 8, 10, 12, 14}, 
(1) = {0,1,2,3,4,5,6,7,8,9, 10, 


11, 12, 13, 14,15} = Zio. 


Solutions to exercises 


Solution to Exercise E32 
(a) Uio — {1,3,7,9}. 


(c) The group table found in part (b) can be 
rearranged as follows: 


This has the same pattern as the group table of 
(Z4, +4), which is 


+40 1 2 3 
0 JO 1 2 3 
1 1 2 3 0 
2/2 30 1 
3/3 0 1 2 


An isomorphism from (U10, x10) to (Z4, +4) is 


ġ : Uio — Z4 
1—0 
3— 1 
9—2 
T — 3. 


(The group table found in part (b) can also be 
rearranged as follows. 


This gives the following alternative isomorphism 
from (U10, X10) to (Za, +4): 
0) : Uio =} Z4 
1—0 
T— 1 
9—2 
3— 3.) 
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Solution to Exercise E33 
Let @ be the mapping 
o:Z — 3Z 
n — 3n, 
as given in the question. 


Then ¢ is one-to-one, because if m and n are 
elements of Z such that ¢(m) = ¢(n), then 

3m = 3n and hence m = n. 

Also, @ is onto, because any element of 3Z is of the 
form 3n where n € Z, and this element is the 
image under ¢ of the element n of Z. 


Finally, if m,n € Z, then 
om +n) =3(m +n) 
= 3m + 3n 

= o(m) + 6(n). 


Thus ¢ is an isomorphism and hence 
(Z, +) = (3Z, +). 


Solution to Exercise E34 


The group (G, x) from Exercise E3 is a group of 
order 4 all of whose elements are self-inverse. 
Therefore it is isomorphic to the Klein 
four-group V (and S(-)). 


Solution to Exercise E35 
We have 


Uys = {1,5,7, 11,13, 17}. 


Thus Ujg is a group of order 6. It is abelian, since 
X 1g is a commutative binary operation. Therefore 
it is isomorphic to Ze (and Cg). 


Solution to Exercise E36 

(a) The left cosets of {e,s} in S(A) are 
eH = {eo e,e o s} = {e,s} = H, 
aH = {ao e,ao s} = {a,r}, 
bH = {bo e,bo s} = {b,t}, 
rH = {roe,r o s} = {r,a}, 
sH = {so e,so s} = {s,e} = H, 
tH ={tfo e tos} = {tb}. 
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(b) The distinct left cosets of H = {e, s} in S(A) 


{es}, {a,r}, {b,t}. 


Solution to Exercise E37 


(a) The consecutive powers of 2 in Z% starting 
from 2! are 


2,4,1,.... 
Thus (2) = {1,2,4}. That is, H = {1,2,4} is the 
cyclic subgroup of Zž generated by 2. 

(b) The left cosets of H = {1,2,4} in Z* are 

iW Stiga M2 ee Se ae, 

OH ={2x71, 2x72, 2x74} = {2,4,1} =F, 

81 = (3 x71, 9 oo, 8X7 HBS 

AH = {4x71, 4x72, 4x74} = {41,2} =H, 

5H = {5 x71, 5 X72, 5X74} = {5,3,6}, 

6H = {6 X7 1, 6 x7 2, 6 x74} = {6,5,3}. 

(c) The distinct left cosets of H = {1,2,4} in Z} 
are 


{1,2,4}, {3,5,6}. 


Solution to Exercise E38 

(a) The subgroup H = {e,a, b,c} is one left coset, 
by Proposition E3(b). 

All the left cosets of H contain the same number of 
elements as H by Proposition E3(d), and distinct 
left cosets are disjoint from each other by 
Proposition E3(c). 


It follows that there is just one other left coset, 
namely {r,s,t, u}. 


So the distinct left cosets of H in S( 
{e,a, b,c}, {r,s,t, u}. 


(b) All the left cosets of H contain the same 
number of elements by Proposition E3(d). 


Thus each left coset of the subgroup H = {e} has 
just one element. 


) are 


Hence there are eight distinct left cosets of H in 
S(Q), each with one element: 


{e}; {a}, {b}, teh, tr}, {ts}, {th}, tu. 


(c) The subgroup S(O) is the whole group, and so 
is the only left coset by Proposition E3(b) and (c). 


Solution to Exercise E39 
We have 


U5; 41,879 11,13, 17, 198, 
Also, 
19 x 19 = (-1) x (—1) = 1 (mod 20), 


so 

19 Xap 19=1. 
Hence (19) = {1,19}, so H = {1,19} is the cyclic 
subgroup of Uz9 generated by 19. 
By Strategy E1, the left cosets of H = {1,19} 
in Uəọ are 

H = {1,19}, 

3H = {3 X99 1,3 X20 19} = {3,17}, 

7H = {7 x20 1,7 Mag 19} = {7,13}, 

9H = {9 x2 1,9 x20 19} = {9, 11}. 


The partition of Uəọ into left cosets of H is 
therefore 


{1,19}, 
(A quick way of obtaining the second element in 
each of the left cosets above is as follows: 

3 x 19 = 3 x (—1) = —3 = 17 (mod 20), 

7x 19=7 x (—1) = -7 = 13 (mod 20), 

9 x 19= 9 x (—1) = —9 = 11 (mod 20).) 


{3,17}, {7,13}, {9,11}. 


Solution to Exercise E40 
By Strategy E1, the left cosets of H = {e,t} in 
S(A) are 
H = {e,t}, 
aH = {ao e,ao t} = {a,s}, 
bH = {bo e,bo t} = {b,r}. 


The partition of S(A) into left cosets of H is 
therefore 


{e,t}, {a s}, {b,r}. 


Solutions to exercises 


Solution to Exercise E41 
Using Strategy E1, we find that the left cosets 
of H in Ay are 
H = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, 
(123)H 
= {(1 23) oe, (123) 6(1 2)(3 4), 
(1 2 3)o (1 3)(2 4), (1 2 3)o (1 4)(2 3)} 
={(1 23); (134); (24.3), (1 42)}, 
(132)H 
={(1 3 2)oe, (1 3 2)6(1 2)(3 4), 
(1 3 2)o (1 3)(2 4), 13 2)o (1 4)(2 3) 
= {(1 3 2), (2 3 4), (1 2 4), (1 4 3)}. 
In summary, the partition into left cosets is 
{e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, 
{(1 2 3), (1 3 4), (2 4 3), (1 4 2)}, 
{1 3 2), (2 3 4), (1 2 4), (1 43)} 


Solution to Exercise E42 

The right cosets of H = {e, s} in S(A) are 
H = {e, 8}, 
Ha = (eon. soa} = {a,t}, 
Hb = {eo b,s ob} = {b,r}. 


The partition of S(A) into right cosets of H is 
therefore 


{e,s}, {a,t}, {br}. 
Solution to Exercise E43 
=> part 


Suppose that 


x € yH 
Then 
x=yh 


for some h € H. Composing each side of this 
equation with 2~! on the right gives 


ax = yhat, 
that is, 


e=yha. 


93 


Unit E1 Cosets and normal subgroups 


94 


Now composing each side of this equation with y~! 


on the left gives 
yte=ylyha, 
that is, 
yt = hrt. 
Hence y~! € Ha™, as required. 
<— part 
Now suppose that 


yt e Ha}. 
Then 
yt — hx! 


for some h € H. Composing each side of this 
equation with æ on the right gives 


ylz =ha'z, 
that is, 
y ta =h. 


Now composing each side of this equation with y 
on the left gives 


1 


yy x= yh, 
that is, 
y= yh. 


Hence x € yH, as required. 


This completes the proof. 


Solution to Exercise E44 

(a) Using Strategy E1, we find that the cosets are 
H = {0, 2,4,6,8}, 
1+H 
= 1 + {0,2,4,6,8} 
= {1 +10 0, 1 +10 2, 1 +10 4, 1 +10 6, 1 +10 8} 
=I: 


In summary, the partition is 


{0, 2,4, 6, 8}, {1,3,5, T9% 


(In fact, there is no need to work out the second 
coset in the way above, because the group Z19 and 
the subgroup H have orders 10 and 5, respectively, 
so there are two cosets each containing 5 elements, 
and hence the second coset contains all the 
elements of Zio that are not in the first coset H.) 


(b) Using Strategy E1, we find that the cosets are 
H=105k 
1+ H=1+{0,5} 
= {1 +10 0, 1 +10 5} 
= {1,6}, 
24+H =2+{0,5} 
= {2 +19 0, 2 +10 5} 
= {2,7}, 
3+ H=3+4 {0,5} 
= {3 +10 0, 3 +10 5} 
= {3,8}, 
4+H =44+4 {0,5} 
= {4 +10 0, 4 +10 5} 


= {4 97. 
In summary, the partition is 
{0,5}, {1,6}, {2,7}, {3,8}, {4,9}. 


(Similarly to part (a), there is no need to work out 
the final coset in the way above, as it must contain 
the two elements of Zio not yet assigned to a coset. 
However, working out the final coset is a useful 
check.) 


Solution to Exercise E45 
(a) The cosets of 4Z in Z are 
AZ, = {...,-8, —4,0,4,8,...}, 
iat a EE E 
Spa c GE; ey h, 
EN eee E ae Te EE 
(b) The cosets of 6Z in 2Z are 
6Z = {...,—12,—6, 0,6, 12,...}, 
2+6Z ={...,—10,—4,2,8,14,...}, 
4+6Z={...,—8,—2,4, 10, 16,...}. 


(Here the whole group 2Z consists of only the even 
integers, so there are no cosets such as 1 + 6Z.) 


Solution to Exercise E46 


(a) By Exercise E40, the partition of S(A) into 
left cosets of the subgroup {e,t} is 


{e,t}, {a,s}, {br}. 


In S(A) the elements a and b are inverses of each 
other and all the other elements are self-inverse. So 
the partition of S(A) into right cosets of the 
subgroup {e,t} is 


{et} {bs} {a,r}, 
that is, 
{e,t}, {a,r}, {b,s}. 


Since the two partitions are different, {e,t} is not a 
normal subgroup of S(A). 


(b) All the left cosets of the subgroup 

St (A) = {e,a,b} in S(A) contain three elements 
and one of the left cosets is the subgroup itself, 
and the same is true for the right cosets. So the 
partition of S(A) into left cosets of {e,a,b} and 
the partition of S(A) into right cosets of {e, a,b} 
are both 


{e,a, b}, {r,s,t}. 
Since the two partitions are the same, 
St (A) = {e,a,b} is a normal subgroup of S(A). 


(c) Every left coset and every right coset of the 
subgroup {e} in S(A) contains just one element, so 
the partition of S(A) into left cosets of {e} and the 
partition of S(A) into right cosets of {e} are both 


{e}, {a}, {5}, {r}, {s}, {t} 
Since the two partitions are the same, {e} is a 
normal subgroup of S(A). 
(d) The only left coset and the only right coset of 
S(A) in S(A) is S(A). 
So the partition into left cosets and the partition 
into right cosets are both simply S(A). 


Since the two partitions are the same, S(A) is a 
normal subgroup of S(A\). 


Solutions to exercises 


Solution to Exercise E47 
(a) The left coset (1 2)(3 4)H is 
(1 2)(3 4)H 
= {(1 2)(3 4) oe, (1 2)(3 4) 0 
(1 2)(3 4) o (1 3 2)} 
= {(1 2)(3 4), 24-3), (1 43)}. 
The right coset H(1 2)(3 4) is 


H(1 2)(3 4) 
= {eo (1 2)(3 4), (1 23)o (1 
(1 3 2) o (1 2)(3 4)} 

= {(12)(3 4), (1 3 4), 234}. 
So the left coset (1 2)(3 4)H and the right 
coset H (1 2)(3 4) are not the same. Since the 
permutation (1 2)(3 4) lies in both these cosets, 
the partition of A, into left cosets of H is not the 
same as its partition into right cosets of H. 
Hence H is not a normal subgroup of Ag. 


(b) By the solution to Exercise E41, the left cosets 
of K in Ay are 


{e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, 
{(1 23), (134), (243), (14 2)}, 
{(1 3 2), (2 3 4), (1 2 4), (143)}. 


(123), 


2)(3 4), 


By replacing each permutation by its inverse, we 
find that the right cosets of K in Ay are 


{e (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)f, 

{(1 3 2), (1 43), (23 4), (1 2 4)}, 

{(1 23), (243), (142), (134)}. 
These are the same sets as in the partition into left 
cosets (just in a different order and with their 
elements listed in a different order). So the 
partition of Ay into left cosets of K and the 


partition of A4 into right cosets of K are the same. 
Hence K is a normal subgroup of A4. 
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Solution to Exercise E48 


(a) The group (Z,+) is abelian, so all of its 
subgroups are normal, and hence in particular its 
subgroup 4Z is normal. 


(b) In any symmetry group, either all the 
symmetries are direct or half are direct and half 
are indirect, by Theorem B22. The regular 
tetrahedron has some indirect symmetries, such as 
the reflection in the plane that passes through two 
vertices and the midpoint of the edge joining the 
other two vertices, so half of its symmetries are 
direct and half are indirect. Hence the subgroup of 
direct symmetries of S(tet) is a subgroup of 

index 2, and therefore it is a normal subgroup. 


(c) The 4-windmill has no indirect symmetries, so 
its subgroup of direct symmetries is equal to the 
whole group S(4%) and hence is a normal subgroup. 
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Unit E2 
Quotient groups and conjugacy 


Introduction 


In the final section of the previous unit you met the idea of a normal 
subgroup. This next unit covers two topics that are both related to normal 
subgroups. 


In the first section you will study quotient groups. You will see that if G is 
a group with a normal subgroup N then, in a sense that you will learn 
about, we can ‘divide’ G by N to obtain a quotient group G/N. 
Essentially, the group G can be ‘broken down’ into two groups N 

and G/N. You can think of the process as being similar to the way that 

if g is a natural number with a positive divisor n, then g can be broken 
down into the two numbers n and g/n: for example, the number 12 can be 
broken down into the numbers 4 and 12/4 = 3. 


In the other four sections you will learn how the idea of conjugacy, which 
you met in the context of symmetric groups in Unit B3 Permutations, can 
be generalised to all groups. As you will see, conjugacy can help us to 
understand the relationships between different elements of the same group. 
It also gives us useful methods for determining whether or not a subgroup 
of a group is a normal subgroup, and it can help us find more subgroups of 
a group once we know some subgroups. 


This is a substantial unit, so you should expect to spend longer studying it 
than you would for a typical group theory unit. The next unit, Unit E3, is 
much shorter. 


1 Quotient groups 


In this section you will see that if G is a group with a normal subgroup N 
then we can form a new group whose elements are the cosets of N in G. 
We denote this group by G/N and call it a quotient group of G. 


1.1 What is a quotient group? 


Before you can learn more about quotient groups, you need to learn about 
the idea of set composition in a group. This is the binary operation of any 
quotient group of the group. 


Given any group G, we can use its binary operation to obtain a related 
binary operation, known as set composition, that is defined on the set of 
subsets of G. That is, this new binary operation is a way of combining any 
two subsets of G to give another subset of G. It is defined below. 


1 Quotient groups 
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Definition 


Let G be a group. Then the binary operation - , called set 
composition in G, is defined on the set of subsets of G by 


XoY =l n EX ENY 
for all subsets X and Y of G. 


That is, if X and Y are subsets of G then X - Y is the subset of G 
obtained by composing each element of X with each element of Y, in 
that order. 


Worked Exercise E19 


Determine the following composites of subsets in the group S (0). 


(The non-identity symmetries of the square are shown in Figure 1 and the 
group table of S(Q) is given as Table 1.) 


Figure 1 The symmetries of 


the square (a) {s,u}- {r,t} (b) {b,t}+{c,u} 
Table 1 S(C) 

oJea berstu 

ele aberstu 

aja bcestur 

blb ec eatur s 

cle ea burst 

rjlrutsecoba 

s|s rutaec b 

tit s rubaee 

ulutsrebae Notice from Worked Exercise E19 that when we use set composition to 


combine two subsets of a group G we may obtain repeated elements. 
However, we write the resulting set with each element appearing just once, 
since a set does not contain repeated elements. The order in which we 
write the elements does not matter, since the elements of a set can be 
written in any order. 


Exercise E49 


Determine the following composites of subsets in S(O). 
(a) {e,b}-{rt} (b) {a,c} {a,c} (c) fa, st- ta, s} 
(d) {a,s}-{a,s,e} 
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1 Quotient groups 


For an additive group G, we denote set composition by + rather than -, as 
illustrated in the next worked exercise. 


Worked Exercise E20 


Determine the composite of subsets {1,4,7}+ {2,5,8} in the group Zg. 


Exercise E50 


Determine the following composites of subsets in the group Zg. 


(a) {1,4,7} + {1, 4, 7} (b) {0,3,6}+ {1,4,7} 


Set composition in an abelian group is a commutative binary operation, 
since for any two subsets X and Y of an abelian group we have 
X.Y ={zry:xE X, yEY} 
= {yxr:y EY, xE X} 
=Y-X. 
On the other hand, set composition in a non-abelian group is a 


non-commutative binary operation, since a non-abelian group contains 
elements x and y such that xy 4 yx, and 


{x} - {y} = {xy} 


whereas Table 2 5(C) 
{u} - {x} = {yz}. ole aberstu 
ele aberstu 
Exercise E51 ae a aT 
Show that, in $(D), De eee eee 
cle eabur st 
{b, t} + {c,u} # {e, u} + {b, tf. rjrutsecoba 
(The composite on the left here was found in Worked Exercise E19(b). sjsrutaec 6 
The group table of S(O) is given as Table 2.) tlt @ 7 uo @ e& « 
ulu ts rcbae 
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Table 3 S(O) 
oJe a berstu 
ele aberstu 
aja bcestur 
b|lb ceatur s 
cle ea burst 
rjrutsecoba 
s|s rutaec 0b 
tit s rubaee 
ulu ts rceobae 
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Although set composition is defined for any two subsets of a group, we will 
mainly be interested in applying it to cosets of normal subgroups. (You 
met the ideas of cosets and normal subgroups in Sections 4 and 5 of 

Unit E1 Cosets and normal subgroups.) Remember that for normal 
subgroups we refer simply to cosets rather than left cosets or right cosets, 
because for normal subgroups left cosets and right cosets are the same. 


Let us look at what happens when we use set composition to compose two 
cosets of the same normal subgroup of a group. 


Consider the example of the group S(O) and its normal subgroup {e, b}. 
You saw that this subgroup is normal in Worked Exercise E18 in Section 5 
of Unit E1. We found there that its cosets are 


{e,b}, {a,c}, {r,t}, {5,u}. 
Let us look at what happens when we use set composition to compose two 
of these four cosets. 
For example, we have 
{a,e}- {r,t} = {aor, aot, cor, cot} 
= 4s uu, 5} 
= {s u}. 
This composite has turned out to be equal to one of the four cosets. 


In fact we have already composed some other pairs of these four cosets. In 
Worked Exercise E19 and Exercise E49 we found that 


{s,u} j {r, t} = {a,c}, 
{e,b} . 1% t} = {r, t}, 
{a, c} . {a, c} = {e, b}. 
Again, each of these composites is equal to one of the four cosets. In the 


next exercise you are asked to investigate whether composing a pair of the 
four cosets always gives one of the four cosets. 


Exercise E52 


(a) Complete the Cayley table below for the cosets of the normal 
subgroup {e,b} of S(O) under set composition. The composites 
already entered are those given above and some others that have been 
worked out for you to save you time. 


(The group table of S(O) is given as Table 3.) 


{e,b} {a,c} {r,t} {s,u} 
{e, b} {a,c} {r,t} {s,u} 
{a,c} | {a,c} feb} ts; a} 
{r,t} | {r,t} {e,b} {a,c} 
{s u} | {s,u} {r,t} {a,c} 


1 Quotient groups 


(b) Check whether all the sets in the body of the table are cosets of {e, b} 
in S(O). 


Exercise E52 shows that composing a pair of cosets of {e,b} in S(O) 
always gives a coset of {e,b} in S(O): in other words, the set of cosets 
of {e,b} in S(Q) is closed under set composition. 


In the next exercise you are asked to determine whether the set of cosets of 
the normal subgroup {0,3,6} of the additive group Zg is also closed under 
set composition. This set is a subgroup of Zg because it is the cyclic 
subgroup generated by 3, and it is normal in Zg because Zy is abelian. 

(By Theorem E10 in Unit E1, every subgroup of an abelian group is 
normal.) 


Exercise E53 


(a) Complete the Cayley table below for the cosets of the normal 
subgroup {0,3,6} of the group Zg under set composition. 


(The composites already entered were obtained in Worked 

Exercise E20 and Exercise E50. Remember that set composition in Zg 
is commutative, because Zg is abelian, so to complete the table you 
have to work out only three composites, not four.) 


F {0,3,6} {1,4,7} {2,5,8} 
{0,3,6} {1,4,7} 
{1,4,7} | {1,4,7} {2,5,8} {0,3,6} 
{2,5,8} {0,3,6} 


(b) Check whether all the sets in the body of the table are cosets of 
{0,3,6} in Zo. 


Exercises E52 and E53 seem to suggest that if N is a normal subgroup of a 
group G, then the set of cosets of N in G is always closed under set 
composition. This is indeed the case, as is confirmed by the theorem 
below. This theorem says that if we compose the coset of N that contains 
the element x with the coset of N that contains the element y, in that 
order, then we obtain the coset of N that contains the element xy. 


Of course, if we compose the coset of N that contains the element x with 
the coset of N that contains the element y, in that order, then we will 
obtain a set that contains the element xy: this follows immediately from 
the definition of set composition. The significance of the theorem is that 
the set that we obtain is always a coset of N. 


103 


Unit E2 Quotient groups and conjugacy 


104 


Theorem E14 
Let N be a normal subgroup of a group G. Then, for all x,y € G, 


aN -yN = (ay)N. 


Proof Let x,y € G. To show that the two sets £N + yN and (xy)N are 
equal, we show that rN -yN C (ay)N and (ry)N CaN -yN. 
Proof that rN -yN C (ay)N 
Let z E€ £N - yN. Then 
Z = TNIYN2 
for some nı, n2 € N. We have to show that z € (xy)N. 


Consider the expression n ,y that occurs in the middle of the expression 
for z above. We know that niy € Ny, and we know that Ny = yN, 

since N is a normal subgroup. Therefore niy € yN. It follows that there is 
some element ng, say, of N such that 


niy = yn3. 
Using this equation to replace the expression n,y in the expression for z 
above gives 


Z = TYNZNI. 
Now ngn € N, since N is a subgroup, so we can conclude that z € (xy) N. 


Hence £N » yN C (ay)N. 


Proof that (ry)N C £N -yN 
Let z € (xy)N. Then 
z = £yn 
for some n € N. Since xz € £N and yn € yN, it follows that 
zZzETN- yN. 
Hence (xy)N C £N -yN. 
This completes the proof that £N - yN = (zy) N. E 


So we now know the following fact: 


If N is a normal subgroup of a group G, then the set of cosets of N 
in G is closed under set composition. 


Before we consider cosets of normal subgroups further, let us consider 
whether a similar fact might hold for subgroups that are not normal. 
Might it be true that if H is any subgroup of a group G, then the set of 
left cosets of H in G is always closed under set composition, and the set of 
right cosets of H in G is always closed under set composition? In fact this 
is not true, as you are asked to show in the next exercise. So Theorem E14 
cannot be generalised to include subgroups that are not normal. 


1 Quotient groups 


Exercise E54 


The left cosets of the subgroup {e,r} in the group S(O) are 
{e,r}, {a, s}, {b.t}, 16; u}, Table 4 


and the right cosets are 


JSA 


ojeabcrstu 

{e,r}, {a,u}, {b, t}, {c, s} eleabcrstu 
Find counterexamples to show that the set of left cosets of {e,r} is not ajabcestur 
closed under set composition in S(O), and neither is the set of right cosets. b|b c eatur s 
(The cosets of the subgroup {e,r} in S(O) were found in Worked cleeaburst 
Exercises E12 and E15 in Subsections 4.1 and 4.2 of Unit E1. The group rjirutsecoba 
table of S(O) is given as Table 4.) Se oe ae ae ek 
tlt srubaec 

ulu t srcbae 


So far in this subsection we have found that if N is a normal subgroup of a 
group G, then the set of cosets of N in G is closed under set composition. 
In other words, it satisfies group axiom G1. In fact even more is true: the 
set of cosets with set composition also satisfies the other three group 
axioms and hence is a group. You will see a proof of this fact shortly, but 
first, to illustrate it, let us look again at the Cayley tables that you should 
have found in Exercises E52 and E53. 


The Cayley table for the cosets of the normal subgroup {e,b} in S(O) is as 
follows. 


{e,b} {a,c} {r,t} {s,u} 
{e,b} | {e,b} {a,c} {r,t} {s,u} 
{a,c} | {a,c} {e,b} {s,u} {r,t} 
{r,t} | {r,t} {s,u} {e,b} {a,c} 
{s,u}| {s,u} {r,t} {a,c} {e,b} 


In this table the row and column labelled by the coset {e, b} both repeat 
the table borders. So the coset {e, b} (this coset is the normal subgroup 
itself) is an identity element for set composition on the set of cosets. The 
table also shows that each coset has an inverse under set composition: in 
fact each coset is self-inverse, since the identity element {e,b} appears in 
each position on the main diagonal. It is also true that set composition is 
associative; this follows from the fact that the original group operation is 
associative, as you will see proved formally shortly. So the Cayley table is 
a group table. The group in the Cayley table is isomorphic to the Klein 
four-group V, since it has order 4 and all its elements are self-inverse. 
(Distinguishing features for isomorphism classes of groups of orders 1 to 8 
are given in Subsection 3.4 of Unit E1.) 
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Now let us look at the Cayley table for the cosets of the normal 
subgroup {0,3,6} in the additive group Zg, which is as follows. 


a {0,3,6} {1,4,7} {2,5,8} 
{0,3,6} | {0,3,6} {1,4,7} {2,5,8} 
{1,4,7} | {1,4,7} {2,5,8} {0,3,6} 
{2,5,8} | {2,5,8} {0,3,6} {1,4,7} 


You can check in a similar way to the argument above that this Cayley 
table is a group table. Again the identity element is the normal subgroup 
itself, namely {0,3,6} here. This time, however, the other elements are not 
self-inverse. The group in the table is isomorphic to the cyclic group C3. 
When we construct a Cayley table for a set of cosets, like those above, it is 
usually more convenient to denote the cosets by using notation of the 

form zN, rather than by listing the elements of each coset. If we do this 
for the two Cayley tables above, then we obtain the following tables. 


The Cayley table for the cosets of N = {e, b} in S(O) is as follows. 


N aN rN sN 


NI N aN rN sN 
aN|aN N SN rN 
rN|rN sN N aN 
sN | sN rN aN N 


The Cayley table for the cosets of N = {0,3,6} in Zo is as follows. 


F N 14+N 24N 
N N 14+N 24N 
Lae | Lae 24N N 
2+N|)24+N N 14+N 


In Cayley tables like these, it is important to denote each coset in a 
consistent way throughout the table. For example, in the Cayley table for 
the cosets of N = {e,b} in S(Q), the coset {a,c} could be written either as 
aN or cN, but it is important to choose one of these two possibilities and 
use it for every occurrence of the coset {a,c} in the table. This makes the 
structure of the group clearer. 


Now here is the proof that the cosets of a normal subgroup always form a 
group under set composition. 


Theorem E15 


Let N be a normal subgroup of a group G. Then the set of cosets 
of N in G, with the binary operation of set composition, is a group. 


Proof We show that the set of cosets of N in G, with the binary 
operation of set composition, satisfies the four group axioms. 


G1 Closure 


By Theorem E14, the set of cosets of N in G is closed under set 
composition. 


G2 Associativity 

Let xN, yN and zN be any cosets of N in G. Then, by 

Theorem E14, and since the binary operation of G is associative, 
aN » (yN zN) = 2N - (yz)N = (a(yz))N = (ayz)N, 

and 
(cN-yN)-zN = (ry)N-2zN = ((ry)z)N = (xyz)N. 

Since the two expressions obtained are the same, set composition is 

associative on the set of cosets of N in G. 


G3 Identity 
Let e be the identity element in G. Then, by Theorem E14, for each 
coset zN of N in G, 


£N -eN =(re)N=2N, 
and 

eN «aN = (ex)N = tN. 
This shows that the coset eN, which is equal to N, is an identity 
element for set composition on the set of cosets of N in G. 


G4 Inverses 
Let £N be any coset of N in G. Since x is an element of the 
group G, it has an inverse element z~t in G. Now, by Theorem E14, 


£N -£N =(er2')N=eN=N, 
and 
a 4iN-aN = (2 -'2)N =eN =N. 


Since N is an identity element, this shows that x~!N is an inverse 
of «N with respect to set composition. Thus each coset of N has an 
inverse element in the set of cosets of N in G with respect to set 
composition. 


Hence the set of cosets of N in G, with the binary operation of set 


composition, satisfies the four group axioms and so is a group. | 


1 Quotient groups 
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The group formed by the cosets of a normal subgroup N of a group G is 
called the quotient group (or factor group) of G by N, and is denoted 
by G/N. In this context the notation G/N is pronounced as ‘G modulo N’ 
or ‘G mod N’ for short, or simply as ‘G over N’. 


If G is a finite group, then the number of cosets of N in G is |G|/|N], since 
each coset of N contains the same number of elements as N, and hence the 
quotient group of G by N has order |G|/|N|. For example, as you have 
seen, the group formed by the cosets of {e, b} in S(O) has order 8/2 = 4, 
and the group formed by the cosets of {0,3,6} in Zg has order 9/3 = 3. 


More generally, for any group G, finite or infinite, and any normal 
subgroup N of G: 


e if N has r cosets in G, then G/N has order r 
e if N has infinitely many cosets in G, then G/N has infinite order. 
In other words, the order of G/N is equal to the index of N in G. 


Here is a summary of the important facts that we have established in this 
subsection. 


Quotient groups 


Let N be a normal subgroup of a group G. Then the set of cosets 
of N in G is a group under set composition, called the quotient 
group or factor group of G by N and denoted by G/N. 


e Set composition of elements of G/N is given by 
zN -yN =(ay)N foreach x,y E G. 
If G is additive, then this is written as 
(c+N)+(y+N)=(a+y)+N foreach x,y EG. 
e The identity of G/N is N. 
e For each x € G, the inverse of £N is x™iN. 
If G is additive, the inverse of x + N is written as —x + N. 
e If G is finite, then |G/N| = |G|/|N]. 


You saw earlier that set composition in an abelian group is a commutative 
binary operation, and set composition in a non-abelian group is a 
non-commutative binary operation. It follows from the first of these facts 
that if N is a normal subgroup of an abelian group G, then the quotient 
group G/N is abelian. 


1 Quotient groups 


If N is a normal subgroup of a non-abelian group G, then the quotient 
group G/N may be either abelian or non-abelian. This is because even 
though set composition is not commutative on the set of all subsets of G, it 
may be commutative on the set of all cosets of N in G. For example, the 
group S(O) is non-abelian but the quotient group S(O)/N, where 

N = {e,b}, is abelian, as you can see if you look back at its Cayley table 
given earlier (for example, after Exercise E54). 


As mentioned in the introduction to this unit, you can think of the process 
of forming a quotient group of a group G as a way of ‘breaking G down’ 
into two simpler groups N and G/N, just as dividing a natural number by 
a positive divisor breaks it down into two simpler numbers. 


The concept of a quotient group emerged in the second half of the 
nineteenth century, although it took some time to evolve into the form 
in which we know it today. Several mathematicians contributed to its 
development, including Enrico Betti (1823-1892) and Camille Jordan 
(1838-1922). In addition, it is now known that Richard Dedekind 
(1831-1916) discovered the concept in the 1850s, but his work was 
unpublished. Evidence for this surfaced only in the 1970s, so his work 
had little influence. In 1889 the standard definition of a quotient 
group appeared in a paper by the German mathematician Otto 
Holder (1859-1937) and from then on it began to appear in textbooks 
and monographs. 


The term factor group also appears in Holder’s 1889 paper, though 
Holder reserved it for a slightly different notion. The two terms, 
quotient group and factor group, were made synonymous in 1897 by 
the British group theorist William Burnside (1852-1927) after a 
misreading of Holder, and both terms are now in common usage with 
Holder’s original distinction almost completely lost. 


Otto Holder 


It is sometimes possible to observe a quotient group of a finite group in the 
group table of the original group. If G is a finite group with a normal 
subgroup N, and we arrange the elements in the row and column headings 
of the group table of G so that elements in the same coset of N are 
together, then the quotient group G/N becomes apparent as a ‘blocking’ of 
the group table. 
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For example, in the group table for S(O) on the left in Figure 2, the row 
and column headings have been arranged so that the elements of each of 
the cosets 


{e,b}, {a,c}, {r,t}, {s,u} 


of the normal subgroup N = {e,b} are together. To highlight the blocking, 
each coset has been assigned a colour, as indicated by the background 
colours of the row and column headings, and each element in the table has 
been given a background colour according to the coset in which it lies. The 
result is that the body of the table is split into a 4 x 4 array of 2 x 2 
coloured blocks. Since each colour represents a coset, the coloured blocks 
form the group table of the quotient group S(O)/N. This quotient group 
is shown on the right in Figure 2. 


ba t u N oN AN oN 
elle © a c o E 
ORRORECE c a E Ff wu Ss 
ala c ER RE Ea. 
c|c a RER US PE 
Iw ue s e b ER 
aos. . b e PRP CNI TN EN DE aN 
sle ubr v PEA > 
aulua se > clo - aN eN PON EA N 
S(O) S(Q)/N, where N = {e,b} 


Figure 2 Blocking in the group table of S(O) 


Similarly, the group table for Zg on the left in Figure 3 shows the quotient 
group formed by the cosets of the normal subgroup {0,3,6}. This quotient 
group is shown on the right in Figure 3. 


oon nr BFP Dw O]+ 
Co ovUhN ~~ A = IeicomolrS 
Nm Cc oF NB OD wl]w 
QM ci Temes 2 ala 
DOD OWaAanynnt BRI er 
COmemem hs CO Gye ~ p/w 
a e oki bh cok e ~]] ~] 
FPN PROD wW Oo NNS 
Ke AITIWOAN wala 
NIN BrP DW OO oO Ww CO] 


Zo Z/N, where N = {0,3,6} 
Figure 3 Blocking in the group table of Zg 


In contrast, if H is a subgroup that is not normal in a finite group G, and 
we arrange the elements in the row and column headings of the group 
table of G so that the elements in the left cosets or right cosets of H are 
together, then there is no similar blocking effect. For example, in the 
group table for S(O) in Figure 4, the row and column headings have been 
arranged in order of the left cosets of the subgroup {e,r} of the group 
S(O), which are 


{er}, {a s}, {bt}, {eu}. 
The resulting coloured blocks, and hence the left cosets, do not form the 
Cayley table of a group. 


a o ü u 
ele r EMA: > cv 
rlr e u ele vV ER.) 
aļa s O 0 Cm e F 
s|s a RER U Cle O 
ollow cue r RE 
eO s a K € UW E 
ele u e r REME: & 
ulu etv 0 ERI e 


S(O) 


Figure 4 Failure to block in the group table of (0) 


You saw in Unit B1 Symmetry and groups that if F is a figure whose 
symmetry group S(F) is finite and contains indirect symmetries, then the 
group table of S(F) can be blocked into direct symmetries and indirect 
symmetries. This is a special case of the blocking into cosets described 
above, because the direct symmetries form a subgroup St (F), which is a 
normal subgroup since it has index 2 in S(F), and the indirect symmetries 
form the other coset of St(F) in S(F). (Any subgroup of index 2 is 
normal by Theorem E11 in Unit E1.) For example, Figure 5 shows the 
group table for S(O) blocked in this way. 


a » ¢ r s t u 
ele o bù ce EARM IR) 
aloa b e e s t ur 
olo c e o EMA AE 
elle e « o PM =z 
rir u t s EE ROR 
sis r u t N E 
t|t s r u RE 
uļu t s r EREE 


S(O) 


Figure 5 Blocking of S(O) into direct symmetries and indirect symmetries 
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If G is a group with a normal subgroup JN, then it can be useful to identify 
the structure of the quotient group G/N by finding a standard, familiar 
group to which this quotient group is isomorphic. Here is an example. 


Worked Exercise E21 


Consider the subgroup N = (4) of the group Uis. 
(a) List the elements of the group U45. 


(b) Find the elements of the subgroup N, and explain why N is normal 
in U45. 


(c) Find the cosets of N in Uis. 
(d) Construct the group table of the quotient group Uj5/N. 


(e) State the identity element of this quotient group, and state the inverse 
of each of its elements. 


(f) State a standard group that is isomorphic to this quotient group. 


Solution 

(a) @. The elements of Uj5 are all the numbers in Z15 that are 
coprime to 15. ©& 
We have 


Uys = {1,2,4,7,8, 11, 13, 14}. 


(b) ®. The subgroup N = (4) is the cyclic subgroup of U15 generated 
by 4, so its elements are all the powers of 4 in U15. The binary 
operation of U15 is X15. & 


In Zı5 we have 

4 =4x15,4=1, 
so 4 has order 2 and hence N = (4) = {1,4}. This subgroup 
of Ujs is normal in U15 because Uj; is abelian. 


(c) ®. To find the cosets of N in Uj5, use Strategy E1 from Unit E1. 
That is, repeatedly choose an element x of U15 not yet assigned 
to a coset and find the coset containing x, until all the elements 
of Uj5 have been assigned to cosets. .© 


The cosets are 
N = {1,4}, 
2N 2 X15 E 2 X15 4} = {2,8}. 
TN =A xia lt Mis 4 — a e, 
BUN =A xig 1, ee Ay = i Ah 


(d) ©. To find the entries of the group table of U15/N use 
Theorem E14, which gives 


ENE UN =(a@ X15 y)N for all x,y € Ur 
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Here is a summary of the strategy used in Worked Exercise E21. 


Strategy E3 


To find a group isomorphic to a finite quotient group G/N where N is 
a normal subgroup of the group G, do the following. 


1. Determine the cosets of N in G, by repeatedly choosing an element 
x of G not yet assigned to a coset and finding the coset +N 
(or x + N, if G is additive) until all the elements of G have been 
assigned to cosets. 


2. Construct the group table of G/N by composing each pair of cosets 
using the rule 


aN o WiN = (ay)N’ 
(or 
(OSE IN) se HN) = e)N 
if G is additive). 
Make sure to use just one way to write each coset. 


3. By inspection of the group table, and possibly using the table of 
isomorphism classes for small groups, identify a standard group 
isomorphic to G/N. 
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Exercise E55 


Consider the subgroup N = (4) of Ziz. 


(a) 
(b) 
(c) 
(a) 


(e) 


Find the elements of N, and explain why it is normal in Zj7. 
Find the cosets of N in Zi7. 
Construct the group table of the quotient group Zi7/N. 


State the identity element of this quotient group, and state the inverse 
of each of its elements. 


State a standard group that is isomorphic to this quotient group. 


Exercise E56 


Consider the subgroup H = (6) of the (additive) group Zi2. 


Find the elements of H, and explain why it is normal in Zj2. 
Find the cosets of N in Zy9. 
Construct the group table of the quotient group Z12/H. 


State the identity element of this quotient group, and state the inverse 
of each of its elements. 


State a standard group that is isomorphic to this quotient group. 


Exercise E57 


The following table is the group table of a group G. 


a b 


oO 
a 


h 


fav) 
eee e ral 


dIa ss anan SA M 
Ia s a0 SRA 8 
I3 AS SG 0 S 
are aoa a 
ayn rr aga oa 
oa cre aon re 4 a 
2a oa Ss axol 
oe Sa aso > 


g 


g Í 


Consider the subset N = {e,a} of G. 


Explain why N is a subgroup of G, and why it is normal in G. 
Find the cosets of N in G. 
Construct the group table of the quotient group G/N. 


State the identity element of this quotient group, and state the inverse 
of each of its elements. 


State a standard group that is isomorphic to this quotient group. 


Exercise E58 


The following table is the group table of a group G. 


epgqnr st 
eje pqrst 
pip er qt s 
qq s e t pr 
rir t p s e g 
s/s q t er p 
tit rs p qe 


Consider the subset N = {e, r,s} of G. 

(a) Explain why N is a subgroup of G, and why it is normal in G. 
(b) Find the cosets of N in G. 

(c) Construct the group table of the quotient group G/N. 

( 


d) State the identity element of this quotient group, and state the inverse 
of each of its elements. 


(e) State a standard group that is isomorphic to this quotient group. 


1.2 Quotient groups of infinite groups 


In all the examples of quotient groups G/N in the previous subsection, the 
group G was finite. In this subsection you will meet some quotient groups 
G/N where the group G is infinite. In this situation the quotient group 
G/N may be either finite or infinite, depending on whether the normal 
subgroup N has finitely many or infinitely many cosets in G. 


We will begin by looking at some examples where the normal subgroup has 
finitely many cosets, so the quotient group is finite. All the examples of 
this type that we will look at are quotient groups of the infinite additive 
group (Z, +), which we will mostly denote simply by Z. 


Quotient groups of (Z, +) 


Consider the group Z. This group is cyclic (it is generated by 1, for 
example), so all of its subgroups are cyclic, by Theorem B36 in Unit B2 
Subgroups and isomorphisms. Since it is an additive group, if n is one of its 
elements then the cyclic subgroup (n) generated by n is given by 


(n) = {...,-3n, —2n, —n,0,n, 2n,3n,...}. 
Recall that we denote this subgroup by nZ. 


Since Z is an abelian group, all of its subgroups are normal. So the 
quotient group Z/nZ exists for each integer n. 


1 Quotient groups 
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In the worked exercise below, all the elements of the particular quotient 
group Z/5Z are found; in the exercise that follows you are asked to do the 
same for Z/4Z. 


Worked Exercise E22 


Find all the elements of the quotient group Z/5Z. Hence state the order of 
this group. 


Exercise E59 


Find the elements of the quotient group Z/4Z. Hence state the order of 
this group. 


In the next worked exercise and the exercise that follows we will construct 
group tables for the quotient groups Z/5Z and Z/4Z. 


1 Quotient groups 


Worked Exercise E23 


Construct a group table for the quotient group Z/5Z. 


Solution 
®. By Worked Exercise E22, the elements of Z/5Z are the five cosets 


Be, W502, 2457. S457.) 4257, 


Since Z is an additive group, the rule for set composition of these 
cosets is 


(a+ 5Z) + (6+ 5Z) = (a+b) +5Z for all a,b €Z. 


We make sure to express each coset in the table in just one way, as 
one of 5Z, 1 + 5Z, 2 + 5Z, 3 + 5Z and 4+ 5Z. 


For example, 
(1+ 5Z) + (2+ 5Z) = 3 + 5Z, 
(44+5Z)+(2+5Z) =6+5Z=1+45Z (since 6€ 1+ 52), 
5Z + (4+ 52) = (0 + 5Z) + (4 + 52) = 4 + 5Z. 
We work out all the composites needed for the table in this way. .©& 
The group table of Z/5Z is 


F w 14+5Z 24+5Z2 34+52 4+4+52 
5Z 5A 14+5Z 2 F54 3TA 4+4+52 
l BZ, || =p DZ, 25A g oA Ase ww, 5Z 
ANA SrA eA 5Z 1+5Z 
3+5Z|3+5Z 4+5Z M 1452 2+52 
4+5Z|4+4 5Z A lr 24+5Z2 3TA 


Exercise E60 


Construct a group table for the quotient group Z/4Z. 
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Now look again at the group table for the quotient group Z/5Z, found in 
Worked Exercise E23. If we delete every occurrence of ‘ + 5Z’ (writing 
each occurrence of the coset 5Z as 0 + 5Z before doing so), then we obtain 
the following table. 


O12 3 4 
010 12 3 4 
1/1 2 3 4 0 
2/2 3 4 0 1 
3/3 4 0 1 2 
44 0 1 2 3 


This is the group table for the group Zs. 


This tells us that the quotient group Z/5Z is isomorphic to the group Zs, 
and the following mapping is an isomorphism: 
@: Z/5Z — Zs 
a+5Ze>a, fora=0,1,2,3,4. 
If you look at your answer to Exercise E60, you will see that, similarly, if 
we delete every occurrence of ‘+ 4Z’ from the group table of the quotient 
group Z/4Z (writing each occurrence of the coset 4Z as 0 + 4Z before 


doing so), then we obtain the group table for the group Z4. Hence the 
quotient group Z/4Z is isomorphic to the group Z4. 


Exercise E61 


Write down an isomorphism from the quotient group Z/4Z to the 
group Za. 


In general the theorem below holds. The proof of this theorem is not an 
important one for you to read: it is a little technical and the general ideas 
of the proof should be apparent to you from the particular examples Z/5Z 
and Z/4Z above. But read it if you want to see a formal proof. 


Theorem E16 


For each integer n > 2, the quotient group Z/nZ is isomorphic to the 
group Zn, and the following mapping is an isomorphism: 


Q: Z/nZ — Zn 
a+nZe>a, fora=0,1,2,...,n—1. 


Proof Let n be an integer with n > 2. First we show that the distinct 
cosets of nZ are 


O+nZ, 14+nZ, 24+nZ, ..., (n-1)+n2Z. 
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For any elements a,b € Z, we have 
atnZ=b+nZ — ac€b4+nZ 
<= a=b+nr forsomerEeZ 
<— a =b (mod n). 
That is, two cosets a + nZ and b + nZ are equal if and only if a and b are 


congruent modulo n. It follows that the distinct cosets of nZ in Z are the 
n cosets listed above. 


Next we show that the mapping ¢ specified in the statement of the theorem 
is an isomorphism. It follows from what we have just proved that @ is 
one-to-one and onto. It remains to prove that for all a,b € {0,1,...,n—1}, 


o((a + nZ) + (b+ nZ)) = la + NZ) +n (b+ NZ). 
Let a,b € {0,1,...,n — 1} and let c = a +n b. Then 
d((a +nZ)+ (b+ nZ)) 
= $((a+6)+nZ) (by the rule for set composition of cosets of nZ) 
=¢(c+nZ) (since a+ b= c (mod n), so (a+b) +nZ=c+nZ) 
=c (by the rule of ¢). 
Also 
pla + NZ) +n O(b + nZ) 
=a+nb (by the rule of ¢) 


= iC. 


Hence the required equation holds. This completes the proof. E 


We can use Theorem E16 to deduce facts about a quotient group Z/nZ 
from facts that we know about the group Zn. For example, since Zn is a 
cyclic group of order n, Theorem E16 tells us that the quotient group 
Z/nZ is a cyclic group of order n. 


You are asked to use Theorem E16 in this way in the next exercise. You 
will need to use the result that if ¢ : (G,o) — (H,*) is an isomorphism, 
then g is a generator of (G,o) if and only if (g) is a generator of (H, *). 
This follows from Theorem B46 in Unit B2, which states that if 

@: (G,o) — (H,*) is an isomorphism, then an element g € (G,o) and its 
image $(g) € (H,*) either both have the same finite order or both have 
infinite order. Remember that the generators of Zn are the integers in Zn 
that are coprime to n. (See Corollary B40 in Unit B2.) 


Exercise E62 


Find all the generators of each of the following quotient groups. 


(a) Z/6Z (b) Z/AZ (c) Z/5Z 
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The quotient group R/Z 


We now consider an example of a quotient group G/N for which not only 
is G an infinite group, but also G/N is an infinite group. In other words, 
the normal subgroup N has infinitely many cosets in G. We will look at 
just a single example of such a quotient group here, namely the quotient 
group R/Z, where R and Z denote the additive groups (R,+) and (Z, +). 


The quotient group R/Z certainly exists, because R is an abelian group, 
and hence its subgroup Z is normal. 


The elements of the quotient group R/Z are the cosets of Z in R. For any 
real number x € R, the coset to which x belongs is 


r+Z=ax4+{...,—-2,-1,0,1,2,...}, 
={..., 7-2, x—-1, z, 1+1, 1+2, ...}. 
Here are some examples of such cosets: 


VAG ST ng t= 1H 1, I 143, oh 


= {..., —1, 0, 1, 2, By vas} 
=Z, 
1.6+Z={..., 1.6-2, 1.6— 1, 1.6, 1.6+1, 1.6+2, at 
= {..., —0.4, 0.6, 1.6, 2.6, 3.6, ...}, 
26+Z={..., 26—2, 2.6 —1, 2.6, 26 +1, 26 +2, ...} 


={..., 0.6, 1.6, 2.6, 3.6, 4.6, ...}. 


Of course, different values of x can give the same coset x + Z. For instance, 
the examples above show that 


1.6+Z = 2.6 +Z. 


Exercise E63 


Consider the following list of five cosets of Z in R: 
0.24+Z, 1242, 3.7+Z, 1.3+Z, 4.8 +Z. 


(a) Find each of these cosets. (As in the examples above, list enough 
elements of each coset to make the full infinite list of elements clear.) 


(b) How many different cosets are there in the list? 


To help us understand the structure of R/Z, it is useful to express each 
coset of Z in R in a single, consistent way, just as we did for the cosets in 
each quotient group that we considered earlier. 


To see how we might do this, observe that each coset x + Z of Z in R 
consists of the set Z shifted (by x) along the real line, as illustrated in 
Figure 6. 


—3 29 -1 0 1 2 3 


Figure © The elements of a coset z + Z 


Thus each coset contains exactly one real number in the interval [0, 1). 
For example, the coset 1.2 + Z, shown in Figure 7, contains the real 
number 0.2 € [0, 1). 


—2.8 —1.8 —0.8 0.2 1:2 2:2 3-2 
T-@ re re r® re re e 


—3 —2 —1 0 1 2 3 
Figure 7 ‘The elements of the coset 1.2 + Z 


Similarly, the coset —1.3 + Z, shown in Figure 8, contains the real number 
0.7 € [0, 1). 


—3.3 =2.5 =13 =03 0.7 Let 2l 


A a 0 1 2 3 
Figure 8 The elements of the coset —1.3 + Z 


This gives us a way to write each coset of Z in R in a single, consistent 
way: we write it in the form x + Z where x € [0,1). For example, we write 
the coset 1.2 + Z as 0.2 + Z, and the coset —1.3 + Z as 0.7 + Z, and so on. 


Exercise E64 
Write each of the following cosets of Z in R in the form x + Z where 
x € [0,1). 
(a) 3.14+Z (b) —0.22 + Z (c) —3.1+Z 


Notice that to express a coset y + Z of Z in R in the form x + Z where 
x € [0,1) we take x = frac(y), where frac(y) is the fractional part of y. 
Remember from Unit E1 that the fractional part frac(x) of a real 
number x is given by 


frac(z) = z — |z], 


where |x] is the integer part of x (the largest integer that is less than or 
equal to x). Essentially, frac(x) is equal to 0 if x is an integer, and is equal 
to the distance from x to ‘the next integer down’ otherwise, as illustrated 
in Figure 9. 


For example, we write 
1.2+Z as 0.2 + Z because frac(1.2) = 0.2, 
—1.3 +Z as 0.7 + Z because frac(—1.3) = 0.7, 
1+Zas0+Z=Z because frac(1) = 0. 
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integers 


Figure 9 The fractional part 


of a real number x 
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We now have a helpful way to express the elements of the quotient 

group R/Z, so we turn to looking at how these elements are composed 

in R/Z. They are cosets, so we compose them using set composition. Since 
R is an additive group, the rule for set composition of cosets of Z in R is 


(c+Z)+(y+Z) =(e+y)+Z. 
We make sure to express each composite in the form x +Z where x € [0, 1). 
For example, 

(0.25 + Z) + (0.7 + Z) = 0.95 + Z, 

(0.3 + Z) + (0.96 + Z) = 1.26 + Z = 0.26 + Z. 


Consider the effect of deleting the occurrences of ‘+ Z’ in the calculations 
above (and replacing the symbol + for set composition with the words 
‘composed with’): 

0.25 composed with 0.7 = 0.95, (1) 
0.3 composed with 0.96 = 0.26. 


These calculations may remind you of calculations involving the binary 
operation +1, which you met in Subsection 1.1 of Unit E1. Recall that this 
binary operation is defined on the interval [0,1) by 


x +1 y = frac(x + y). 
So, for example, 


0.25 +1 0.7 = 0.95, 


z (2) 
0.3 +1 0.96 = 0.26. 


Equations (1) and equations (2) illustrate the fact that to compose two 
elements x + Z and y + Z of R/Z, where x,y € [0,1), we compose the 
numbers x and y using the binary operation +1. 


Exercise E65 


Determine the following composites of cosets in the group R/Z. 
(a) (0.9+Z) + (0.8 +Z) (b) (0.2+Z)+Z 
(c) (0.5 + Z) + (0.7 + Z) + (0.8 + Z) 


You might remember that the interval [0,1) is a group under the binary 
operation +1: you were asked to prove this in Exercise E2 in 
Subsection 1.1 of Unit El. 


You have now seen that every element of R/Z corresponds to a unique 
element of the interval [0,1), and that to compose two elements of R/Z we 
compose the corresponding two elements of [0,1) using the binary 
operation +1. This tells us that the group (R/Z,+) is isomorphic to the 
group ([0,1),+1), as stated in the theorem below. The proof of this 


theorem is not an important proof for you to read: as with the proof of 
Theorem E16, the general ideas of the proof should be apparent from the 
discussion above. 


Theorem E17 


The quotient group R/Z is isomorphic to the group ([0, 1), +1), and 
the following mapping is an isomorphism: 


~:R/Z — (0,1) 
z+Zr +a, for x € (0,1). 


Proof We have seen that the distinct cosets of Z in R are given by 
x+Z_ where x e€ (0,1). 


It follows that the mapping specified in the statement of the theorem is 
one-to-one and onto. It remains to prove that for all x, y € [0, 1), 


o((a +Z) + (y+ Z)) = o(@ + Z) +1 oly + Z). 
Let x,y € [0,1) and let z = x +1 y. Then 
o((a + Z) + (y + Z)) 
= ġ((x+y) +Z) (by the rule for set composition of cosets of Z in R) 
= ġ(z +Z) (since z +1 y= z, so (xz +y) +Z =z +Z) 
=z (by the rule of ¢), 
and 


olx + Z) +1 ly + Z) 
=x+,y (by the rule of ¢) 


= z. 


Hence the required equation holds. This completes the proof. E 


In the next exercise you might find it helpful to use Theorem E17 along 
with the fact that if @ : (G,o) — (H,*) is an isomorphism then an 
element g € (G,o) and its image ¢(g) € (H,*) either both have the same 
finite order or both have infinite order (Theorem B46 from Unit B2). 


Exercise E66 


(a) Find the order of the element 0.25 + Z of R/Z, and write down the 
elements of the cyclic subgroup generated by this element. 


(b) For each of the following possible orders of elements of R/Z, write 
down an element of R/Z with that order. 


(i) 5 (i) 2 (ii) 3 (iv) 1 
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1.3 Simple groups (optional) 


In this optional subsection you can learn about the idea of a simple group, 
which is extremely important in advanced group theory. 


You have seen that every group of order 2 or more has at least two normal 
subgroups, namely itself and its trivial subgroup {e}. A group of order 2 
or more that has no normal subgroups other than these two is called a 
simple group. 


Definition 
A group G of order 2 or more is simple if it has no proper non-trivial 
normal subgroups. 


If G is a simple group, then the only quotient groups of G are 


e the group G/{e}, which is isomorphic to G (because each coset of {e} 
in G contains only one element) 


e the group G/G, which is isomorphic to {e} (because the only coset of G 
in G is G itself, which is the identity element of G/G). 


As you saw in Subsection 1.1, we can think of the process of forming the 
quotient group of a group G by a normal subgroup N as a way of 
‘breaking down’ G into the two simpler groups N and G/N, just as 
dividing a natural number by a positive divisor breaks it down into two 
‘simpler’ numbers. But if G is simple, then we cannot break it down into 
simpler groups in this way — if we try, then the only groups that we obtain 
are the group {e} and G itself. 


If we pursue the analogy with the natural numbers, then the simple groups 
are rather like the prime numbers, whose only positive divisors are 1 and 
the number itself. Moreover, just as the prime numbers are the basic 
building blocks of the natural numbers, so the simple groups can be 
thought of as the basic building blocks of all groups. For this reason, it is 
of considerable importance in group theory to know which groups are 
simple. Both finite and infinite groups can be simple, but here we will 
consider only finite simple groups. 


Here is an exercise to get you thinking about which finite groups might be 
simple. 
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Exercise E67 


Determine whether the following groups are simple. (The non-identity 
elements of S(O) are shown in Figure 10.) 


(a) S(O) (b) Ze (c) Z7 


It turns out to be relatively straightforward to show which finite abelian 
groups are simple. You saw examples that illustrate the next result in 
Exercise E67(b) and (c). 


Figure 10 S( 


Theorem E18 


Let G be a finite abelian group. Then G is simple if and only if it is a 
cyclic group of prime order. 


Proof 


‘If’ part 


Suppose that G is a cyclic group of prime order, p say. Then, by 
Lagrange’s Theorem, the order of any subgroup of G is either 1 or p. It 
follows that the only subgroups of G are {e} and G, so G is simple. 


‘Only if’ part 


Suppose that G is simple. Then the order of G is at least 2. Let x be any 
element of G other than the identity element. Since G is abelian, the cyclic 
subgroup (a) generated by x is normal in G, by Theorem E10 in Unit E1. 
Since G is simple it follows that (x) = G, so G is cyclic. 


Now suppose that the order n of the element x (and hence the order of G) 
is a not a prime number. Then n = rs, say, where r and s are integers 
such that 1 <r, s < n. It follows that the element x” has order s, because 


(x) = gts = x” =e 
whereas if t is an integer such that 1 < t < s then 
(2")' #e, 
because otherwise we would have x” = e, which is not true because x has 
order n and 1 < rt < rs =n. Thus the cyclic subgroup (x”) generated 
by x” has order s. Since 1 < s < n, this shows that (x”) is a proper 


non-trivial normal subgroup of G, which is a contradiction because G' is 
simple. It follows that G is a cyclic group of prime order. | 


t 
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Theorem E18 gives a complete answer to the question ‘Which finite 
abelian groups are simple?’ Let us now briefly consider some finite 
non-abelian groups. 


You have met several standard families of such groups, as follows. 


e The symmetry groups of regular polygons, such as S(A), S(0), S(O), 
and so on, which are all non-abelian. These groups are called the 
dihedral groups of orders 6, 8, 10, and so on. 


e The symmetric groups Sn, which are non-abelian for n > 3. 
e The alternating groups An, which are non-abelian for n > 4. 


It is straightforward to check that all these groups are non-abelian, as 
follows. In a dihedral group S(F’) where F is a regular polygon any two 
reflections x and y in adjacent axes of symmetry satisfy cy Æ yx. Also, for 
any n > 4, the permutations (1 2 3) and (2 3 4) are elements of both Sn 
and Án, and (1 2 3)(2 3 4) = (1 2)(3 4) whereas (2 3 4)(1 2 3) = (1 3)(2 4). 
The group S3 is isomorphic to $(A) and is therefore non-abelian. 


Each dihedral group S(F’) where F is a regular polygon is not simple, 
because its subgroup S+ (F) of direct symmetries has index 2 in S(F) and 
is therefore normal in S(F). Similarly, each symmetric group Sn with 

n > 3 is not simple, because its subgroup An has index 2 in Sn and is 
therefore normal in Sn (as stated in Corollary E12 in Unit E1). 


The first non-abelian alternating group, A4, is not simple either, because, 
as you saw in Exercise E47 in Section 5 of Unit E1, its subgroup 


K = fe, (1 2)(3 4), (1 3)(2 4), Q 4)(2 3)} 


is a normal subgroup. However, the next alternating group, As, is simple, 
as is shown in the solution to Exercise E88 in Subsection 3.3 later in this 
unit. 


In fact it can be shown that the alternating group As, which has order 60, 
is the smallest non-abelian simple group, and that in general the following 
theorem holds. This theorem was originally proved by Evariste Galois (see 
the blue box below). 


Theorem E19 
The alternating group An is simple for n > 5. 
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It turns out that answering the question ‘Which finite non-abelian groups 
are simple?’ is a vastly difficult task. You can read a little about its 
history in the boxes below. 


Simple groups and polynomial equations 


In 1799 the Italian mathematician Paolo Ruffini (1765-1822), building 
on earlier work of Lagrange on permutations, asserted and almost 
proved that the general quintic equation cannot be solved by radicals 
(in other words, there is no formula in terms of roots for the solutions 
of a polynomial equation of degree 5). The proof was completed by 
Niels Henrik Abel (1802-1829), who published it in 1824, with a 
longer, more detailed version in 1826. 


Abel gave no criterion for distinguishing between polynomial 
equations that can be solved by radicals (such as (x — 1)° = 0) and 
those that cannot. This issue was resolved by Evariste Galois 
(1811-1832), in a memoir written in 1830 when he was still a teenager 
but only published posthumously in 1846 (he died at the age of 20 
following a duel). Galois showed that whether or not a polynomial Niels Henrik Abel 
equation is solvable by radicals is equivalent to whether or not a 
particular permutation group formed by its solutions has a certain 
structure. Fundamental for his resolution of the problem was his proof 
of the result that, in modern language, the alternating group Apn is 
simple for n > 5. 


Galois’ work was notoriously difficult for his contemporaries to 
understand and it took many decades before it was recast in the form 
in which it is studied today. For example, the term ‘alternating group’ 
was not used until 1873, when it appeared in an article by 

Camille Jordan. 


Evariste Galois 
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The classification of finite simple groups 


Given the importance of finite simple groups — they can be thought 
of as the building blocks of all finite groups — it was natural for 
mathematicians to want to classify them. This led to a monumental 
collective effort that began in the nineteenth century and gathered 
pace in the second half of the twentieth century. About a hundred 
mathematicians were involved, and together they published several 
hundred journal articles covering tens of thousands of pages. Much 
of the work was overseen by Daniel Gorenstein (1923-1982) who said 
in 1979 that ‘it makes more sense to view this classification as an 
entire field of mathematics rather than as an attempt to prove a 
single theorem’. Gorenstein announced in February 1981 that the 
classification was complete, but in fact the final gap in the proof was 
closed in 2004 by Michael Aschbacher (1944—) and Stephen Smith 
(1948-). The resulting theorem, one of the most extraordinary in pure 
mathematics, can be summarised as follows. 


Classification theorem for finite simple groups 


Let G be a finite simple group. Then G lies in one (or more) of 
the following families: 


e the cyclic groups of prime order 
e the alternating groups of degree at least 5 


e the finite groups of Lie type (these groups are beyond the 
scope of this module) 


e 26 groups known as the sporadic groups. 


So apart from the 26 sporadic groups, all finite simple groups fit into 
patterns. The largest sporadic group is known as the Monster: it has 
order 


O y DO eT x le I x iy x 1O 8 0 = xA 
LAr BO) >< “TAL, 


which is approximately equal to 8 x 1053. 


The classification theorem is an enormously powerful result: many 
problems in group theory can be reduced to problems about simple 
groups or groups closely related to simple groups, allowing knowledge 
about simple groups to be used to solve them. By 2004 almost none of 
the major problems in finite group theory that were unsolved before 
1980 remained open. However, the classification theorem has not 
ended research into finite groups, in much the same way that the 
discovery of the periodic table did not stop research in chemistry. 


(Source: Gorenstein, D. (1979) ‘The classification of finite simple groups 1. 
Simple groups and local analysis’, Bulletin of the American Mathematical 
Society vol. 1, no. 1, pp. 43-199.) 


2 Conjugacy 

In this section you will start by revising the idea of conjugacy in 
symmetric groups, which you studied in Unit B3. Then you will see how 
this idea can be generalised to all groups. The idea of conjugacy is related 
to the existence of normal subgroups, and hence to the ability to construct 
quotient groups, as you will see in Section 3. 


2.1 Conjugacy in symmetric groups 
Remember that for each positive integer n the symmetric group Sn is the 


group of all permutations of the set {1,2,...,n}. 
You met the following definition in Subsection 4.1 of Unit B3. 


Definition 


Let x and y be permutations in Sp. We say that y is a conjugate 
of x in Sn if there is a permutation g in Sn such that 


Y= GOLS ie 
We also say that: 
e g conjugates x to y 
e y is the conjugate of x by g 


e g is a conjugating permutation. 


For example, the permutation (2 3 5)(4 6) is a conjugate of the 
permutation (1 4 3)(2 6) in Sg because (1 3 2 4 5) € Sẹ and 


(23 5)(4 6) = (1 3 2 4 5)o (1 4 3)(26)0(13245)71, (3) 


as we will check shortly. This equation shows that (1 3 2 4 5) conjugates 
(1 4 3)(2 6) to (2 3 5)(4 6). 

To check equation (3), we have to simplify the expression on the right-hand 
side. That is, we have to find the conjugate of (1 4 3)(2 6) by (13245). 
One way to do this is to find the inverse of the permutation (1 3 2 4 5), 
then compose the three permutations in the usual way. However, there is a 
much quicker way to find conjugates in a symmetric group, as follows. 


Strategy E4 Renaming method 


To find the conjugate g o x o g~!, where x and g are permutations 


in Sn, replace each symbol in the cycle form of a by its image under g. 


We refer to this strategy as the ‘renaming method’ because it involves 
‘renaming’ each symbol in a permutation x using the conjugating 
permutation g. The reason why it works is explained shortly, but first here 
is a worked exercise to demonstrate it, and an exercise in which you can 
practise it. 
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Worked Exercise E24 


Use the renaming method, Strategy E4, to find the conjugate 
(13245)0(143)(2 6)0(13 245). 


Worked Exercise E24 confirms that (1 3 2 4 5) conjugates (1 4 3)(2 6) to 
(2 3 5)(4 6), as claimed by equation (3). 


Exercise E68 


(a) Use the renaming method, Strategy E4, to find the following 
conjugates in S5. 
G) (3 5so 2435135)" 
(ii) (1 3)(2 4 5) o (1 5 2) o ((1 3)(2 4 5)) ~} 

(b) Check your answers to part (a) by finding the inverse of (1 3 5) and 


the inverse of (1 3)(2 4 5) and composing the permutations in the 
usual way. 


To see why the renaming method, Strategy E4, works consider the 
example of the permutations 


x= (143)(26) and g=(13245) 


in Sg, from Worked Exercise E24. Let y be the permutation obtained by 
renaming the symbols in x using g, as shown below. 


x = (1 4 3)(2 6) 
(13245)=91 FELL (4) 
y = (3 5 2)(4 6) 


Strategy E4 claims that y is equal to go 2og7!. Here is an explanation of 
why this is. 


2 Conjugacy 


Let us focus on one particular symbol in the set {1,2,3,4,5,6}, say 3, and 
find its image under y. We can see immediately from the cycle form of y 
found above that the image of 3 under y is 5. Let us find the image of 3 
under y in another way, namely by using the cycle form of x, since y is 
just x with the symbols renamed. We proceed as follows. We first find the 
symbol that was renamed as 3. To do this, we go backwards along the 
arrow that points to the symbol 3 in diagram (4) above. That is, we find 
the image of 3 under the permutation g~!. This gives the symbol 1. Then 
we use the cycle form of x to find the image of 1 under x. This gives 4. 
Finally, we find the symbol that is the new name of the symbol 4. That is, 
we find the image of 4 under the permutation g. This gives 5. So we have 
found in another way that the image of 3 under y is 5. 


x 
The process described above shows that the effect of applying the 1—>4 
permutation y to the symbol 3 is the same as the effect of applying the eet lg 
permutation g~', then the permutation x, then the permutation g to the 3=5 5 


symbol 3, as illustrated in Figure 11. That is, the two permutations y and 

goxog | have the same effect on the symbol 3. There is nothing special Figure 11 The image of the 
about the symbol 3 here, of course: the same will be true for any symbol in symbol 3 under the 

the set {1,2,3,4,5,6}. In other words, the permutations y and goxog™! permutation y, found in two 
are equal, as claimed. different ways 


The ideas above hold whenever we use a permutation g to rename the 
symbols in a permutation x: the permutation that we obtain is equal to 
goxog!. This explains why Strategy E4 works. 


Notice that the equation 
y=gonog! 
in the definition of a conjugate can be rearranged as 


g oyog=a 


a 


(by composing both sides of the original equation on the left by g~* and 


on the right by g). The rearranged equation can be written as 


e=ghoyo(g)™. 


Thus if g conjugates x to y, then g~! conjugates y to x. This makes sense 


in view of Strategy E4, because if renaming the symbols in x using g 
gives y, then of course renaming the symbols in y using g~! gives x. 


So if y is a conjugate of x in Sn, then x is a conjugate of y in Sn, and we 
can simply say that x and y are conjugates or conjugate permutations 
in Sn, or that they are conjugate in Sn. These are all ways of saying that 
each of x and y is a conjugate of the other in Sj. 


Since renaming the symbols in a permutation does not change its cycle 
structure, permutations that are conjugate in S» always have the same 
cycle structure. 
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It is also true that any two permutations in Sp with the same cycle 
structure are conjugate in Sn. This is because if two permutations x and y 
in Sn have the same cycle structure, then there is always at least one 
permutation g in Sn that conjugates x to y; it can be found by using the 
following strategy, which you met in Unit B3. 


Strategy B12 

To find a permutation g such that y = go x o g~!, where x and y are 
permutations with the same cycle structure, do the following. 

Use the fact that g renames x to y, as follows. 


1. Match up the cycles of x and y (including 1-cycles) so that cycles 
of equal lengths correspond. 


awo Mead E ee ete dl 
Ce Ce) 


2. Read off the two-line form of the renaming permutation g from this 
diagram. Usually, write g in cycle form. 


Worked Exercise E25 


(a) Use Strategy B12 to find a permutation g in Se that conjugates 
(1 4 3)(2 6) to (2 3 5)(4 6). 


(b) Find another permutation g in Sg that does this. 
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Exercise E69 


There are six permutations in S¢ that conjugate (1 4 3)(2 6) to 

(2 3 5)(4 6). One of these, (1 3 2 4 5), was given in Worked Exercise E24, 
and another two, (1 2 4 3 5) and (1 5)(2 4), were found in Worked 
Exercise E25. Determine the other three permutations. 


Exercise E70 


Find all the permutations in S4 that conjugate (1 3) to (3 4). 


The discussion in this subsection justifies the following theorem, which you 
met in Unit B3. 


Theorem B64 


Two permutations in the symmetric group Sn are conjugate in Spn if 
and only if they have the same cycle structure. 


Since the order of a permutation depends only on its cycle structure, it 
follows from Theorem B64 that permutations that are conjugate in Sn 
always have the same order. 
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Figure 12 The symmetries of 
the equilateral triangle 


Table 5 
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2.2 Conjugacy in general 


So far you have seen the idea of conjugacy applied only to symmetric 
groups. We will now extend the idea of conjugacy to all groups. We make 
the following definition. 


Definition 
Let x and y be elements of a group G. We say that y is a conjugate 
of x in G if there exists an element g in G such that 


y= gig”. 


We also say that 
e g conjugates x to y 
e y is the conjugate of x by g 


e g is a conjugating element. 


This definition is written using concise multiplicative notation for a general 
group G, in the usual way. If the binary operation of a particular group G 
is denoted by o, for example, then as you would expect we write a 
conjugate in G in the form gogo g`} rather than gxg~!. For example, this 
applies to symmetric groups and symmetry groups. 


Worked Exercise E26 


Find the conjugate r o aor”! in the group S(A). 


(The non-identity symmetries of the equilateral triangle are shown in 
Figure 12 and the group table of S(A) is given as Table 5.) 


Solution 


1 


POCO =f Ober — O(a Or) — 1 Ot — 


Exercise E71 


Find the following conjugates in the group S(A). 


1 (c) eoace} (d) boaob! 


1 


(a) soaos (b) aoaca 


Exercise E72 


Let G be an abelian group and let x € G. Show that for all g € G the 
conjugate of x by g is equal to z. 


Exercise E72 shows that in an abelian group the only conjugate of an 
element x is x itself. So conjugacy in an abelian group is rather boring! 
In a non-abelian group, a conjugate of an element x may be g itself or it 
may be a different element, as illustrated by Worked Exercise E26 and 
Exercise E71 above. 


Exercise E73 


Let G be a group with identity e and let x € G. 
(a) Show that the conjugate of e by x is equal to e. 
(b) Show that the conjugate of x by e is equal to x. 


Exercise E73(a) shows that in any group the only conjugate of the identity 
element e is itself. Exercise E73(b) shows that in any group every element 
is a conjugate of itself. 


In the previous subsection you saw that, in a symmetric group Sn, if a 
permutation y is a conjugate of a permutation x, then x is also a conjugate 
of y. This property extends to conjugates in any group: if y is a conjugate 
of x in the group, then z is also a conjugate of y in the group. The 
justification of this is the same as for conjugates in Sn: the equation 


y=gzg' 


in the definition of a conjugate can be rearranged as 


g ‘yg==2 


1 


(by composing both sides of the original equation on the left by g~* and 


on the right by g), and the rearranged equation can be written as 


z =g 9g y. 


This shows that if g conjugates x to y, then g7! conjugates y to x. 


Because of this, instead of saying that y is a conjugate of x in a group G, 
we can simply say that x and y are conjugates or conjugate elements 
in G, or that they are conjugate in G. These are all ways of saying that 
each of x and y is a conjugate of the other in G. 


There is another useful property of conjugacy in symmetric groups that 
extends to any group. You saw in the previous subsection that conjugate 
permutations have the same cycle structure, and therefore have the same 
order. In fact, conjugate elements have the same order in any group. 


To help us prove this result, we will first prove a lemma. In the next 
exercise you are asked to confirm some particular cases of this lemma, and 
then the lemma is stated with a general proof. 
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Exercise E74 


Let x, y and g be elements of a group, and suppose that y = gxg~!. Prove 


each of the following. 
1 


1 1 


(a) y? = gz°g7 (b) y? = gr?g7 (c) yt = garg- 


From the solution to Exercise E74 it is apparent that the pattern in the 
exercise will continue for all positive integers n. In other words, the lemma 
below holds. To prove this result formally, we use mathematical induction, 
which you met in Unit A3 Mathematical language and proof. 


Lemma E20 
J 


Let x, y and g be elements of a group, and suppose that y = grg_~. 
Then y” = gx"g7! for all positive integers n. 


Proof We use mathematical induction. Let P(n) be the statement 


y” = gu"gt. 


Then P(1) is y = gag~', which is true. 


@. We now need to show that P(k) = P(k + 1) for each positive 
integer k. & 


Now let k be a positive integer and assume that P(k) is true; that is, 


a =g gh 


We need to prove under this assumption that P(k + 1) is true, that is, 


Psg gi, 
Now 
yet) = yby 
= gu'g-‘gxg-' (by P(k) and since y = gxg~') 
= gxřexg t 
= 9g, 


Thus P(k + 1) is true. So we have shown that 
P(k) = > P(k+1) for each positive integer k. 


Hence, by mathematical induction, it follows that P(n) is true for all 
positive integers n. That is, y” = gx"g~! for all positive integers n. E 


We can now prove the result below. Remember that the order of a group 
element x is the smallest positive integer n such that x” = e, if there is 
such an integer n. If there is no such integer n, then x has infinite order. 


Theorem E21 


Let x and y be conjugate elements in a group G. Then either x and y 
have the same finite order, or they both have infinite order. 


Proof Since x and y are conjugate elements, there exists an element g 
in G such that y = grg7!. It follows that x = g~lyg. 
We now show that for any positive integer n, 


n 


x” =e ifand only if y” =e. (5) 


To do this, let n be a positive integer, and first suppose that 7” = e. Then 


y” = gz"g 


= geo? 
= e. 


(by Lemma E20, since y = gxg~') 


Now suppose instead that y” = e. Then 
xr” =g ty”g (by Lemma E20, since x = g` tyg; 


here g`! is the conjugating element) 


We have now shown that statement (5) holds. This statement tells us that 
the positive integers n for which x” = e are exactly the same as the 

positive integers n for which y” = e. It follows that either x and y have the 
same finite order, or both have infinite order. E 


The converse of Theorem E21 is not true: that is, group elements of the 
same order are not necessarily conjugate. For example, in the symmetric 
group S4 the permutations (1 2) and (1 2)(3 4) both have order 2, but they 
are not conjugate because they have different cycle structures. 


Exercise E75 


Find two elements in the group Ze that have the same order but are not 
conjugate in Ze. 
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2.3 Conjugacy classes 


We now consider the set of all elements in a group that are conjugate to a 
particular element. We make the following definition. 


Definition 
Let G be a group, and let x € G. The conjugacy class of x in G is 


the set of all elements of G that are conjugate to x. That is, it is the 
set 


{gag': g € Gh. 


Worked Exercise E27 


Find the conjugacy class of the element a in S(Q). 


Table 6 S(O) (The group table of S(O) is given as Table 6.) 
oJe a becerstu 

ele aberstu 

aja bcestur 

blb ec eatur s 

cle eaburst 

rjrutsecoba 

s|s rutaec b 

tlt r uy ba ê ë 

ulu t srcbae 


Exercise E76 


Find the conjugacy class of each of the following elements in S(D). 


(a) c (b) e 
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A group element is always an element of its own conjugacy class, as 
illustrated by the solutions to Worked Exercise E27 and Exercise E76. 
This is because conjugating a group element x by the identity element e 


always gives x again: exe! = z. 


If we extend the calculations in Worked Exercise E27 and Exercise E76 to 
find the conjugacy class of every element of S(O), then we obtain the 
following. 


Element Conjugacy class 


e {e} 
a {a,c} 
b {b} 


{a,c} 
{r, t} 
s {s u} 
{rt} 
u {s u} 


=œ 


Notice that some of the conjugacy classes here are the same; in fact, there 
are only five distinct conjugacy classes, as follows: 


{e}, {b}, dach, {nth {su}. 


Notice also that there is no overlap between any two of the distinct 
conjugacy classes: the conjugacy classes of any two elements in S(O) are 
either exactly the same set or disjoint sets. Thus the distinct conjugacy 
classes of the elements of S(O) form a partition of S(O), as shown in 
Figure 13. That is, they split S(Q) into a family of subsets whose union is 
the whole group, and each pair of which are disjoint. 


In fact, like the left (or right) cosets of a subgroup, the distinct conjugacy 
classes of the elements of any group form a partition of the group. 


This is because, as proved below, the relation ‘is a conjugate of’, defined 
on any group, is an equivalence relation, and the conjugacy classes are its 
equivalence classes. (You met equivalence relations in Unit A3.) In fact, 
you have already seen that the relation ‘is a conjugate of’ on any group 
has the reflexive property: you saw that each element x is a conjugate of 
itself. You have also seen that it has the symmetric property: you saw that 
if y is a conjugate of x, then x is a conjugate of y. The third property that 
has to be satisfied for a relation to be an equivalence relation is the 
transitive property. The proof below reminds you of its definition, and 
includes proofs of all three properties, for completeness. 
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Figure 13 The partition of 


S( 


) into conjugacy classes 
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Theorem E22 


Let G be a group. Then the relation ‘is a conjugate of’ is an 
equivalence relation on the set of elements of G. 


Proof We show that the relation ‘is a conjugate of’ defined on G is 
reflexive, symmetric and transitive. 


E1 Reflexive property 


®. We have to show that for all x € G, x is a conjugate of z. & 


Let x € G. Then x = exe™!, so x is a conjugate of x. Thus the 
relation is reflexive. 


E2 Symmetric property 


®. We have to show that for all x,y € G, if x is a conjugate of y 


then y is a conjugate of x. & 


Let x,y € G, and suppose that x is a conjugate of y. Then there is 


an element g € G such that 
e=gug 


Composing both sides of this equation on the left by g~! 


right by g, we obtain 
g ‘tg =y, 
and this equation can be written as 
y = g 'r(g t. 
Thus g~! conjugates x to y, so y is a conjugate of x. Thus the 
relation is symmetric. 


E3 Transitive property 


and on the 


®. We have to show that for all x,y,z € G, if x is a conjugate of y 
and y is a conjugate of z then z is a conjugate of z. & 


Let x,y,z € G, and suppose that x is a conjugate of y and y isa 
conjugate of z. Then there are elements gı and g2 in G such that 
r=giyg, and y= 922793". 
Using the second equation to substitute for y in the first equation 
gives 
© = 919229) 91", 


which (by Proposition B14 in Unit B1) we can write as 


x = gigez(gigz)'. 


Thus gigg conjugates z to x, so x is a conjugate of z. Thus the 
relation is transitive. 


Hence the relation ‘is a conjugate of’ is an equivalence relation on G. | 


From Theorem E22 we can deduce the following, illustrated in Figure 14. 


Corollary E23 


In any group, the distinct conjugacy classes form a partition of the 
group. 


Proof The conjugacy class of an element x of a group G is the set of all 
elements of G that are conjugate to x. In other words, it is the equivalence 
class of x with respect to the equivalence relation ‘is a conjugate of’ 

defined on G. So the distinct conjugacy classes are the distinct equivalence 
classes of this equivalence relation, and hence they partition G. Oo 


We refer to the distinct conjugacy classes of the elements of a group G as 
the conjugacy classes of G. For example, you saw after Exercise E76 
that the conjugacy classes of S(O) are 


{e}, {b}, {a,c {rth {su}. 


Every group has at least one conjugacy class that is quick to find. As you 
saw in Exercise E73(a), conjugating the identity element e of a group by 
any other element g just gives the identity element again: 

geg-! = gg—' =e. So the following holds. 


Proposition E24 


Let G be a group with identity element e. Then {e} is a conjugacy 
class of G. 


For a finite group G, we can find all the other conjugacy classes of G by 
working out the conjugacy class of each element, in the way demonstrated 
in Worked Exercise E27 and Exercise E76, and then assembling all the 
distinct conjugacy classes. 


A much more efficient method, which applies because the conjugacy classes 
partition the group, is to use a strategy similar to the one that we used for 
cosets of a subgroup: we repeatedly choose an element not yet assigned to 
a conjugacy class and find its conjugacy class, until all the elements have 
been assigned to conjugacy classes. 


However, there are usually still more efficient ways to proceed. For 
example, we can sometimes cut down the work by using the fact that 
conjugate elements always have the same order, by Theorem E21. 
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group into conjugacy classes 
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Figure 15 S(O) 
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To illustrate this, let us use this approach to confirm that the conjugacy 
classes of S(O) are as listed above. The non-identity elements of S(O) are 
shown in Figure 15. We know that elements of different orders cannot be 
conjugate, so to partition S(O) into conjugacy classes we can start by 
partitioning it according to the orders of its elements. The identity 
element has order 1, the elements a and c both have order 4, and the 
elements b, r, s, t and u all have order 2, so the partition of S(O) by the 
orders of its elements is 


{e}, {a,c}, {b,r,s,t, u}. 


We know that each conjugacy class of S(O) is either one of these three sets 
or is obtained by splitting one of these sets into two or more conjugacy 
classes. 


To determine whether the set {a,c}, for example, is a conjugacy class or 
whether it splits further, we can start conjugating the element a by each 
element of S(O) in turn. If we find a conjugate that is equal to c, then this 
tells us that {a,c} is a conjugacy class, and there is no need to find any 
more conjugates. On the other hand, if after conjugating a by all the 
elements of S(O) we have found that no conjugate of a is equal to c, then 
this tells us that the set {a,c} must split into the two conjugacy classes 
{a} and {c}. We can carry out a similar process for the set {b,r, s, t, u}. 


This method is demonstrated in the worked exercise below. 


Worked Exercise E28 


Find the conjugacy classes of the group S(O). 
(The group table of S(O) is given as Table 7.) 


®. We find conjugates of b to see if we can obtain any of r, s, t 

and u. & 

Conjugating b by any of e, a, b or c will give b again, since {e, a,b, c} 
is an abelian subgroup of S(O). Also, 


robor! 


=po(borh—1 ot =ù, 
sobos !=so(bos)=sou=b, 
tobot +=to(bet) =tor=b, 


=Wo(bou)—wo0s = 6. 


uobou 
Hence {b} is a conjugacy class. 


®. Now we find conjugates of r to see if we can obtain any of s, t 
and u. & 
Conjugating r by e or r will give r. Also, 

acoroa '=ao(roc)=a0s5 =}, 


ao 
boret" =be (reb =b0 t =r 


Hence {r,t} is a conjugacy class. 


®. Now we just need to find conjugates of s to see if we can obtain u. 
We know that conjugating s by e or s will give s again. Let us try 
conjugating s by a. ® 


Finally, we have 
a@osoa  =ao(soc) aot u. 


Hence {s, u} is a conjugacy class. 


In summary, the conjugacy classes of S(O) are 


{e}, {a,c}, {b} {nmth {su}. 


The partition of S( 


Exercise E77 


) into conjugacy classes is shown in Figure 16. 


Find the conjugacy classes of the group S(A). 


(The non-identity elements of S(A) are shown in Figure 17, and the group 
table of S(A) is given as Table 8.) 


-D 


Figure 16 
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Figure 17 The symmetries of 
the equilateral triangle 
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Figure 18 Elements z, y 
and g ina group G witha 
subgroup H 


Figure 19 S(O) 
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For symmetry groups, such as S(O) and S(A), there are in fact very 
efficient ways to find the conjugacy classes, as you will see in Section 4. 


Exercise E78 


Partition the group Z? into its conjugacy classes. 


Hint: Use the result proved in Exercise E72 in Subsection 2.2. 


Exercise E78 illustrates the following result (it is just the result proved in 
the solution to Exercise E72 restated in terms of conjugacy classes). 


Theorem E25 


In an abelian group, each conjugacy class contains a single element. 


Proof Let G be an abelian group and let x be any element of G. Since G 
is abelian, for any element g € G we have 


gzg! = gg ix = e% = T. 
So the only conjugate of x is x itself. Hence the conjugacy class of x 
is {x}. E 


Whenever you work with conjugates, you need to be aware of the following 
important but quite subtle point. When we say that elements x and y are 
conjugate in the group G, the ‘in the group G’ part is crucial. This is 
because if H is a subgroup of a group G and z and y are elements of H, as 
illustrated in Figure 18, then it is possible for x and y to be conjugate in G 
but not conjugate in H. The reason for this is that if x and y are 
conjugate in G, then although we know that there is an element g in G 
such that y = gzg™t, as also illustrated in Figure 18, there may not be any 
such element g in the subgroup H. 


For example, consider the group S(O). As you saw in Subsection 2.4 of 
Unit B3, we can represent this group as a subgroup of the symmetric 
group S4 by representing its elements as permutations of vertex labels (see 
Figure 19), as follows. 


e r = (1 4)(2 3) 
a=(1234) s = (2 4) 
b = (1 3)(2 4) t = (1 2)(3 4) 
e= (1432) u = (1 3) 


The conjugacy classes of S(O), found in Worked Exercise E28, are 


{e}, {0}, tach, {rt}, {su 
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With the elements of S(O) represented as permutations as above, these 
conjugacy classes are 


fe}, {032 H} {(1 234), (143 2)}, 
{(1 4)(2 3), (1 2) 4)}, {C 4), (1 3)}. 


So the elements b = (1 3)(2 4) and r = (1 4)(2 3), for example, are not 
conjugate in S(O). However, they are conjugate in the group S4 because 
they have the same cycle structure. So although there is an element g 

in S4 that conjugates b = (1 3)(2 4) to r = (1 4)(2 3), there is no such 
element g in the subgroup S(O) of $4. 


Now consider again the general situation where a group H is a subgroup of 
a group G and x and y are elements of H, as illustrated in Figure 18 
above. You have seen that if x and y are conjugate in G, then they are not 
necessarily conjugate in H. However, if x and y are conjugate in H, then 
they are also conjugate in G. This is because if x and y are conjugate 

in H, then there is an element h of H such that y = hzh™t, as illustrated 


H 
in Figure 20, and since h € G this equation shows that x and y are 
conjugate in G. G 
The discussion above proves the following proposition. Figure 20 Elements x, y 
and h in a subgroup H of a 
ae roup G 
Proposition E26 ii 
Let H be a subgroup of a group G, and let x and y be elements of H. 
(a) If x and y are conjugate in H, then they are also conjugate in G. 
(b) If x and y are conjugate in G, then they may or may not be 
conjugate in H. 
The contrapositive of Proposition E26(a) is: 
If x and y are not conjugate in G, then they are not conjugate in H. 
This fact will be useful later in the unit. 
Exercise E79 
Consider the subgroup 
H = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} 
1 4 
of the group $4 (this subgroup represents the symmetry group of the 
rectangle when its vertices are labelled in the usual way, as shown in 
Figure 21). Explain how you know that no two elements of H are 
conjugate to each other in H, but all the non-identity elements of H are 2 3 
conjugate to each other in S4. Figure 21 A labelled 
rectangle 
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Notice that the representation of the elements of S(O) as permutations, 


e, r = (1 4)(2 3), 
a=(1234), s = (24), 
b = (1 3)(2 4), t = (1 2)(3 4), 
c= (1432), u=(13), 


makes it clear that the elements r and t of S(O) do not lie in the same 
conjugacy class of S(O) as the elements s and u, as follows. The cycle 
structure (— —)(— —) of r and t is different from the cycle structure (— —) 
of s and u, so neither of r and t is conjugate to either of s and u in S4, and 
hence the same must be true in the subgroup S(O) of S4. We will use this 
idea, and others, to help us find conjugacy classes of symmetry groups in 
Section 4. 


We end this subsection with a useful result about the conjugacy classes of 
finite groups. 


To illustrate it, consider the conjugacy classes of the group S(O). You 
have seen that they are as follows: 


{e}, {0}, dac, {mth {su} 


The numbers of elements in these conjugacy classes are 1, 1, 2, 2 and 2, 
respectively, and each of these numbers divides 8, the order of S(0). 


A similar fact is true for the conjugacy classes of the group S(A), which as 
you have seen are as follows: 


{e}, {a,b}, {r,s,t}. 


The numbers of elements in these conjugacy classes are 1, 2 and 3, 
respectively, and each of these numbers divides 6, the order of S(A). 


The following general result holds. It is proved in Unit E4. 


Theorem E27 


In any finite group G, the number of elements in each conjugacy class 
divides the order of G. 


3 Normal subgroups and conjugacy 


In Unit El you saw that a subgroup H of a group G is a normal 
subgroup of G if the partition of G into left cosets of H is the same as 
the partition of G into right cosets of H. You saw that this condition can 
be expressed algebraically as 


gH = Hg for each element g € G. 


In this section you will meet three conditions that are equivalent to this 
condition, and that we can therefore use as alternatives to check whether 


3 Normal subgroups and conjugacy 


a subgroup is normal. These three conditions all involve conjugacy, and 
are often more convenient than the condition above. 


We refer to checking whether a subgroup is normal or not as checking its 
normality. 


3.1 Normal subgroups and conjugates 


In this first subsection you will meet a condition for normality that 
involves conjugate elements. 


To introduce it, let us suppose that we know that a particular subgroup H 
of a group G is a normal subgroup of G. Let h and g be any elements of H 
and G, respectively. Then, by the definition of a left coset, 


gh € gH. 

Hence, since H is normal and so gH = Hg, 
gh € Hg. 

Therefore 
gh = hig 


for some element hı E€ H. Composing both sides of this equation on the 
right by g7! gives 


ghg™t = hı. 
Hence 
ghg! €H. 


So we have found that, as illustrated in Figure 22, 


if H is a normal subgroup of a group G, then for any element h in H 
and any element g in G, the conjugate ghg~! always lies in H. 


In other words, 


if H is a normal subgroup of a group G, then conjugating any 
element of H by any element of G always gives an element of H. 


It turns out that the converse of this statement is also true; that is, 


if conjugating any element of a subgroup H of a group G by any 
element of G always gives an element of H, then H is normal in G. 


Hence we have the following theorem. It is proved fully in Subsection 3.4. 


Theorem E28 


Let G be a group and let H be a subgroup of G. Then # is a normal 
subgroup of G if and only if 


ghg! € H for each h€ H and each g € G. 


eg 


H 


G 


Figure 22 A normal 
subgroup H of a group G: 
conjugating any element of H 
by any element of G always 
gives an element of H 
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Theorem E28 gives us an alternative way to determine whether a subgroup 
is normal: we say that it characterises normal subgroups. 


The characterisation of normal subgroups in Theorem E28 is more useful 
than our original definition of a normal subgroup for groups of large order 
or infinite order. To use it to prove that a subgroup H of a group G is 
normal in G, we take a general element g € G and a general element 

h € H, and show that the conjugate ghg~! belongs to H. As an illustration 
of this, here are alternative proofs of two results that you met in Unit E1. 


Theorem E10 


In an abelian group, every subgroup is normal. 


Proof Let H be a subgroup of an abelian group G. We use Theorem E28 
to show that H is normal in G. Let h be any element of H and let g be 
any element of G. We need to show that ghg~! € H. 


We have 
ghg-'=hgg ‘(since G is abelian) 
= he 
= His 
Thus ghg~! € H. It follows that H is a normal subgroup of G. E 


Corollary E12 


For each natural number n, the alternating group An is a normal 
subgroup of the symmetric group Sn. 


Proof We use Theorem E28 to show that An is normal in Sp. Let h be 
any element of An and let g be any element of Sn. We have to show that 
gohog™t € An, that is, we have to show that go hog is an even 
permutation. We consider separately the possibilities that g is even and 
that g is odd. 


1 1 


If g is even, then g~* is even and hence gohog™ is 


even + even + even = even. 
If g is odd, then g~! is odd and hence g o hog! is 
odd + even + odd = even. 
Thus, in each case, go ho g7! € An. It follows that An is a normal 


subgroup of Shn. | 


Here are some exercises in which you can practise using Theorem E28. 
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Exercise E80 


Use Theorem E28 to provide an alternative proof of Theorem E9 in 
Unit E1. That is, prove that for any group G the trivial subgroup {e} and 
the whole group G are normal subgroups of G. 


Exercise E81 


By Theorem B81 in Unit B4 Lagrange’s Theorem and small groups, if H 
and K are subgroups of a group G, then so is HM K. Use this result and 
Theorem E28 to prove that if H and K are normal subgroups of a 

group G, then sois HN K. 


Exercise E82 


In Worked Exercise B18 in Subsection 1.2 of Unit B2 you met the 
group (X, x) where X is the subset of R? consisting of all the points not on 
the y-axis, that is, 


X = {(a,b) E R? : a #0}, 
and x is the binary operation defined on X by 
(a,b) * (c,d) = (ac, ad + b). 
It was shown that in this group the Tou element is (1,0) and the 


1 
inverse of the element (a,b) is a 
(a) As a reminder, verify the following in (X, x). 
(i) (a,b) * (1,0) = (a,b) for all (a,b) € X. 


(ii) (=. -2) sanea forall Gee x. 


(b) Determine the following conjugates in (X, *) 
(i) (3,2) * (1,7) (3,2)=} Gi) (—1,3) « (1, -2) * (-1,3)7? 


(c) In the same worked exercise, Worked Exercise B18, you also saw that 
the set 


A= {(1,b):b€R} 
is a subgroup of the group (X, *). 
Use Theorem E28 to prove that this subgroup A is normal in (X, *). 


Hint: Remember that a general element of X is of the form (c, d), say, 
where c,d € R and c £0, and a general element of A is of the form 
(1,6), say, where b € R. 


149 


Unit E2 Quotient groups and conjugacy 


G 


Figure 23 A subgroup H 
that is not normal in a 

group G: there is an element h 
of H and an element g of G 
such that conjugating h by g 
does not give an element of H 


Table 9 
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Figure 24 A rectangle with 
labelled edges 
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The characterisation of normal subgroups in Theorem E28 also provides a 
useful means of showing that a subgroup H of a group G is not normal 

in G. To do this, we have to show that H and G do not satisfy the 
condition in the theorem, by giving a counterexample. That is, we have to 
find one element h in H and one element g in G such that the conjugate 
ghg~' does not belong to H, as illustrated in Figure 23. 


Worked Exercise E29 


Use Theorem E28 to show that the subgroup 
H = (r) = {e,7r} 

of S(O) is not a normal subgroup of S(0). 

(The group table of S(Q) is given as Table 9.) 


Exercise E83 


Use Theorem E28 to prove that the following subgroups of S4 are not 
normal subgroups of S4. 


(a) H = {e, (1 2), (3 4), (1 2)(3 4)}, the symmetry group of the rectangle 
when its edges are labelled as shown in Figure 24. 


(b) H = {g € S4 : 9(2) = 2}, the subgroup of all permutations in S4 that 
fix the symbol 2. 
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Exercise E84 


Let (X,*) be the group defined in Exercise E82. 
Show that the subset 
K={(1,n):neZ} 


of X is a subgroup of X, and determine whether it is a normal subgroup 
of X. 


3.2 Conjugate subgroups 


In this subsection you will see that the idea of conjugate subgroups, which 
you met in the context of symmetric groups in Unit B3, can be extended to 
other groups. This leads to another characterisation of normal subgroups. 


In Subsection 4.2 of Unit B3 you met the idea of conjugating a whole 
subgroup H of a symmetric group Sn by a permutation g in Sn, as follows. 


Notation 
Let H be a subgroup of Sn, and let g be any permutation in Sp. Then 
go Hog! denotes the set {go Rog 2 Hr 


That is, g o Hog7! is the set obtained by conjugating every element 
of H by the permutation g. 


You saw that if H is a subgroup of Sn, then for every permutation g in Sn 
the set go Hog ' is also a subgroup of Sp: this is Theorem B65 in 

Unit B3. We say that the subgroup g o H o g7™t} is a conjugate subgroup 
of H in Sa- 


We can extend these ideas to groups in general. We use the following 
notation. 


Notation 


Let H be a subgroup of a group G, and let g be any element of G. 
Then 


gHg—' denotes the set {ghg} : h € H}. 


That is, gHg~' is the set obtained by conjugating every element of H 
by the element g. 
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The theorem below generalises Theorem B65 from symmetric groups to all 
groups. 


Theorem E29 


Let H be a subgroup of a group G and let g be any element of G. 
Then the subset gHg~! is a subgroup of G. 


Proof We check the three subgroup properties. 


SG1 Closure Consider any two elements of gHg~'; we can write them 
as ghg—' and gkg~! where h,k € H. We have 


(ghg')(gkg~') = gh(g7"g)kg7" 
= ghekg ! 
= ghkg"!. 


This is an element of gHg~! because hk is an element of H (since H 
is a subgroup of G and therefore closed under the binary operation 
of G). Thus gHg7'! is closed under the binary operation of G. 


=] 1 


SG2 Identity The identity permutation e is in gHg 
ande €H. 


SG3 Inverses Consider any element of gHg` 
where h € H. We have 


(ghg) = (gt) hg! 
(by Proposition B14 in Unit B1, applied twice) 
=gh-+g71. 


since e = geg” 


1 1 


; we can write it as ghg” 


This is an element of gHg~! because h~! is an element of H (since H 
is a subgroup of G and therefore contains the inverse of each of its 
elements). Thus gHg~! contains the inverse of each of its elements. 


Since gHg~! satisfies the three subgroup properties, it is a subgroup 


We can now make the following definitions. 


Definitions 


Let H be a subgroup of a group G and let g be an element of G. 
We call the subgroup gHg~! the conjugate subgroup of H by g. 
We also say that 


1 is a conjugate subgroup of H in G 


e g conjugates H to gHg"!. 


e gHg” 
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Although we used notation of the form go H o g~! for conjugate subgroups 
(in symmetric groups) in Unit B3, in Book E we will use notation of the 
form gHg~!, for brevity, even if we are using the symbol o to denote the 
binary operation. 


Worked Exercise E30 


Let H be the subgroup (t) = {e,t} of S(A). Determine the conjugate 
subgroup aHa7!. 


(The non-identity elements of S(A) are shown in Figure 25, and the group 
table of S(A) is given as Table 10.) 


Figure 25 The symmetries of 
the equilateral triangle 


Table 10 (A) 
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Exercise E85 


Determine the conjugate subgroup gHg~! in the group S(O) in each of the Table 11 S(O) 


following cases. deaten s tu 
(a) H = (s) = {e,s} and g=a (b) H = {e,b,s,u} and g=r ejeabecerstu 
(The group table of S(O) is given as Table 11. You saw that the set H in Ce 2 een Oe 
part (b) is a subgroup of S(O) in Exercise E15 in Subsection 1.4 of b)beceatures 
Unit E1.) ele @o0 4 ret 

rilrutsecoba 

sls tu t ae ép 
In Subsection 2.2 you saw that if x and y are elements of a group G and tlt srubaec 
the element g of G conjugates x to y, then g~! conjugates y to x. It ulu t srcecbae 


follows that if H and K are subgroups of a group G, and the element g 

of G conjugates H to K, then g~! conjugates K to H. Because of this, 
instead of saying that K is a conjugate subgroup of H in G, we can simply 
say that H and K are conjugate subgroups in G. 
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2 


Figure 26 
rectangle 
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3 
A labelled 


Conjugate subgroups have the following property. 


Proposition E30 


Let H and K be conjugate subgroups in a group G. Then either H 
and K have the same finite order, or they both have infinite order. 


Proof Since H and K are conjugate subgroups in G, there is an 
element g of G such that K = gHg~'. Consider the following mapping: 
ġ: H — K 
Ti gug. 
This mapping ¢ is onto, since every element of K is of the form gxg7! 
where x € H. Also, it is one-to-one, since if x,y € H and gxg~! = gyg~ 
then x = y, by the Cancellation Laws. 


1 


Thus ¢ is a one-to-one correspondence, which proves the required result. E 


Exercise E86 


Consider the following subgroup K of A4: 

K = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. 
(It is the symmetry group of the rectangle when its vertices are labelled in 
the usual way, as shown in Figure 26.) 


(a) By conjugating each element of K individually, determine the 
following conjugate subgroups of K in 44. 


G) Q24kK024)" (ï) (243)K(2 43)" 


(b) Without calculating any further conjugates, determine how many 
different conjugate subgroups K has in 44. 


Hint: Remember that conjugating a permutation does not change its 
cycle structure. 


You saw in Exercise E86(b) that the subgroup 
K = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} 
of the group A4 has the property that 
gKg !|=K for each element g € A4. 


In other words, conjugating K by any element of A4 just gives K again. 
You also saw in Exercise E47 in Section 5 of Unit E1 that this same 
subgroup K is a normal subgroup of A4. 
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These two properties of this subgroup K are linked: it turns out that if 

a subgroup H of a group G has the property that conjugating H by any 
element of G always gives H again, then H is normal in G, and that the 
converse of this result also holds. That is, we have the theorem below. 
This theorem provides our second alternative characterisation of normality. 
It is proved in Subsection 3.4. 


Theorem E31 


Let G be a group and let H be a subgroup of G. Then H is a normal 
subgroup of G if and only if 


gig =M fo ege G. 


You may be wondering whether Theorem E31 is really just another way of 
expressing Theorem E28, our previous characterisation of normality. 
However, Theorem E28 can be expressed as follows, which shows that 
Theorem E31 is not quite the same. 


Theorem E28 (expressed differently) 


Let G be a group and let H be a subgroup of G. Then H is a normal 
subgroup of G if and only if 


gHg !CH foreach g €G. 


The characterisation of normality in Theorem E31 is interesting, but it 
turns out to be less useful in practice than the other two new 
characterisations given in this section. 


3.3 Normal subgroups and conjugacy 
classes 


This subsection gives the third of our three alternative characterisations of 
normality. It is closely related to the characterisation given in the previous 
subsection, but more useful in practice. 


Recall that the conjugacy class of an element x in a group G is the subset 
of G consisting of all the elements of G that are conjugate to x: 


{gzg t : g € G}. 


It can contain just the element x itself, or it can contain x together with 
further elements. The distinct conjugacy classes of the elements of a 
group G partition G, and we refer to them as the conjugacy classes of G. 


Now suppose that H is a normal subgroup of a group G. We know from 
Theorem E28 (our first alternative characterisation of normality) that if 
h € H then every conjugate of h in G belongs to H. In other words, if 
h € H then the entire conjugacy class of h in G is a subset of H. 
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G 


Figure 27 A normal 
subgroup H of a group G: 
each conjugacy class of G lies 
either entirely inside or 
entirely outside H 


G 


Figure 28 A subgroup H ofa 
group G that is not normal: 
some conjugacy classes of G lie 
partly inside and partly 
outside H 
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So each conjugacy class of G is either wholly inside H or wholly outside H: 
it cannot lie partly inside and partly outside. 


So the following statement holds: 
A normal subgroup is a union of conjugacy classes. 


(Here a ‘union of conjugacy classes’ includes the possibility of a trivial 
union of just one class.) 


It turns out that the following statement is also true: 


Any subgroup of G that is a union of conjugacy classes of G is a 
normal subgroup of G. 


Together these two facts give the following third alternative 
characterisation of normal subgroups. It is illustrated in Figures 27 and 28. 
As with the earlier characterisations, it is proved in Subsection 3.4. 


Theorem E32 


Let G be a group and let H be a subgroup of G. Then H is a normal 
subgroup of G if and only if 


H is a union of conjugacy classes of G. 


By Theorem E32, if we know the conjugacy classes of a group G, then we 
can use them to determine whether any subgroup of G is normal in G. In 
the remainder of this subsection we will look at several examples that 
illustrate this use of Theorem E32. 


Worked Exercise E31 


Given that the subgroups of S(O) are as follows, find all the normal 
subgroups of $(Q). 


Order Subgroup 


1 {e} 
2 {e, b}, {e,r}, {e,s}, {e,t}, {e,u} 
4 {e a,b,c}, {e,b,r,t}, {e,b,s,u} 
8 S(O) 


Solution 
In Worked Exercise E28 in Subsection 2.3 we found that the 
conjugacy classes of S(O) are 


{teh {ach {bh {rt}, {sub 


Six of the ten subgroups of S(O) are unions of conjugacy classes, as 
follows. 
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Exercise E87 


Given that the subgroups of the group S(A) are as follows, find all the 
normal subgroups of S(A). 


Order Subgroup 


1 {e} 

2 {e, a, b} 

3 {e,r}, {e,s}, {e,t} 
6 S(A) 


(The conjugacy classes of S(A) are 


{e}, {a,b}, {r,s,t}. 


You were asked to find them in Exercise E77 in Subsection 2.3.) 


In each of Worked Exercise E31 and Exercise E87 we found all the normal 
subgroups of a finite group by starting with all the subgroups and working 
out which of them are unions of conjugacy classes. However, often we do 
not know all the subgroups of a group or there may be a large number of 
them, so it can be better to instead start with the conjugacy classes and 
work out which unions of conjugacy classes are subgroups. We can 
immediately dismiss as possibilities any unions of conjugacy classes that do 
not contain the identity element. We can also immediately dismiss any 
unions of conjugacy classes whose total number of elements is not a divisor 
of the order of G, in view of Lagrange’s Theorem. We then need to 
determine which of the remaining possibilities are subgroups. 


157 


Unit E2 Quotient groups and conjugacy 


This approach is illustrated in the next worked exercise, in which we find 
all the normal subgroups of the symmetric group $4. Remember that for a 
symmetric group the partition into conjugacy classes is the same as the 
partition by cycle structure (by Theorem B64, repeated in Subsection 2.1). 


Worked Exercise E32 


Given that the numbers of elements in the conjugacy classes of the 
symmetric group S4 are as follows, determine all the normal subgroups 
of Si. 


Conjugacy class Cycle structure Number of elements 


A e 1 

B (— —-) 6 

C (— -— -) 8 

D ENE 6 

E (Es) 3 
(The numbers of elements of S4 with cycle structures e, (— — —) and 
(— —)(— —) were worked out in Subsection 3.3 of Unit B3. The numbers 
of elements with cycle structures (— —) and (— — — —) can be worked 


out in similar ways.) 


Solution 


®. We have to work out which unions of conjugacy classes are 
subgroups. We can start by narrowing down the possibilities to unions 
that include the class A = {e} and that contain a total of 1, 2, 3, 4, 6, 
8, 12 or 24 elements (since the order of S4 is 4! = 24). So, for example, 
we can dismiss B U D, as it does not include the identity element e, 
and we can dismiss AU B, as it contains 1 + 6 = 7 elements. © 


To draw up a list of unions of conjugacy classes that might possibly 
be subgroups, we need to find all the ways of adding up some of the 
numbers 


13260608 

(the sizes of the conjugacy classes), always including 1, to give a total 
of 1, 2, 3, 4, 6, 8, 12 or 24. 

There is one way to obtain the total 1, namely 1 itself. 


The smallest possible total greater than 1 that can be achieved with 
the given numbers including 1 is 4, so neither of the totals 2 or 3 is 
possible. 


There is one way to obtain the total 4, namely 1 + 3 = 4. 


158 


3 Normal subgroups and conjugacy 


Since only one of the given numbers other than 1 is odd, namely 3, 
any even total must include both the numbers 1 and 3. The smallest 
such total that can be achieved is 1 + 3 = 4, and adding the next 
smallest number, 6, gives 1 + 3+ 6 = 10, so neither of the totals 6 and 
8 is possible. 


There is one way to obtain the total 12, namely 1 + 3 + 8 = 12. 
There is one way to obtain the total 24, namely 1+3+6+6+8 = 24. 


Thus there are four suitable sums of numbers: 
1, 14+3=4, 1434+8=12, 14+34+6+6+8= 24. 


So the only unions of conjugacy classes that include A = {e} and have 
a permissible number of elements are as follows: 


A (1 element), 
AUE (4 elements), 
AUCUE (12 elements), 


AUBUCUDUE (24 elements). 


If any of these sets is a subgroup, then it is a normal subgroup, by 
Theorem E32. 


@. We can use any means to determine which of these sets are 
subgroups. .© 


The first and fourth of these sets are the set {e} and the whole set S4 
respectively, so both of these are subgroups. 


The second set contains e and all the permutations in S4 with cycle 
structure (— —)(— —), so it is 


{e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. 


This set is the symmetry group of a rectangle with vertex locations 
labelled in the usual way, as shown below, so it is a subgroup. 


ih 4 


2 3 


The third set contains all the permutations in S4 with cycle structure 
e, ( ) or ( )( ), that is, all the even permutations in S4. 
Thus it is the alternating group A4, so it is a subgroup. 


Thus the normal subgroups of S4 are 


{e}, te, (1 2)(3 4), (1 3)(2 4), (1 4)(2.3)}, Aa, Sa 


159 


Unit E2 Quotient groups and conjugacy 


160 


The method used in Worked Exercise E32 is summarised below. Remember 
that the notation |G|, where G is a group, denotes the order of G. 


Strategy E5 
To find all the normal subgroups of a finite group G, do the following. 
1. Partition G into conjugacy classes. 


2. Find all the unions of conjugacy classes that include the class {e} 
and whose total number of elements is a divisor of |G]. 


3. Determine whether each such union of conjugacy classes is a 
subgroup of G: any union that is a subgroup is a normal subgroup 
of G. 


In the next exercise you are asked to find all the normal subgroups of the 
alternating group As. Before you can do this, you need to know the 
conjugacy classes of A5. Since As is a subgroup of Ss, any two elements 

of As that are conjugate in As are also conjugate in S5 and hence have the 
same cycle structure. Therefore we can find the conjugacy classes of As by 
first partitioning As by cycle structure and then determining whether each 
cycle structure class is a conjugacy class of As or whether it splits into two 
or more conjugacy classes. If we do this (the details are not included here), 
then we find that As has four cycle structure classes, and only one of these 
splits further, into two conjugacy classes, so As has five conjugacy classes. 
These are described in the exercise below. 


Exercise E88 


Given that the conjugacy classes of the alternating group As are as follows, 
determine all the normal subgroups of As. 


Conjugacy class Description Number of elements 
A e 1 
B 3-cycles 20 
C products of two transpositions 15 
D 5-cycles conjugate to (1 2 3 4 5) 12 
E 5-cycles conjugate to (1 2 3 5 4) 12 
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3.4 Proofs of the theorems characterising 


normality 


Each of Theorems E28, E31 and E32, in Subsections 3.1, 3.2 and 3.3, 
respectively, gives a property that characterises normal subgroups. The 
three theorems are all summarised in the following theorem, which 
includes the three properties labelled as Properties B, C and D, and the 
property from the original definition of a normal subgroup expressed 
algebraically and labelled as Property A. The algebraic version of the 
property from the original definition was given in Proposition E13. 


Theorem E33 


A subgroup H of a group G is normal in G if and only if it has any 
one of the following equivalent properties. 


Property A gH = Hg for each g E€ G. 

Property B  ghg ! € H for each h € H and each g € G. 
Property C gHg !=H for each g € G. 

Property D H is a union of conjugacy classes of G. 


Although Property A was used in the original definition of a normal 
subgroup, any of the other three conditions could have been used in its 
place. We can use any of the four conditions when we wish to prove that a 
subgroup is normal, or show that it is not normal. 


e Property A is useful when we know the partitions into left cosets and 
into right cosets. 


e Property B is useful in many general situations. 


e Property C may be helpful when we have knowledge about conjugate 
subgroups. 


e Property D is particularly useful when we know the conjugacy classes. 


As yet, you have not seen proofs of Theorems E28, E31 and E32; that is, 
you have not seen a proof that the four conditions are equivalent. The 
remainder of this subsection provides the missing proofs. 


Outline of the proof 


Rather than prove the three theorems individually, we will prove that if H 
is a subgroup of a group G, then the following five implications hold: 


A=cC, C A B=cC C=>D, D = B. 
Here A, B, C and D stand for Properties A, B, C and D, respectively. 
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As=c_ ] 


ip 


Figure 29 ‘The five 
implications proved in the 
proof of Theorem E33 
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The five implications are illustrated in Figure 29. It follows from these five 
implications that any one of the four conditions is equivalent to any other. 
For example, the equivalence of conditions A and B, which we can write as 
A <=> B, follows from 


A= C, C =D, D = B, which together give A => B, 
and 
B= C, C = A, which together give B => A. 


You may be wondering why we prove the five implications above, when we 
could prove Theorem E33 by proving just four implications, such as 


A=B, B=cC, C+D, D= A. 


The reason is that the five chosen implications are more straightforward to 
prove. 


Proof of Theorem E33 Let H be a subgroup of a group G. We prove 
the five implications 


A=C, C=A, B= Cc, C=D, D = B, 
where A, B, C and D stand for Properties A, B, C and D, respectively. 


A => C 
Suppose that gH = Hg for each g € G. We have to prove that 
gHg-' =H for each g € G. Let g € G. Then 
zé€gHg! 
<=> x=ghg' for some h € H 
<= r= hgg! for some hı € H (since gH = Hq) 
<=> x = hı for some hı € H 
<> «red, 


1 


so gHg~ = H, as required. 


(You can check the sequence of equivalences ( <= ) here by first 
checking all the forward implications (==> ) and then checking all the 
backward implications (<= ). The forward implications prove that 
gHg~' C H, and the backward implications prove that gHg~'! D H.) 
C = A 
Suppose that gHg~! = H for each g € G. We have to prove that 
gH = Hg for each g € G. Let g € G. Then 
xegH 

<> «= gh for some h € H 

<=> x=ghg'g for some h € H 

<> r= hg for some hı € H (since gHg"' = H) 

<> «re H9, 


so gH = Hg, as required. 
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(You can check the sequence of equivalences here in the same way as 
described above. The forward implications prove that gH C Hg, and 
the backward implications prove that gH D Hg.) 


B = CO 


Suppose that ghg~! € H for each h € H and each g € G 
(Property B). We have to prove that gHg~'! = H for each g € G. 
Let gEG. 


First we prove that H C gHg7!. Let h € H. We can write h as 


h=gg ‘hgg' 


= gg h(g t) tg} (since g = (g++). 
Now 


g heH, 


1 


by Property B, since g~~ is an element of G. Hence the expression 


for h above shows that 
hegig. 
Thus H C gHg™!, as required. 


It follows immediately from Property B that gHg~' C H, so 
gHg~! = H, as required. 


C= D 


Suppose that gHg~! = H for each g € G. We have to prove that H 
is a union of conjugacy classes of G. 


Let h be any element of H. For any element g € G, we have 

ghg~' € gHg', and hence, since gHg~! = H, we have ghg™t € H. 
Thus H contains every conjugate in G of each of its elements; that is, 
H is a union of conjugacy classes of G. 


D => B 
Suppose that H is a union of conjugacy classes of G. We have to 
prove that ghg™t € H for each h € H and each g € G. For each 
h € H and each g € G, the element ghg~! lies in the conjugacy class 
of h and hence, since H is a union of conjugacy classes of G, it lies in 
H, as required. 


It follows from the five implications proved above that Properties A, B, C 
and D are all equivalent to each other. Since by definition a subgroup H of 
a group G is normal in G if and only if it has Property A, this proves the 
theorem. E] 
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4 Conjugacy in symmetry groups 


For some groups it is possible to say what conjugacy ‘means’ in the 
particular context of that group. For example, you have seen that in a 
symmetric group two elements are conjugate if and only if they have the 
same cycle structure. In this section you will see how we can interpret 
conjugacy in symmetry groups. 


4.1 Conjugacy and geometric type 


In Subsection 2.3 we found that the conjugacy classes of the symmetry 
group S(O) (see Figure 30) are as listed on the left below. Notice that 
these classes bring together symmetries of similar geometric type, as 
described on the right: 


{e} identity 
{b} rotation through 7 
{a,c} anticlockwise and clockwise rotations through 7/2 


{s,u} reflections in diagonal axes 


{r,t} reflections in axes parallel to edges. 


Figure 30 S(O) 


(The rotation c is described here as a clockwise rotation through 7/2 
rather than as an anticlockwise rotation through 37/2 to highlight its 
geometric similarity to the rotation a.) 


We also found in Subsection 2.3 that the conjugacy classes of the 
r symmetry group $(A) (see Figure 31) are as listed on the left below. 
Again these classes bring together symmetries of similar geometric type, as 
described on the right: 


s Pi 5 . 
{e} identity 
{a,b} anticlockwise and clockwise rotations through 27/3 
s X% ve t {r,s,t} reflections in axes through vertices and midpoints of edges. 
a S 


As suggested by these examples, there is a link between conjugacy and 

Figure 31 S(A) geometric type in symmetry groups. To see why this is so, you need to 
understand what happens when you conjugate one element of a symmetry 
group by another. It can be quite difficult to picture this, but to try to give 
you some insight into it we will now look at two examples in S(O). As in 
Unit B1, we will track the position of the square by picturing it as a paper 
model coloured light blue on one side and darker blue on the other, with a 
dot in the same corner on both sides (as if it goes through the paper). 
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You will need to think about these examples quite carefully. If you find 
them hard to understand, then skip them for the moment and go on to the 
box headed ‘Conjugation in a symmetry group’: you should be able to 
apply the statement there even if you do not fully understand why it holds. 
Try returning to the two examples once you have completed Exercises E89 
and E90. 


As a first example, consider Figure 32, which shows the effect of the 
conjugate symmetry roaor!. To apply this conjugate symmetry, we first 
apply r~t, which reflects the square in the vertical axis, then a, which 
rotates the square anticlockwise through 7/2, then finally r, which ‘reflects 
the square back again’. Since the rotation through 7/2 anticlockwise was 
done when the square was in a reflected position, the overall effect is to 
rotate through 7/2 clockwise, that is to apply the symmetry c. 


> T — 
rol a ig 
— — — 


Figure 32 The effect of the conjugate symmetry ro aor! on the square 


Thus the conjugate symmetry roaor! is the symmetry obtained by 
‘applying r to the action of a’, as illustrated in Figure 33. 


r 
I= 
action of a apply r to the action of roaor ! 
action of a 


Figure 33 Conjugating a by r 


(Note that here the word ‘action’ is used in its everyday sense, not in the 
sense of a ‘group action’, a concept that you will meet in Unit E4.) 
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As another example, consider Figure 34, which shows the effect of the 
conjugate symmetry ao soa!. To apply this conjugate symmetry, we first 
apply a~', which rotates the square clockwise through 7/2, then s, which 
reflects the square in the top left to bottom right diagonal axis, then 
finally a, which ‘rotates the square back again’. Since the reflection in the 
top left to bottom right axis was done when the square was rotated 
clockwise by 7/2, the overall effect is to reflect in the line obtained by 
rotating this axis anticlockwise by 7/2, which is the top right to bottom 
left axis — that is, the overall effect is to apply the symmetry u. 


Figure 34 The effect of the conjugate symmetry ao soa! on the square 


Thus the conjugate symmetry ao soa! is the symmetry obtained by 
‘applying a to the action of s’, as illustrated in Figure 35. 


a 


a _ Y 
action of s apply a to the action of ao soa`! 
action of s 


Figure 35 Conjugating s by a 


In general, for any symmetries x and g of a figure F, the conjugate 
symmetry g o x o g7} is the symmetry obtained by ‘applying g to the 
action of x’. This leads to the following helpful informal way to think 
about conjugacy in symmetry groups. 


Conjugation in a symmetry group 


Let x and g be symmetries of a figure F. Then go x o g™t is the 
symmetry that is illustrated by the diagram obtained when g is 
applied to a diagram illustrating x (if we ignore any labels). 


For example, in Figure 37 the symmetry r of the square (reflection in the 
vertical axis) is applied to a diagram for the symmetry a. By the 
statement in the box above, the resulting diagram illustrates the 
symmetry roaor'. We can see that the resulting diagram illustrates the 


symmetry c (see Figure 36), so roaor-!=c. 
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Figure 37 The conjugate symmetry r o a o r71 is equal to c 


Similarly, in Figure 38 the symmetry a of the square (anticlockwise 
rotation through 7/2) is applied to a diagram for the symmetry s. By the 
statement in the box above, the resulting diagram illustrates the 


symmetry ao soa™t. We can see that the resulting diagram illustrates the Figure 36 5( 


symmetry u, Soaoso a =u. 


Figure 38 The conjugate symmetry ao soa7! is equal to u 


If two symmetries x and y are conjugate in a symmetry group, then there 
is often more than one symmetry that conjugates x to y. 


For example, Figure 38 above illustrates that a conjugates s to u in S(O), 
and Figure 39 below illustrates that c (anticlockwise rotation through 
37/2, or, equivalently, clockwise rotation through 7/2) does the same job. 


Figure 39 The conjugate symmetry co soc! is equal to u 


Figure 40 illustrates that r (reflection in the vertical axis) also does the 
same job. 


Figure 40 The conjugate symmetry ro sor! is equal to u 
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Make sure that you do not confuse the informal idea of a symmetry being 
applied to a diagram illustrating a symmetry, as in Figures 37—40, with the 
idea of composing two symmetries. For example, Figure 40 above does not 
show the symmetries s and r being composed to form the composite 
symmetry ro s. 


The box below summarises how to use the informal ideas above to 
determine whether two symmetries of a figure are conjugate. 


Conjugate elements in the symmetry group of a figure 


e Two symmetries x and y of a figure F are conjugate in S(F) if 
and only if there is a symmetry g of F that transforms a diagram 
illustrating x into a diagram illustrating y (when we ignore any 
labels). 

1 


e If such a symmetry g exists, then y=goxog. 


For example, Figure 37 above shows that a and c are conjugate in S(O), 
and Figure 38 above shows that s and u are conjugate in S(O). By way of 
contrast, consider the symmetries r and s in S(O) (reflection in an axis 
through the midpoints of opposite edges and reflection in a diagonal, 
respectively), as shown in Figure 41. There is no symmetry of the square 
that transforms a diagram illustrating r into one illustrating s, so r and s 
are not conjugate in S(O). 


r 


S 


Figure 41 Diagrams illustrating the symmetries r and s of the square 


Exercise E89 


For each of the following pairs of symmetries in S(O) (see Figure 42), use 
the ideas in the box above to determine whether the two symmetries are 
conjugate in S(O), and to write down a symmetry that conjugates the first 
symmetry in the pair to the second if they are conjugate. 


(a) randt (b) a and b (c) rand u 
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Exercise E90 


For each of the following pairs of symmetries of the regular heptagon (see 
Figure 43), use the ideas in the box above to determine whether the two 
symmetries are conjugate in S(heptagon), and to describe a symmetry 
that conjugates the first symmetry in the pair to the second if they are 
conjugate. 


(a) Reflection in the vertical axis and reflection in the axis obtained by 
rotating the vertical axis by 27/7 anticlockwise. 


Figure 43 S(heptagon) 


(b) Anticlockwise rotation through 27/7 and anticlockwise rotation 
through 127/7. 


(c) Anticlockwise rotation through 27/7 and anticlockwise rotation 
through 47/7. 


The ideas in the box above explain the link between conjugacy and 
geometric type that you saw for S(O) and S(A). 
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These ideas apply to figures in R as well as to plane figures, but for such 
figures we have to think in terms of ‘three-dimensional diagrams’. 


For example, the two reflectional symmetries x and y of the tetrahedron in 
Figure 44 are conjugate, because there is a rotational symmetry g of the 
tetrahedron (about the vertical axis) which if applied to the diagram 
illustrating the symmetry x gives a diagram illustrating the symmetry y. 


a Pe 


Figure 44 Two conjugate symmetries of the tetrahedron 


Figure 45 may help you to understand why this is. It illustrates what 
happens when the symmetry x in Figure 44 is conjugated by the 
symmetry g mentioned above: the result is the symmetry y in Figure 44, 


as expected. 


ss a w 
nN 
À gorog! 


Figure 45 Two conjugate symmetries of the tetrahedron 


Unfortunately it is not always practicable to determine whether 
symmetries of solid figures are conjugate by thinking of ‘three-dimensional 
diagrams’, because these diagrams can be difficult to picture: this applies 
particularly to indirect symmetries that are not reflections. 
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The ideas about the link between conjugacy and geometric type in 
symmetry groups that you have met so far in this subsection are expressed 
informally and were not proved rigorously, but we can formalise some of 
them by using the idea of the fixed point set of a symmetry of a figure. 
This is the set of points of the figure that are fixed — that is, not moved — 
by the symmetry. 


Definition 
Let f be asymmetry of a figure F. Then the fixed point set of f, 
denoted by Fix f, is given by 


King = (2 E I g j UP) = Ph 


For example, the fixed point set of a non-trivial rotational symmetry of a 
plane figure is the centre of rotation, if this lies in the figure, and is the 
empty set otherwise. The fixed point set of a reflectional symmetry of a 
plane figure is the set of all points of the figure that lie on the axis of 
reflection. Figure 46 shows the fixed point sets of the rotational 
symmetry a and the reflectional symmetry s of the square. 


S 


% 
7 


fixed point set fixed point set 
of rotation a of reflection s 


Figure 46 The fixed point sets of two symmetries of the square 


Similarly, the fixed point set of a non-trivial rotational symmetry of a solid 
figure is the set of all points of the figure that lie on the axis of rotation. 
The fixed point set of a reflectional symmetry of a solid figure is the set of 
all points of the figure that lie in the plane of reflection. Figure 47 shows 
the fixed point sets of a particular rotational symmetry and a particular 
reflectional symmetry of the tetrahedron. 


2m 
3 fixed point set of 
£ fixed point set of reflection shown 
-J -N rotation shown 


Figure 47 The fixed point sets of two symmetries of the tetrahedron 
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Exercise E91 


Describe the fixed point set of each of the following symmetries of the 
double tetrahedron shown below. 


(a) The reflection in the plane through vertices 3, 4 and 5. 
(b) The reflection in the plane through vertices 1, 2 and 3. 
(c) The rotation (1 2 3). 


You have seen that if x and g are symmetries of a figure F, then 
applying g to a diagram illustrating x gives a diagram illustrating 
goxog' (when we ignore any labels). So we would expect that 
applying g to the fixed point set of x would give the fixed point set of 
goxog'. This is proved formally below. 


Theorem E34 


Let x and g be symmetries of a figure F’, and let the fixed point set 
of x be L. Then the fixed point set of g o x o g7} is g(L). 


Proof Throughout this proof we use the fact that if fi and fo are 
symmetries of F, then 


(foo fi)(P) = fo(fi(P)) for each point P € F. 
This is just by the definition of fg 0 fı. 


To prove the theorem we have to show that two sets are equal: g(L) and 


the fixed point set of gorogt. 


First we show that g(L) is a subset of the fixed point set of g o z o g7}. 
Suppose that P € g(L). Then g-'(P) € L. Hence g~!(P) is fixed by z, so 


2(g~*(P)) =g7\(P). 

Taking the image of each side of this equation under g gives 
g(x(g~*(P))) = g(g7*(P)), 

that is, 
(gov0g)(P) = P. 
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Thus P is in the fixed point set of g o z o g7}. This shows that g(L) is a 
subset of the fixed point set of g o x o g`. 


Now we show that the fixed point set of go x o g7} is a subset of g(L). 


Suppose that P is in the fixed point set of g o x o g71. Then 
(gorog)(P) =P. 
Taking the image of each side of this equation under g~! gives 


g™™((go xo g™+)(P)) = g+ (P), 
that is, 


x(g'(P)) = g7 (P). 


Thus g~!(P) is fixed by z, so g-!(P) € L. Hence P € g(L). This shows 
that the fixed point set of g o x o g7} is a subset of g(L). 


It follows that g(L) is equal to the fixed point set of g o x o g7}, as 


claimed. o 


By Theorem E34, if x and y are symmetries of a figure F and we want to 
find asymmetry g of F that conjugates x to y, then the only symmetries 
worth checking to see whether they do this are the symmetries that map 

Fix to Fixy (that is, the fixed point set of x to the fixed point set of y), 
since any other symmetry will definitely not conjugate x to y. 


Note, however, that if a symmetry g maps Fix z to Fixy then there is no 
guarantee that it conjugates x to y: it may or may not do this. 


Theorem E34 tells us in particular that if there is no symmetry in S(F) 
that maps Fix z to Fixy, then z and y are not conjugate. 


For example, consider the two symmetries of the tetrahedron shown in 
Figure 48. The fixed point set of the symmetry on the left is a line 
segment, whereas the fixed point set of the symmetry on the right is a 
triangle. Hence there is no symmetry of the tetrahedron that maps the 
fixed point set of the symmetry on the left to the fixed point set of the 
symmetry on the right. It follows by Theorem E34 that the two 
symmetries are not conjugate. 


27 
3 
— S 


Figure 48 Two symmetries of the tetrahedron 


= Ss 
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Here is another useful result that we can sometimes apply to show that 
two symmetries of a figure are not conjugate. 


Theorem E35 


A direct symmetry cannot be conjugate to an indirect symmetry in a 
symmetry group. 


Proof We use the fact that the composite of two direct symmetries or 
two indirect symmetries is a direct symmetry, whereas the composite of a 
direct symmetry and an indirect symmetry is an indirect symmetry. We 
also use the facts that the inverse of a direct symmetry is direct and that 
the inverse of an indirect symmetry is indirect. 


Let x be a direct symmetry in a symmetry group and let g be any element 
of the group. If g is direct, then go x0 g~' is the composite of three direct 
symmetries and is therefore direct. If g is indirect, then g o xo g7! is the 
composite of a direct symmetry and two indirect symmetries and again is 
therefore direct. Therefore every conjugate of g is direct, which proves the 
theorem. Oo 


For example, Theorem E35 provides an even quicker method than 
Theorem E34 for showing that the two symmetries of the tetrahedron in 
Figure 48 are not conjugate. The first symmetry is a direct symmetry 
whereas the second symmetry is an indirect symmetry, so by Theorem E35 
they are not conjugate. 


4.2 Finding conjugacy classes of finite 
symmetry groups 


In this subsection we will look at how we can find the conjugacy classes of 
finite symmetry groups efficiently. Remember that one reason for finding 
the conjugacy classes of a group is that it can help us to find its normal 
subgroups. 


Many of the results about conjugacy that you have met can help us to 
work out the conjugacy classes of a symmetry group. A particularly 
helpful result is Proposition E26(a), from Subsection 2.3. This states that 
if H is a subgroup of a group G and two elements x and y of H are 
conjugate in H, then they must also be conjugate in G. It follows that if 
we represent a symmetry group S(F) as a subgroup of a symmetric 
group Sn (by labelling the vertices of F, for example), then any 
symmetries that are conjugate in S(F’) must also be conjugate in Sn, and 
hence must have the same cycle structure. 
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So we can find the conjugacy classes of S(F’) by first partitioning S(F’) 
according to cycle structure, and then for each cycle structure class 
determining whether all the symmetries in the class are conjugate to each 
other or whether the class splits into two or more conjugacy classes. 
(Remember that the class may split because even though for any two 
elements x and y of S(F) that have the same cycle structure there is an 
element g of Sn that conjugates x to y, there may not be any such 
element g in S(F) itself.) 


The strategy below sets out this approach, along with some other useful 
ideas. 


Strategy E6 


To determine the conjugacy classes of a finite symmetry group S(F), 
do the following. 


1. Represent S(F) as a group of permutations. 
2. Partition S(F) by cycle structure. 


3. For each cycle structure class, determine whether all the 
symmetries in the class are conjugate to each other, or whether the 
class splits into two or more conjugacy classes. 


The following can help you do this. 


e Two symmetries x and y are conjugate in S(F) if and only if 
there is a symmetry g of F that transforms a diagram 
illustrating x into a diagram illustrating y. 

e If x and y are conjugate in a subgroup H of S(F), then they are 
also conjugate in S(F). 

e If x and y are not conjugate in a group G that has S(F’) asa 
subgroup, then they are not conjugate in S(F). 

e If the fixed point set of x is L, then the fixed point set 
of goxog! is g(L). 

e A direct symmetry and an indirect symmetry are not conjugate. 

e Renaming method: To find the conjugate go x o g7}, replace 

each symbol in the cycle form of x by its image under g. 


e The number of elements in each conjugacy class divides |S(F)|. 


In the next worked exercise, Strategy E6 is used to find the conjugacy 
classes of the symmetry group S(O) in a more efficient way than in 
Worked Exercise E28 in Subsection 2.3. 


175 


Unit E2 Quotient groups and conjugacy 


2 3 
Figure 49 A labelled square 
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Worked Exercise E33 


(a) Express the symmetries of the square as permutations in cycle form 
using the usual vertex labelling, as shown in Figure 49. 


(b) Hence find the conjugacy classes of the symmetry group of the square. 


Solution 


(a) The symmetries of the square are as follows. 


Rotations Reflections 
(1 4)(2 3) 

a 23) (2 4) 

(1 3)(2 4) (1 2)(3 4) 

(1432) (18) 


(b) ®. To find the conjugacy classes, first partition S(O) by cycle 


structure. ® 


The partition of S(O) by cycle structure is as follows. 


{e} 

{(123 4), (43 2)} 

{(1 3)(2 4), (1 4)(2 3), (1 2)(3 4)} 
{(2 4), (1 3)} 


®. For each cycle structure class, determine whether all the 
symmetries in the class are conjugate to each other, or whether 
the class splits into two or more conjugacy classes. © 


One conjugacy class is {e}. 
Now consider the cycle structure class 
I2 34) (Uso 


The symmetries (1 2 3 4) and (1 4 3 2) are rotations through 7/2 
anticlockwise and 7/2 clockwise, respectively. Hence any 
reflection conjugates one to the other. 


®. As a check, we can use the reflection (1 4)(2 3), say, to rename 
one of these symmetries and check that we obtain the other: 


(1234) 


e 
(4321)=(143 2), 


as expected. & 


Thus this cycle structure class is a conjugacy class. 
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Now consider the cycle structure class 


{(1 3)(2 4), (1 4)(2 3), (1 2)(3 4)f. 


The symmetry (1 3)(2 4) is not conjugate to the other two 
symmetries here, because it is direct whereas the other two are 
indirect. 


The symmetries (1 4)(2 3) and (1 2)(3 4) are reflections in the 
vertical and horizontal axes, respectively. Hence a rotation 
through 7/2 or 37/2 (anticlockwise) conjugates one to the other. 


®. Check: 
(1 4)(2 3) 
(i234 J) 44 
(2 1)(3 4) =(12)(34). @ 


Thus this cycle structure class splits into two conjugacy classes: 


(0 3)2 4)}, {0 4)(2 3), (1 2)(3 4)}. 


Finally, consider the cycle structure class 


{(2 4), (1 3)}- 


The symmetries (2 4) and (1 3) are reflections in diagonal axes. 
Hence a rotation through 7/2 or 37/2 (anticlockwise) conjugates 
one to the other. 
@. Check: 
(2 4) 
(1234) 14 
61) = (1 e 


Thus this cycle structure class is a conjugacy class. 


In summary, the conjugacy classes of S(O) are as follows. 


{e} 

TCR 23 Aye EBP 
{0 3)(2 4)} 

{(1 4)(2 3), (1 2)(8 4)} 
{(2 4), (1 3)} 


&. For some purposes we may wish to rewrite these conjugacy 
classes with the symmetries of the square expressed as e, a, b, c, 
r, s, t and u instead of in cycle form. This gives the conjugacy 
classes as 


Ley, Ves ers {b}, ve ay Ts ur. Kad 
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Figure 50 A labelled 
equilateral triangle 
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In the next two exercises, you can use Strategy E6 to find the conjugacy 
classes of the symmetry group S(A) in a more efficient way than in 
Exercise E77 in Subsection 2.3, and to find the conjugacy classes of the 
symmetry group S(O). 


Exercise E92 


(a) 
(b) 


Express the symmetries of the equilateral triangle as permutations in 
cycle form using the usual vertex labelling, as shown in Figure 50. 


Hence find the conjugacy classes of the symmetry group of the 
equilateral triangle. 


Exercise E93 


(a) 


Express the symmetries of the regular hexagon below as permutations 
of the vertex labels in cycle form. 


1 6 


3 4 


Hence find the conjugacy classes of S(O), the symmetry group of the 
regular hexagon. 


Write down the subgroup of S(O) that is the symmetry group of the 
modified regular hexagon below, and use your answer to part (b) to 
determine whether this subgroup is normal in S(O). 


1 6 
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In the next exercise you are challenged to find the conjugacy classes of the 
symmetry group of the double tetrahedron. This is a little trickier than 
the exercises so far in this subsection, as you will probably not be able to 
picture three-dimensional diagrams for some of the symmetries, since some 
of them are not simply rotations or reflections. 


Exercise E94 


Consider the double tetrahedron shown below. 


In Worked Exercise B39 in Subsection 2.4 of Unit B3 we found that its 
symmetries are as follows. 


e (4 5) 
(1 2) (1 2)(4 5) 
(1 3) (1 3)(4 5) 
(2 3) (2 3)(4 5) 
(123) (1 2 3)(4 5) 
(1 3 2) (1 3 2)(4 5) 


The symmetries in the first column are the symmetries of the double 
tetrahedron that arise from symmetries of the equilateral triangle with 
vertices labelled 1, 2 and 3 in the middle of the double tetrahedron, and 
the symmetries in the second column are obtained by composing the 
symmetries in the first column with the reflectional symmetry (4 5) of the 
double tetrahedron. 


Find the conjugacy classes of S(doubletet), the symmetry group of the 
double tetrahedron. 


Hint: Use Strategy E6. You may wish to use the fact that the symmetry 
group of the double tetrahedron has S(A) as a subgroup. 
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5 Conjugacy in matrix groups 


In Section 2 of Unit E1 you met the group GL(2), the general linear 
group of degree 2, whose elements are all the invertible 2 x 2 matrices 
with real entries, and whose binary operation is matrix multiplication. 


You also met some subgroups of GL(2), including the following standard 
subgroups. 


e The group SL(2), the special linear group of degree 2, whose 
elements are all the 2 x 2 matrices with determinant 1. 


e The group L of all invertible 2 x 2 lower triangular matrices. 
e The group U of all invertible 2 x 2 upper triangular matrices. 
e The group D of all invertible 2 x 2 diagonal matrices. 


In this section we will apply the idea of conjugacy to GL(2) and some of 
its subgroups. 


5.1 Conjugate subgroups in matrix groups 


We can use the idea of conjugacy to obtain many more subgroups of GL(2) 
than those you met in Unit E1. To do this, we apply the following theorem 
from Subsection 3.2. 


Theorem E29 


Let H be a subgroup of a group G and let g be any element of G. 
Then the subset gHg~! is a subgroup of G. 


1 


We call the subgroup gHg~ in Theorem E29 a conjugate subgroup 


of H in G. 


A conjugate subgroup of a subgroup of GL(2) is obtained in the worked 
exercise below. 


Worked Exercise E34 


In Exercise E21(b) in Unit E1 you saw that the following set is a subgroup 
of GL(2): 


a 0 
P={(j 1) Fade, od=1h. 


(This set is specified slightly differently there.) 
Find another subgroup of GL(2) by conjugating P by the matrix 


=-()) 


Solution 

®@. Apply the definition of a conjugate subgroup, 
gig  =ohig “he oH). * 

Conjugating P by B gives 
BPB = {BHB : he P} 


®. Replace the symbol B with the matrix that it denotes, and replace 
the symbol h with a general element of the subgroup P. © 


Ee Ge Ge. 


®. The statement i r € P is placing a condition on what the 


variables a and d can be. Simplify this condition. What it says about 
the variables a and d is that a,d € R and ad = 1. ©@ 


AG DE JE J ader azal 


®. Simplify the matrix product. © 


2a ad 1/1 =i 
(© Axi -H eer ect] 
Ji (20a =2u 3 2N = 
={5(% əd ) ader, ad=1} 


a d—a 
a d )sader, ai=1). 


®. This specification of BPB™! is acceptably simple. © 


It is not immediately obvious that the set specified at the end of Worked 
Exercise E34 is a subgroup of GL(2), but by Theorem E29 we know that 
it is. 

This subgroup is different from all the subgroups of GL(2) that you have 
met so far in this book. However, sometimes conjugating a subgroup of 
GL(2) by an element of GL(2) can give a subgroup of GL(2) that you 
already know about, as illustrated in the next worked exercise. 
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Worked Exercise E35 


Consider the group U of all invertible 2 x 2 upper triangular matrices: 


a b 
ta J :a,b,d ER, ad Zo}. 


(a) Find the conjugate subgroup CUC}, where 


0 -1 
ex é | 
(b) Show that CUC™! is equal to L, the group of all invertible 2 x 2 
lower triangular matrices. 


Solution 
(a) We have 
CUC = (CO: meU] 


=i 
IG) G aee) 
( i (; T) aber, aizo} 
=1( E - 5) obdER, dz oh 
ae o) iab deR, dz oh 


®. We can write this specification in a slightly simpler way. As 
the value of the variable b varies through all the numbers in R, so 
does the value of —b. So the specification tells us that the 
bottom left entry of the matrix can be any number in R. 
Although we can specify this, as currently, by saying that the 
bottom left entry is —b, where b € R, it is simpler to say that the 
bottom left entry is b, where b € R. @ 


d 0 
ail ) :a,b,d E R, ad Zo}. 


(b) The group L of all invertible 2 x 2 lower triangular matrices is 
given by 


a O 
bali 1) :a,c,d E€ R, ad Zo}. 


The set specified here is the same as the set specified by the final 
line in the solution to part (a), because it does not matter 
whether we denote the bottom left entry by b or by c, and it does 


1 
x — 
1 
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not matter whether we denote the top left entry by d and the 
bottom right entry by a or vice versa, since interchanging a and d 
in the conditions involving a and d leaves the conditions 
unchanged. 


Hence, by the solution to part (a) above, CUC7! = L. 


Exercise E95 


Recall that the group D of all invertible 2 x 2 diagonal matrices and the 
group U of all invertible 2 x 2 upper triangular matrices are given by 


a 0 
p={(*) iaden, aizo}, 


a b 
= 4) :a,b,d E€ R, ad Zo}. 


(a) Find the conjugate subgroup 


(i)°G 3) - 


Is it equal to U? Justify your answer. 


(b) Find the conjugate subgroup 


-1 
1 1 1 1 
(0 Je a) - 
Is it equal to U? Justify your answer. 


Hint: Remember that to show that two sets are not equal you should show 
that there is an element of one set that is not an element of the other. 


In Exercise E95(b) you should have found that conjugating the 
subgroup U of GL(2) by the matrix 


(0 i) 


gives the subgroup U again. So in this case conjugating a subgroup of 
GL(2) by an element of GL(2) not only gives a subgroup of GL(2) that we 
already knew about, but it gives the same subgroup that we conjugated. 
In the next exercise you are asked to show that this happens in two more 
cases. 
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GL(2) 


Figure 51 The relationship 
between the groups M, U 
and GL(2) 
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Exercise E96 


In Exercise E21(a) in Section 2 of Unit E1 you saw that the following set is 
a subgroup of GL(2): 


m=f( )iabeR a#0}, 


(a) Show that conjugating M by the matrix 


1 3 
0 2 
gives the subgroup M again. 
(b) Show that conjugating M by the matrix 


(a 


gives the subgroup M again. 


Exercise E96 might lead us to wonder whether conjugating the 
subgroup M in the exercise by any matrix in GL(2) would give the 
subgroup M again. If this were true, then it would mean that the 
subgroup M would have the property that 


BMB`™!=M _ for each B € GL(2), 


and hence, by Theorem E33 (Property C) in Subsection 3.4, M would be a 
normal subgroup of GL(2). However, in fact it is not true, as is shown by 
the first worked exercise in the next subsection, so M is not a normal 
subgroup of GL(2). 


Notice, however, that both of the conjugating matrices in Exercise E96 are 
upper triangular matrices. It turns out that it is true that conjugating the 
subgroup M in Exercise E96 by any upper triangular matrix in GL(2), 
that is, by any matrix in the group U, gives the subgroup M again. In 
other words, the subgroup M has the property that 


BMB !=M foreach B €VU. 


Also, M is a subgroup of U, because M is a subset of U (since every matrix 
in M is upper triangular) and M is a group. (The relationship between the 
three groups M, U and GL(2) is illustrated in Figure 51.) It follows by 
Theorem E33 (Property C) that M is a normal subgroup of U. 


Thus M is a normal subgroup of U, but not a normal subgroup of GL(2). 
This is proved in the worked exercise at the start of the next subsection, 
where we will use Property B of Theorem E33 rather than Property C, as 
this makes the proof slightly easier. 


5.2 Normal subgroups in matrix groups 


In this subsection we will look briefly at some examples of normal 
subgroups in matrix groups, beginning with the example mentioned at the 
end of the previous subsection. 


We will show that subgroups are normal (or not normal) by using 
Property B of Theorem E33, which is restated below for convenience. 


Theorem E33 (Property B) 


A subgroup H of a group G is normal in G if and only if it has the 
following property. 


Property B: ghg~' € H for each h € H and each g € G. 


Worked Exercise E30 


Consider the following subgroup of GL(2), which appeared in Exercise E96: 


m={( 4 :a,b ER, azoh. 


The relationship between M, U and GL(2) (where U is the group of all 
invertible 2 x 2 upper triangular matrices) is shown in Figure 51. 


(a) Show that M is a normal subgroup of U. 
(b) Show that M is not a normal subgroup of GL(2). 
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®. To check that BAB! € M, we have to check that it is of the 
form specified before the colon in the definition of M, namely 


a b 
0 ay? 
and also that it satisfies the conditions given after the colon, 


namely a,b E R, a 40. @ 


This matrix is of the form 


(0) 

0 @ 
with a= x and b = ry/u. Also z 40. Hence BAB"! € M. 
Thus M is a normal subgroup of U. 

(b) Again we use Property B of Theorem E33. 


®. This time we have to show that it is not satisfied. & 


We have to show that there is a matrix A € M and a matrix 
B € GL(2) such that BAB“! ¢ M. 


®. To find such matrices, we can start with a general matrix 

A € M and a general matrix B € GL(2) and proceed in a similar 
way to part (a) until things go wrong, as they must since M is 
not normal in GL(2). Looking at what has gone wrong can help 
us find suitable matrices. Alternatively, we can try finding 
suitable matrices by considered experimentation. © 


We have 


4 il i @ 
iG 3) €M and (; i € GL(2), 
but 


DOW aA a a a a a AO 
L 1/7 \O 2/1 I W a/l 1 
5 il 1 
~\=1. 3)" 
This matrix is not in M since it is not an upper triangular 
matrix. 


Hence M is not a normal subgroup of GL(2). 


Here are two exercises about normal subgroups of matrix groups for you to 
try. You can use methods similar to those used in Worked Exercise E36. 


186 


Exercise E97 


Determine whether the group D of all invertible 2 x 2 diagonal matrices, 
given by 


iG z) sade R, ad #0} 


is a normal subgroup of GL(2). 


Exercise E98 


(a) Show that the set 


SORS 


is a subgroup of GL(2). 


= 
S” 


Determine whether S is a normal subgroup of GL(2). 


a~ 
O 
Ya 


Determine whether S is a normal subgroup of the group U of all 
invertible 2 x 2 upper triangular matrices. 


In Worked Exercise E36 at the start of this subsection you saw that the set 


m={(o ')iabeR, azo} 


is a normal subgroup of the group U of all invertible 2 x 2 upper triangular 
matrices. It follows that the quotient group U/M exists. The elements of 
this quotient group are the cosets of M in U. It can be shown that for 
every coset of M in U there is one, and only one, non-zero real number x 
such that the coset can be expressed as 


(0) 


So there is a one-to-one correspondence between the elements of the 
quotient group U/M and the elements of the set R*, given by 


In fact, it can be shown that this mapping ¢ is an isomorphism, so the 
quotient group U/M is isomorphic to the group (R*, x). There is a 
challenging exercise in the additional exercises booklet for this unit that 
asks you to prove this. 
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Summary 


In this unit you studied two important topics that are both related to 
normal subgroups. First you saw that we can use a normal subgroup of a 
group to obtain a quotient group, a group whose elements are the cosets of 
the subgroup and whose binary operation is inherited from the binary 
operation of the group. You saw that in this way a normal subgroup of a 
group can be used to ‘break down’ the group into two simpler groups, just 
as a positive divisor of a natural number can be used to break down the 
number into two simpler numbers. You went on to study conjugacy. You 
saw what this means, and how we can interpret it in symmetric groups and 
in symmetry groups. You also saw (particularly in the context of matrix 
groups) that conjugacy provides convenient ways of checking whether a 
subgroup of a group is normal, and ways of finding new subgroups of a 
group when we already have some subgroups. 


Learning outcomes 


After working through this unit, you should be able to: 
e explain what is meant by a quotient group 


e construct the group table of a quotient group G/N where G is a fairly 
small finite group and N is a normal subgroup of G 


e understand the structures of the quotient groups Z/nZ, where n is an 
integer with n > 2, and the quotient group R/Z 


e explain the terms conjugate and conjugacy class 
e state some properties of conjugate elements 


e efficiently determine the conjugacy classes of a finite group of reasonably 
small order 


e use conjugacy to test whether a subgroup of a group is a normal 
subgroup 


e determine conjugate subgroups of a subgroup of a finite group 
e use conjugacy classes to find normal subgroups of a group 
e understand and use the features of conjugacy in symmetry groups 


e use conjugacy in matrix groups to find conjugate subgroups and to 
determine whether a subgroup is a normal subgroup. 


Solutions to exercises 


Solution to Exercise E49 
(a) {e,b}- {r,t} = {eor, eot, bor, bot} 
dratt} 
= {r,t} 
(b) {a,c}. {a,c} = {a oa, aoc, coa, coc} 
= {b,e,e,b} 
= {e,b} 
(c) {a,s}- {a,s} = {a 0a, aos, soa, sos} 
=A o trey 
(d) {a, s} + {a, 8, e} 
= {aoa, aos, ace, soa, s08, soe} 
= {b,t,a,r,e, s} 


Solution to Exercise E50 


(a) {1,4,7} + {1,4,7} 
= {1 +91, 1 +94, 1 +97, 
4+91, 4+94, 4+97, 
Tal, Vg. Tq Th 
= {2,5,8,5,8, 2,8, 2,5} 
= {2,5,8} 
(b) {0,3,6}+ {1,4,7} 
= {0 +9 1, 0+9 4, 0 +97, 
Stal giai. Bake 
6 +91, 6+9 4, 6 +97} 
= {1,4,7,4,7,1,7,1,4} 
=A bAT 


Solution to Exercise E51 
By the solution to Worked Exercise E19(b), 


{ot} -{c, u} = {a, s, u, c}. 


Also, 
{c u} «{b,t} = {cob, cot, uob, uot} 
= {a,s,s,a} 
= {a, s}. 
Thus 


{b,t}- {c u} Æ 16,0} + {b,t}. 


Solutions to exercises 


Solution to Exercise E52 


(a) The Cayley table for the cosets of the normal 
subgroup {e, b} of S(O) under set composition is as 
follows. 


. {e,b} {a,c} {r,t} {s,u} 
{e,b} | {e,b} {a,c} {r,t} {s,u} 
{a,c} | {a,c} {e,b} {s,u} {r,t} 
{r,t} | {r,t} {s,u} {e,b} {a,c} 
{s u} | {s,u} {r,t} {a,c} {e,b} 


(b) All the sets in the body of the table are cosets 
of {e,b} in S(Q). 


Solution to Exercise E53 


(a) The Cayley table for the cosets of the normal 
subgroup {0,3,6} of the group Zg under set 
composition is as follows. 


+ {0,3,6} {1,4,7} {2,5,8} 
{0,3,6} | {0,3,6} {1,4,7} {2,5,8} 
{1,4,7} | {1,4,7} {2,5,8} {0,3,6} 
{2,5,8} | {2,5,8} {0,3,6} {1,4,7} 


(b) All the sets in the body of the table are cosets 
of {0,3,6} in Zo. 


Solution to Exercise E54 


We have, for example, 


{a, s} - {c u} = {e,r,t, b}. 
This example shows that composing two left cosets 
of the subgroup {e,r} in the group S(O) does not 
necessarily give another left coset of {e,r}. Thus 
the set of left cosets of {e,r} in S(Q) is not closed 
under set composition. 


Similarly, we have 


{a,u}. {c,s} = {e,t,r, b}. 
This example shows that the set of right cosets of 
{e,r} in S(O) is not closed under set composition 
in S(0). 


(There are many other counterexamples.) 
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Solution to Exercise E55 


(Remember that Zj, = {1,2,...,16}, and that the 
binary operation of the group Zj, is x17.) 


(a) In Zi, we have 

4 = 4 x174 = 16, 

43 = 4? xı74= 16 xı74=13 

(since 16 x 4 = (—1) x 4 = —4 = 13 (mod 17)), 

4* = 4° xı74=13 X174=1 

(since 13 x 4 = (—4) x 4 = —16 = 1 (mod 17)). 
So 4 has order 4 and 

N = (4) = {1,4, 13, 16}. 


This subgroup of Zj7 is normal in Zt, because Zi, 
is abelian. 


(b) The cosets are 
N = {1,4, 13, 16}, 
2N = {2 X17 Ls 2 X17 4, 2 X17 13, 2 X17 16} 
= {2,8,9, 15}, 
3N = {3 X17 1; 3 X17 4, 3 X17 13, 3 X17 16} 
= {3, 12, 5,14} 
= {3,5,12, 14}, 
6N = {6 X17 1; 6 X17 4, 6 X17 13, 6 X17 16} 
= {6,7, 10, 11}. 
(c) The group table of Zj,/N is as follows. 


N 2N 3N 6N 


N| N 2N 3N 6N 
2N|2N N 6N 3N 
3N |3 N 6N 2N N 
6N | 6N 3N N 2N 


(The rule for composing cosets of N in Zjz is 
aN -yN = (x xX1iz7y)N forall z,y € Zj7.) 


(d) The identity element of Z},/N is N. The 
inverses of its elements are given below. 


Element | N 2N 3N 6N 
Inverse |N 2N 6N 3N 
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(e) The group Zj,/N has four elements, exactly 
two of which are self-inverse, so it is isomorphic to 
the cyclic group C4. 


Solution to Exercise E56 


(Remember that Zj2 = {0,1,...,11}, and that the 
binary operation of the group Zi2 is +12.) 


(a) In Zy2 we have 
2(6) = 6 +12 6 = 0, 


so 6 has order 2 and hence H = (6) = {0,6}. This 
subgroup of Z12 is normal in Z2 because Z2 is 
abelian. 


(b) The cosets of H in Zi. are 


H = {0,6}, 
1+H = {1,7}, 
2+ H = {2,8}, 
3+ H = {3,9}, 
4+ H = {4,10}, 
5+ H = {5,11}. 


(c) The group table of Zı2/H is as follows. 
T H 1+H 2+H 3+H 4+H 5+H 
H H 1+H 2+H 3+H 4+H 5+H 
1+H|1+H 2+H 3+H 4+H 5+H H 
2+H|2+H 3+H 4+H 5+H H 1+H 
3+H/3+H 4+H 5+H H 1+H 2+H 
4+H|4+H 5+H H 1+H 2+H 3+H 
5+4H/5+H H 1+H 2+H 3+H 4+H 


(The rule for composing cosets of H in Zı2 is 
(x + H)+ (y + H) = (z +12 y)H 
for all z, y € Zı2.) 


(d) The identity element of Zı2/H is H. The 
inverses of its elements are given below. 


Element | H 1+H 2+H 3+H 4+H 5+H 


Inverse | H 5+H 4+H 3+H 24+4H 14+4H 


(e) The group Z12/H is abelian and has six 
elements, so it is isomorphic to the cyclic group C¢. 


Solution to Exercise E57 


(a) The group table of G shows that a? = e, so N 
is the subgroup (a) of G generated by a. Also, the 
group table of G is symmetric with respect to the 
main diagonal, so G is abelian and hence N is 
normal in G. 


(b) The cosets are 
N = {e,a}, 
bN = {be, ba} = {b,c}, 
dN = {de, da} = {d, f}, 
gN = {ge, ga} = {9,h}. 
(c) The group table of G/N is as follows. 


N bN gN 
N| N N 
bN N 
dN gN N 


gN dN bN N 


gN 


(The rule for composing cosets of N in G is 
£N -yN = (xy)N forall gz,y € G.) 

(d) The identity element of G/N is N. Each 

element is self-inverse. 


(e) The group G/N has four elements and each 
element is self-inverse, so it is isomorphic to the 
Klein four-group V. 


(The quotient group G/N here can be spotted as a 
blocking of the given group table for G, as shown 
below.) 


= © Ss ©) isa & 
See ee GO OO Ree 
SS & = S © © Ba 
Seas Ss Ss = So o 
OUD = o or, ae 
S © © & Sa 
<s t RMA €S Ree 
© èe RMA -oao S| SS 


eee ae) S o D 


Solutions to exercises 


Solution to Exercise E58 
(a) In G we have 


So r has order 3 and 
m=ler sF F=N: 
Thus N is a subgroup of G. 
Also, N has index 2 in G, so it is normal in G. 


(b) The cosets are 
N = {e,r,s}, 
pN = {p,q,t}. 

(c) The group table of G/N is as follows. 


N pN 
NI N pN 
pN|pN N 


(The rule for composing cosets of N in G is 
£N -yN = (xy)N forall g,y € G.) 


(d) The identity element of G/N is N. Each 
element is self-inverse. 


(e) The group G/N has two elements, so it is 
isomorphic to the cyclic group Co. 


Solution to Exercise E59 


The elements of Z/4Z are the cosets of 4Z in Z. 


The cosets are 
AZ = {...,—12, —8, —4, 0, 4,8, 12,...}, 
1+4Z = {...,—11,—7, —3,1,5,9,13,...}, 
2+4Z = {...,—10, —6, —2, 2, 6, 10, 14,...}, 
47 =f, a, 0-5 1 97,1, 5p 


Hence Z/4Z has order 4. 
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Solution to Exercise E60 Solution to Exercise E63 


The group table of Z/4Z is as follows. (a) We have 
i AZ 144Z 244Z 3442 0.24 Z={...,—18, E 0.2, 1.2, 2.2, 3.2, ...}, 
a PE Oe de 1.2+Z= {..., —0.8, 0.2, 1.2, 2.2, 3.2, 4.2, ...}, 
3.7 +Z =f, 1.7, 2.7, 3.7, 4.7, 5.7, 6:7, xk 
1+4Z|1+4Z 2+4Z 3442 AZ, $ Leta ; f , } 
—1.3 +Z = {..., —3.3, —2.3, —1.3, 
2+4Z)24+4Z 3+4Z 4Z 1+4Z 
= 03,07, h 
3+4Z | 3+ 4Z 4Z 14+4Z 2442 
-48+Z={..., —6.8, —5.8, —4.8, 


(For example, 
(1 +4Z) + (2+4+4Z) = 3 +4Z, 
(3+4Z)+(3+4Z)=6+4Z=2+4Z 


st ee en ee 


(b) There are only two different cosets in the list 
because 


(since 6 € 2+4Z), 0.2+Z 
(1+4Z)+(3+4Z)=44+4Z=4Z =124+Z 
(since 4 € 4Z).) = —4.8 + Z 
; : Fi ae 9S 1S O08 TODD BO oy 
Solution to Exercise E61 P 
an 
A suitable isomorphism is 3742 
o:Z/4Z — Z4 = —1.3+Z 
a+4Z— >a, for a=0,1,2,3. = {..., —2.3, —1.3, —0.3, 0.7, 1.7, 2.7, 3.7, ...}. 


Solution to Exercise E62 


(a) By Theorem E16, Z/6Z is isomorphic to Z¢ 
and an isomorphism is 


$: Z/6Z — Ze 


a+6Zt >a, fora=0,1,2,3,4,5. 


The generators of Ze are 1 and 5. These integers 
are the images under the isomorphism ¢ of the 
elements 1 + 6Z and 5 + 6Z of Z/6Z. Hence the 
generators of Z/6Z are 1+ 6Z and 5 + 6Z. 


(b) The generators of Z4 are 1 and 3. So, by an 
argument similar to that in part (a), the generators 
of Z/4Z are 1+ 4Z and 3 + 4Z. 

(c) The generators of Zs are 1, 2, 3 and 4. So, by 
an argument similar to that in part (a), the 


Solution to Exercise E64 
(a) We have that 3.1 = 0.1 + 3 and 0.1 € [0, 1), so 
3.1+Z=0.1 +Z. 


(b) We have that —0.22 = 0.78 + (—1) and 
0.78 € [0, 1), so 


—0.22 + Z = 0.78 + Z. 


(c) We have that —3.1 = 0.9 + (—4) and 
0.9 € [0, 1), so 


—3.1 +Z =0.9 +Z. 


Solution to Exercise E65 
(a) (0.9 +Z) + (0.8 + Z) = (0.9 +10.8)+Z 


generators of Z/5Z are 1 + 5Z, 2 + 5Z, 3 + 5Z and =0.74+Z 

4+ 52. (b) (0.2+Z)+Z = (0.2+2Z)+(0+2Z) 
= (0.24+10)+Z 
=0.2+Z 
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(c) (0.5+Z) + (0.7 +Z) + (0.8 + Z) 
= (0.5 +) 0.7 +1 0.8)+ Z 
=0+Z 
=Z 


Solution to Exercise E66 


(a) The element 0.25 + Z of R/Z maps to the 
element 0.25 of the group ([0, 1), +1) under the 
isomorphism in Theorem E17. So these two 
elements have the same order. 


The element 0.25 of the group ([0, 1), +1 
order 4, because 
2(0.25) = 0.25 +, 0.25 = 0.5, 
3(0.25) = 2(0.25) +1 0.25 = 0.5 +1 0.25 = 0.75, 
4(0.25) = 3(0.25) +1 0.25 = 0.75 +1 0.25 = 0. 


It follows that the element 0.25 + Z of R/Z also 
has order 4. 


) has 


The cyclic subgroup generated by this element is 
{Z, 0.25 +Z, 0.5+Z, 0.75+Z}. 


(b) We can obtain elements with the specified 
orders by using the ideas of part (a). 


(i) An element of R/Z of order 5 is 0.2 + Z. 
(ii) An element of R/Z of order 2 is 0.5 + Z. 
(iii) An element of R/Z of order 3 is i +Z. 


(iv) An element of R/Z of order 1 is the identity 
element Z. 


Solution to Exercise E67 


(a) The group S( 
of direct symmetries in S(O) is a subgroup of S( 
(by Theorem B25, which you revised in 
Subsection 1.4 of Unit E1), and it is normal 

in S(O) since it has index 2 (see Theorem E11 in 
Unit E1). 


(b) The group Ze is not simple. By Theorem B41 
(which you revised in Subsection 3.3 of Unit E1), 
the subgroups of Ze are cyclic subgroups of orders 
1, 2, 3 and 6 and, since Ze is abelian, these 
subgroups are all normal by Theorem E10 in 

Unit El. 


) is not simple. The set S+(0) 


Solutions to exercises 


(c) The group Z7 is simple. By Theorem B41, the 
only subgroups of Z7 are cyclic subgroups of orders 
1 and 7. Thus the only normal subgroups of Z7 are 
the trivial subgroup {0} and Z7. 


Solution to Exercise E68 

(a) (i) We use the conjugating permutation 

(1 3 5) to rename the symbols in (1 2 4 3 5): 
(12435) 


(135) Lddd4 
(32451)=(13245). 
Thus 
(1S 5)e0 249 5)0(13 5)" = 324 5). 
(ii) Using the renaming method, we obtain 
(1 5 2) 


(13)(245) 444 


(3 2 4) = (243). 


Thus 


(13)(245)o a 


(15 2)0((1 3)(2 45)) 


(b) We can check the answers to part (a) as 
follows. 
(i) (13 5)e(1 243 5)o(13 5)! 
= (135)0(12435)0(53 1) 
= (13245) 
(ii) (1 3)(2 45) o (1 5 2) o ((1 3)(245)) | 
= (1 3)(2 4 5)o (1 5 2) o (3 1)(5 4 2) 
= (1)(2 4 3)(5) 
=(243) 


Solution to Exercise E69 


= (243). 


The permutation (2 3 5)(4 6) can be written in the 


form (— — —)(— —) in six different ways: 
(23 5)(4 6), (23 5)(6 4), 
(3 5 2)(4 6), (8 5.2)(0-4), 
(523)(46), (5 23)(6 4). 


The conjugating permutation in Worked 

Exercise E24 corresponds to the middle way in the 
left-hand column above, and the two conjugating 
permutations in Worked Exercise E25 correspond 
to the other two ways in the left-hand column. 
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So we can obtain three more conjugating 
permutations by writing (2 3 5)(4 6) in the three 
ways in the right-hand column. We obtain: 


(1 4 3)(2 6)(5) 


g 444 44 4} , which gives g = (1 2 6 4 3 5); 


(2 3 5)(6 4)(1) 
(1 4 3)(2 6)(5) 


g L44 44 |, which gives g = (1 3 2 6 4 5); 


(3 5 2)(6 4)(1) 
(1 4 3)(2 6)(5) 


g 444 44 4, which gives g = (1 5)(2 6 4). 


(5 2 3)(6 4)(1) 
So the other three permutations in Se that 
conjugate (1 4 3)(2 6) to (2 3 5)(4 6) are 
(126435), (132645) and (15)(26 4). 


Solution to Exercise E70 


There are four ways to match up the cycles, as 
follows: 


(1 3)(2)(4) 
g ++ 4 J, which gives g = (13 4 2); 
(3 4)(1)(2) 


(1 3)(2)(4) 
g +1 4 J, which gives g = (1 3 4); 
(3 4)(2)() 


(1 3)(2)(4) 
g ++ 4 J, which gives g = (1 4 2); 
(4 3)(1)(2) 


(1 3)(2)(4) 
g ++ 4 J, which gives g = (1 4). 
(4 3)(2)() 


So the permutations in S4 that conjugate (1 3) to 
(3 4) are (1 3 4 2), (1 3 4), (1 4 2) and (1 4). 


Solution to Exercise E71 


l= so(aos)=sor=b 


(a) soaos™ 
(b) aoaoa™t =ao(aob)=ao0oe=a 


1 


(c) eoaoe™ =eo(aoe)=e0oa=a 


(d) boaob™t =bo(aoa)=bo0ob=a 
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Solution to Exercise E72 


Let g be any element of G. Then, since G is 
abelian, 


as required. 


Solution to Exercise E73 


1 1 


(a) Sen =g Se 


(b) eve" = ere = ez = x 


Solution to Exercise E74 


1 


(a) Since y = gxg~“, we have 


y’ = garg ‘gxg! 


= guexg | 
= gz? gt. 
(b) Since y = gzg™t and, by part (a), 
y? = gxz?g7}, we have 
yayy 
= gx? g~* gag™ 
1 


1 


= gx°exg” 
= garg t. 
(c) Since y = gxrg~! and, by part (b), 
y? = gx?g—', we have 
y=yy 
= gg gag” 
1 


1 


= gu%exg” 


= gztg™!. 


Solution to Exercise E75 


The group Zę is abelian, so each element is 
conjugate to itself alone. Thus any two elements of 
the same order have the required property. 


The orders of the elements of Ze are as follows. 
Element |0 1 2 3 4 5 
Order 163 2 3 6 


The elements 1 and 5 have the same order but are 
not conjugate. 


Similarly, the elements 2 and 4 have the same 
order but are not conjugate. 


Solutions to exercises 


Solution to Exercise E76 A 


(a) The conjugates of c in S(O) are 


eocoe™! =eo(coe)=e0c=c, 
1 —ao(coc)=a0b=c, 
bocob 1 =bo(cob)=bo0oa =c, 


cococ |}=coe=c, 


aoco 


Solution to Exercise E78 
rocor™! =ro(cor)=rou=a, 
We have Zž = {1,2, 3,4,5,6}. 


1 


sores ~ =so(cos)=sor=aqa, 


Now Zz; is abelian and therefore each element of Z3 


=] = — poun 
PR EE a is conjugate only to itself, by the result proved in 


uocou =yo (dcou) =uot=a. Exercise E72. 
The conjugacy class of c in S(O) is {a,c}. Hence the partition of Z} into conjugacy classes is 
(b) In any group, conjugating the identity {1}, {2}, {3}, {4}, {5}, {6}. 


element e by any other element g just gives the 
identity element again: geg~! = gg! = e, as you (Each conjugacy class contains a single element.) 


saw in Exercise E73(a). Therefore the conjugacy 


daot ease (a). Solution to Exercise E79 

: F The group H has order 4 and is therefore abelian. 
Solution to Exercise E77 So each element of H is conjugate only to itself 
The partition of S(A) by the orders of its elements '™ H. 
is However, all the non-identity elements of H have 


the same cycle structure and are therefore all 
b t}. . . 
teks. Teth Taat conjugate to each other in 94. 


The set {e} is a conjugacy class. 
Consider the set {a,b}. We have Solution to Exercise E80 


Let G be a group with identity element e. We use 
Theorem E28 to show that {e} and G are normal 
Hence {a,b} is a conjugacy class. in G. 


al 


foOuer =ro(aor)=rot=b. 


Now consider the set {r, s,t}. Conjugating r by e First consider the subgroup {e}. Let h be any 
gives r. Also, element of {e}, that is, h = e, and let g be any 


Pe ee ee ee element of G. Then 


borob-! =bo(roa) =bos=t. ghg”' = geg' = gg"! =e € {e}. 
Hence {r,s,t} is a conjugacy class. Therefore {e} is normal in G. 
In summary, the conjugacy classes of S(A) are Next consider the subgroup G. Let h be any 
element of the subgroup G and let g be any 
{e}, {a,b}, {r,s,¢}. element of the group G. Then, since g, h and g~! 


(The partition of S(A) into conjugacy classes is all belong to G, we have ghg™' € G. 


illustrated below.) Therefore G is normal in G. 
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Solution to Exercise E81 


Let H and K be normal subgroups of a group G. 
Then H N K is a subgroup of G, by Theorem B81. 
We use Theorem E28 to show that H A K is 
normal in G. 


Let x be any element of H N K and let g be any 
element of G. Then z is an element of H and also 
an element of K, so, since both H and K are 
normal in G, 

gtg '€H and gag eK. 
Hence 

gtg (€ HK. 
Therefore HM K is normal in G. 


Solution to Exercise E82 
(a) (i) Let (a,b) € X. Then 

(a,b) * (1,0) = (a x 1,a x 0+ 6) = (a,b). 
(ii) Let (a,b) € X. Then 


* (1, —2)) * (1,3) 
= (—1,5) « (-1,3) 
= (1,2) 
(c) Let (1,6) be any element of A and let (c,d) be 


any element of X. Then b,c,d € R and c #0. We 
have to show that 


(c,d) * (1,0) x (c,d) 7} € A. 


Now (e, d)! = (2-5), avola 
(c,d) * (1, b) * (c, d)7} 
= (ed) «(1,0)) (2-2) 
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= (b+ d) 4 (-5) 


c 
= (1,—d + cb + d) 
= (1 6b): 
The element (1, cb) belongs to A, since its first 


coordinate is 1 (and cb € R). Thus, by 
Theorem E28, A is a normal subgroup of X. 


(Note that part (b) provides supporting evidence 
that the subgroup A is normal in X: it gives two 
examples of conjugates of elements of A by 
elements of X, both of which turn out to be 
elements of A.) 


Solution to Exercise E83 


(a) We have, for example, (1 2) € H and 
(1 3) € S4, but 
(1 3)o (1 2) o (1 3)7} = (3 2) 
= (23) ¢ H. 
Therefore by Theorem E28 the subgroup H is not 
normal in S4. 


(b) We have, for example, (1 3) € H and 
(1 2) € S4, but 


(1 2)o (1 3)o (1 2)! = (2 3) ¢ H. 
Therefore by Theorem E28 the subgroup H is not 
normal in S4. 


(The conjugates above can be found by using the 
renaming method.) 


Solution to Exercise E84 


First we show that K is a subgroup of X. We show 
that the three subgroup properties hold. (You 
revised these in Subsection 1.4 of Unit E1.) 


SG1 Let (1,m),(1,n) € K. Then m,n € Z. We 
have 


(1,m) * (1,n) = (l,n+ m). 


This point has first coordinate 1 and its second 
coordinate n + m is in Z because m,n € Z. Hence 
it is an element of K. Thus K is closed under x. 


SG2 The identity element of X is (1,0). This 
point has first coordinate 1, so it is an element 
of K. 


SG3 Let (1,n) € K. Then n € Z. The inverse of 
(1,n) in X is (1,—n). This point has first 
coordinate 1 and its second coordinate —n is in Z 
because n € Z. Hence it is an element of K. 


Thus K contains the inverse of each of its elements. 


Hence K satisfies the three subgroup properties 
and so is a subgroup of X. 


To investigate whether K is normal in X, we 
determine the conjugate of a general element of K 
by a general element of X. 


Let (1,n) € K and let (a,b) € X. Then n € Z, and 
a,b E€ R with a #0. We have 


(a,b) * (1,n) * (a,b)! 
eign: (<.-2) 


Ata cae (<.-2) 


a 
= (1,—b + an + b) 
= (1,an). 


We need to determine whether this point is always 
an element of K. It has first coordinate 1, so to 
check whether it is in K we need to check whether 
an is always an integer. However a need not be an 
integer, so an will not always be an integer: for 
example, if a = 3 and n = 3, then an = 3. Thus 
(1, an) will not always be in K. 

So we can now give a counterexample to 
demonstrate that K is not a normal subgroup 
of X. We have (1,3) € K and (4,0) € X, but 


=i 
(4,0) *(1,3)* (4,0) = (1,3) g K. 
Therefore by Theorem E28 the subgroup K is not 
normal in X. 


Solution to Exercise E85 


From the group table for S(O) we obtain the 


following. 
(a) aHa! 


={aoeca',aosoa t} 
= {e,a0(s00)} 

= {e, aot} 

= {e,u} 


Solutions to exercises 


(b) rHr`! robor t,rosor}, 


=f{roeor’, 
rouor  } 

={e,ro(bor), ro(sor),fo(uar)} 

= {e,rot,roa,roc} 

= {e,b,u, s} 

=H 


Solution to Exercise E86 


(a) (i) To determine (1 2 4)K(1 2 4)~+, we use 
(1 2 4) to rename the symbols in each element 
of K. 
For example, we have 
(1 2)(3 4) 
124) 44 4 
(2 4)(3 1) = (1 3)(2 4), 
so the conjugate of (1 2)(3 4) by (1 2 4) is 
(1 3)(2 4). 
This method gives 
(124)K(124)+* 


= {e, (2 4)(3 1), (2 3)(4 1), (2 1)(4 3)} 
= {e, (1 3)(2 4), (1 4)(2 3), (1 2)(3 4)} 
(Notice that (1 2 4)K(124)-'=K.) 


(ii) Similarly, using (2 4 3) to rename the symbols 
in each element of K, we obtain 


(24 3)K(2 43)! 
= {e, (1 4)(2 3), (1 2)(4 3), (1 3)(4 2)}. 
(Notice that again (2 4 3)K(2 43) 1=K.) 


(b) Since conjugation does not change cycle 
structure, every conjugate subgroup gKg~! of K 
in Ay is a subgroup of A4 of order 4 whose 
elements are the identity and three permutations 
all with cycle structure (— —)(— —). However (as 
shown in Subsection 3.3 of Unit B3) there are only 
three permutations with this cycle structure in Ay, 
namely the three non-identity permutations in the 
subgroup K. It follows that every conjugate 
subgroup gKg~! of K in A; is equal to K. So K 
has just one conjugate subgroup, namely itself. 
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Solution to Exercise E87 


By the solution to Exercise E77, the conjugacy 
classes of S(A) are 


{e}, {a,b}, {r,s,t}. 


The following subgroups of S(A) are unions of 
conjugacy classes: 


{e} = {e}, 
{e,a,b} = {e} U {a,b}, 
S(A) = {e} U {a,b} U {r,s,t}. 


Hence by Theorem E32 these three subgroups are 
normal subgroups of S(A). 


The remaining three subgroups {e,r}, {e, s} and 
{e,t} of S(A) are not normal, since none of them 
can be expressed as a union of conjugacy classes. 


Solution to Exercise E88 
We apply Strategy E5. 


We are given that As has five conjugacy classes, 


and the numbers of elements in these classes are 1, 


12, 12, 15 and 20. 


We need to find all the unions of conjugacy classes 
that include the class {e} and whose total number 


of elements is a divisor of |A5| = $ x 5! = 60. 


So we seek ways of adding some of the numbers 


1, 12, 12, 15, 20, 


always including 1, to obtain a total that is one of 
the numbers 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30 or 60. 


We can achieve the total 1 by taking the number 1 


alone. 


The smallest total greater than 1 that can be 
achieved with the given numbers, including 1, 


is 1 + 12 = 13, so none of the totals 2, 3, 4, 5, 6, 10 


and 12 is possible. 


The smallest total greater than 13 that can be 
achieved is 1 + 15 = 16, so the total 15 is not 
possible. 


Since only one of the numbers other than 1 is odd, 


namely 15, any even total must include both the 
numbers 1 and 15. The smallest such totals that 
can be achieved are 1 + 15 = 16, 1 + 15 + 12 = 28 
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and 1 + 15 + 20 = 36, so neither of the totals 20 
and 30 is possible. 


We can achieve the total 60 by adding all of the 
numbers. 


Thus the only suitable sums of numbers are 
1 and 1+12+ 12 +15 + 20. 


So the only unions of conjugacy classes that 
include A = {e} and have a permissible number of 
elements are as follows: 


A (1 element), 
AUBUCUDUE (60 elements). 


If either of these sets is a subgroup, then it is a 
normal subgroup, by Theorem E32. 


These sets are the set {e} and the whole set As 
respectively, so both are subgroups. 


We conclude that the only normal subgroups of As 
are the trivial subgroup {e} and the whole 
group As. 


(The solution to this exercise shows that As is a 
simple group. The definition of a simple group was 
given in the optional Subsection 1.3.) 


Solution to Exercise E89 


(a) The symmetry a transforms a diagram 
illustrating the symmetry r into a diagram 
illustrating the symmetry t, as shown below. 


So the symmetry a conjugates r to t, that is, 


t=aoroa t. 


Thus the symmetries r and t are conjugate 
in S(O). 
(Each of the symmetries c, s and u also transforms 
a diagram illustrating r into a diagram 

illustrating t and hence also conjugates r to t.) 


(b) The symmetries a and b are shown below. 
There is no symmetry of the square that 
transforms a diagram illustrating a into a diagram 
illustrating b. 


So there is no symmetry of the square that 
conjugates a to b and hence these symmetries are 
not conjugate in S(D). 


(c) The symmetries r and u are shown below. 
There is no symmetry of the square that 
transforms a diagram illustrating r into a diagram 
illustrating u. 


r 


S / 


So there is no symmetry of the square that 
conjugates r to u and hence these symmetries are 
not conjugate in S(D). 


Solution to Exercise E90 


(a) Reflection in the vertical axis and reflection in 
the axis obtained by rotating the vertical axis by 
27/7 anticlockwise are conjugate in S(heptagon). 


A conjugating symmetry is rotation through 27/7 
anticlockwise (or reflection in the axis obtained by 
rotating the vertical axis by 7/7 anticlockwise). 


(b) Anticlockwise rotation through 27/7 and 
anticlockwise rotation through 127/7 (which is the 


Solutions to exercises 


same as clockwise rotation through 27/7) are 
conjugate in S(heptagon). 


A conjugating symmetry is reflection in the 
vertical axis (or any reflection). 


(c) Anticlockwise rotation through 27/7 and 
anticlockwise rotation through 47/7 are not 
conjugate in S(heptagon). 


There is no symmetry of the heptagon that 
transforms a diagram illustrating the first of these 
symmetries into a diagram illustrating the second. 


Solution to Exercise E91 


(a) The fixed point set of the reflection in the 
plane through vertices 3, 4 and 5 is the portion of 
this plane that lies within the double tetrahedron, 
as shown below. 


(b) The fixed point set of the reflection in the 
plane through vertices 1, 2 and 3 is the triangle 
with vertices 1, 2 and 3. 


(c) The fixed point set of the rotation (1 2 3) is 
the line segment that joins vertices 4 and 5. 
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Solution to Exercise E92 


The labelled triangle is as follows (repeated here 
for convenience). 


1 
2 3 
(a) The symmetries of the triangle are as follows. 
Rotations Reflections 
e (1 2) 
(1 2 3) (1 3) 
(132) (2 3) 


(b) The partition of S(A) by cycle structure is as 
follows. 


{e} 

{1 2 3), (13 2)} 

{(1 2), (1 3), (2 3)} 
One conjugacy class is {e}. 


Now consider the cycle structure class 


{(1 2.3), (13 2)}. 


The symmetries (1 2 3) and (1 3 2) are rotations 
through 27/3 anticlockwise and 27/3 clockwise, 

respectively. Hence any reflection conjugates one 
to the other. Thus this cycle structure class is a 

conjugacy class. 


Now consider the cycle structure class 


{(1 2), (1 3), (2 3)}- 


The symmetry (1 2 3) (rotation through 27/3 
anticlockwise) transforms a diagram illustrating 
the symmetry (1 2) into a diagram illustrating the 
symmetry (2 3). 


Also, the symmetry (1 3 2) (rotation through 47/3 
anticlockwise) transforms a diagram illustrating 
the symmetry (1 2) to a diagram illustrating the 
symmetry (1 3). 


Hence the three symmetries in this cycle structure 
class are all conjugate to each other. Thus this 
cycle structure class is also a conjugacy class. 
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In summary, the conjugacy classes of S(A\) are as 
follows. 


{e} 
{(1. 2.3), (1-3 2)} 
{(1 2), G 3), (2 3)} 


(The effects of the symmetries (1 2 3) and (1 3 2) 
mentioned above are shown below.) 


(2 3) 
—> 


1 ge 1 
A.” 
2 3 J! 2) 2 
A A 
aE 
(1 3) 


Solution to Exercise E93 


The labelled hexagon is as follows (repeated here 
for convenience). 


1 6 
< ) 
3 4 


(a) The symmetries of the hexagon are as follows. 


Rotations Reflections 

e (1 6)(2 5)(3 4) 
(123456) (1 2)(3 6)(4 5) 
(1 3 5)(2 4 6) (1 4)(2 3)(5 6) 
(1 4)(2 5)(3 6) (2 6)(3 5) 

(1 5 3)(2 6 4) (1 3)(4 6) 
(165 43 2) (1 5)(2 4) 


(You also met the symmetries of the hexagon 
expressed as permutations of the vertex labels 
earlier in the module, in Exercise B100 in 
Subsection 2.4 of Unit B3.) 


(b) The partition of S(O) by cycle structure is as 
follows. 


{e} 
{(123456), (16543 2)) 
{(1 3 5)(2 46), 15 3)(2 6 4)} 
{(1 4)(2 5)(3 6), (1 6)(2 5)(3 4), 
(1 2)(3 6)(4 5), (1 4)(2 3)(5 6)} 
{(2 6)(3 5), (1 3)(4 6), (1 5)(2 4)} 


One conjugacy class is {e}. 
Now consider the cycle structure class 


{(123456), (16543 2)}. 


The two symmetries in this class are rotations 
through 7/3 anticlockwise and 7/3 clockwise, 
respectively. Hence any reflection conjugates one 
to the other. Thus this cycle structure class is a 
conjugacy class. 


Next consider the cycle structure class 
{(1 3 5)(2 4 6), (1 5 3)(2 6 4)}. 


The two symmetries in this class are rotations 
through 27/3 anticlockwise and 27/3 clockwise, 
respectively. Hence any reflection conjugates one 
to the other. Thus this cycle structure class is a 
conjugacy class. 


Next consider the cycle structure class 
{(1 4)(2 5)(3 6), (1 6)(2 5)(3 4), 
(1 2)(3 6)(4 5), (1 4)(2 3)(5 6)}. 


The symmetry (1 4)(2 5)(3 6) is not conjugate to 
the other three symmetries here, because it is 
direct whereas the other three are indirect. 


Solutions to exercises 


The three symmetries (1 6)(2 5)(3 4), 

(1 2)(3 6)(4 5) and (1 4)(2 3)(5 6) are all 
reflections in axes that pass through two midpoints 
of edges. Hence for any pair of these symmetries 
there is a rotation of the hexagon that transforms 
a diagram illustrating one of the pair to a diagram 
illustrating the other. Therefore the three 
symmetries are all conjugate to each other. 


Thus this cycle structure class splits into two 
conjugacy classes: 

{(1 4)(2 5)(3 6)}, 

{(1 6)(2 5)(3 4), (1 2)(3 6)(4 5), (1 4)(2 3)(5 6)}. 


Finally, consider the cycle structure class 


{(2 6)(3 5), (1 3)(4 6), (1 5)(2 4)}. 


The three symmetries in this class are all 
reflections in axes that pass through two vertices. 
Hence for any pair of these symmetries there is a 
rotation of the hexagon that transforms a diagram 
illustrating one of the pair to a diagram illustrating 
the other. Therefore the three symmetries are all 
conjugate to each other. Thus this cycle structure 
class is a conjugacy class. 


In summary, the conjugacy classes of S(O) are as 
follows. 


{e} 
123456), (16543 2)} 
13 5)(2 46), (1 5 3)(26 4)} 


( 
( 
(1 4)(2 5)(3 6)} 
(1 
(2 


omy OS 


6)(2 5)(3 4), (1 2)(3 6)(4 5), (1 4)(2 3)(5 6)} 
{(2 6)(3 5), (1 3)(4 6), (1 5)(2 4)} 


(c) The symmetry group of the given modified 
regular hexagon is 


{e, (1 6)(2 5)(3 4), (1 3)(4 6), (1 4)(2 5)(3 6)}. 


This subgroup is not normal in S(O) because it is 
not a union of conjugacy classes of S(O). For 
example, the element (1 3)(4 6) of the subgroup 
lies in the same conjugacy class as (1 5)(2 4), but 
this symmetry is not an element of the subgroup. 
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Solution to Exercise E94 


We use Strategy E6. There are many different 
ways to work out the conjugacy classes of 
S(doubletet). One method is given here. 


The partition of S(doubletet) by cycle structure is 
as follows. 


{e} 
{(1 2), (1 3), (2 3), (4 5)} 
{1 2 3), (1.3 2)} 


{(1 2)(4 5), (1 3)(4 5), (2 3)(4 5)} 
{(1 2 3)(4 5), (1 3 2)(45)} 


One conjugacy class is {e}. 


Now consider the cycle structure class 


{(1 2), (1 3), (2 3), (4 5)}- 


We can use the fact that the group S(A), with its 
usual representation as permutations of the vertex 
labels 1, 2 and 3, is a subgroup of S(doubletet). 
The elements (1 2), (1 3) and (2 3) are all 
conjugate in $(A) (by the solution to 

Exercise E92), so they are all conjugate 

in S(doubletet). 


The symmetry (4 5) is the reflection in the plane 
passing through the vertices 1, 2 and 3, shown on 
the left below. Its fixed point set is the triangle 
with vertices 1, 2 and 3. The symmetry (1 2) is the 
reflection in the plane passing through the vertices 
3, 4 and 5, shown on the right below. Its fixed 
point set is the part of this plane lying within the 
double tetrahedron. There is no symmetry of the 
double tetrahedron that maps one of these two 
fixed point sets to the other, so by Theorem E34 
the symmetries (4 5) and (1 2) are not conjugate 
in S(doubletet). 
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Thus the cycle structure class above splits into two 
conjugacy classes: 


{(1 2), (1 3), (2 3)},  {(4 5)}. 


Next consider the cycle structure class 


{(1 2.3), (13 2)}. 


Similarly to the above, the two elements of this 
class are conjugate in S(A), so they are also 
conjugate in S(doubletet). Thus this cycle 
structure class is a conjugacy class. 


Now consider the cycle structure class 


{(1 2)(4 5), (1 3)(4 5), (2 3)(4 5)}. 


We know that in S(A) the element (1 2 3) 
conjugates (1 2) to (2 3), so in S(doubletet) it 
must conjugate (1 2)(4 5) to (2 3)(4 5), since it will 
have no effect on the cycle (4 5): 


(1 2)(4 5) 
(123) 44 14 
(2 3)(4 5). 


Similarly, in S(A) the element (1 2 3) conjugates 
(2 3) to (1 3), so in S(doubletet) it must conjugate 
(2 3)(4 5) to (1 3)(4 5): 


(2 3)(4 5) 
(123) 44 Ld 
(3 1)(4 5) = (1 3)(4 5). 


Thus the cycle structure class above is a conjugacy 
class. 


Finally consider the cycle structure class 
{(1 2 3)(4.5), (1 3 2)(4 5)} 


We can argue in a similar way as for the previous 
cycle structure class. We know that in S(A) the 
element (2 3) conjugates (1 2 3) to (1 3 2), so 

in S(doubletet) it must conjugate (1 2 3)(4 5) to 
(1 3 2)(4 5). Thus this cycle structure class is a 
conjugacy class. 


In summary, the conjugacy classes of S(doubletet) 
are as follows. 


{e} 
{0 2), (1 3), (2 3)} 

{4 5)} 

{(1 2 3), (13-2)} 

{(1 2)(4 5), (1 3)(4 5), (2 3)(4 5)} 

{(1 2 3)(4 5), (1 3 2)(4 5)} 

(Here are some alternative methods that you could 


have used. 


To work out that the three symmetries (1 2), (1 3) 
and (2 3) are all conjugate, you can consider the 
geometric effects of these symmetries. They are all 
reflections in vertical planes, as shown below. 


(1 2) 


(1 3) 


We would expect from these diagrams, or by 
considering the fixed point sets of these 
symmetries, that the rotation (1 2 3) would 
conjugate (1 2) to (2 3) and conjugate (2 3) 
to (1 3), and we can confirm this by using the 
renaming method: 


(1 2) (2 3) 
(oles! (123) 14 
(2 3), Gi 115), 


Thus the three symmetries (1 2), (1 3) and (2 3) 
are all conjugate. 


Solutions to exercises 


To work out that the cycle structure class 


{(1 2)(4 5), (1 3)(4 5), (2 3)(4 5)} 


is a conjugacy class, again we can consider the 
effects of these symmetries. Each of them is a 
rotation through 7m about a horizontal axis, as 
shown below. 


4 
\ 3 
(2 3)(4 5) (1 3)(4 5) 


We would expect from these diagrams, or by 
considering the fixed point sets of these 
symmetries, that the rotation (1 2 3) would 
conjugate (1 2)(4 5) to (2 3)(4 5) and conjugate 

(2 3)(4 5) to (1 3)(4 5), and we can confirm this 
using the renaming method, as is done in the main 
solution above. 


To work out that the cycle structure class 
{(1 2 3)(4 5), (1 3 2)(4 5)} 


is a conjugacy class, we can simply try conjugating 
the symmetry (1 2 3)(4 5) by elements of 
S(doubletet) in turn (using the renaming method) 
to see if we can obtain the symmetry (1 3 2)(4 5). 
It does not take long to find a suitable conjugating 
symmetry, as any of the symmetries (1 2), (1 3), 

(2 3), (1 2)(4 5), (1 3)(4 5) and (2 3)(4 5) will do. 
Note that finding the fixed point sets of the 
symmetries (1 2 3)(4 5) and (1 3 2)(4 5) is of no 
help, as the fixed point set of each of these two 
symmetries consists of the central point of the 
double tetrahedron alone, so every symmetry of the 
double tetrahedron maps the fixed point set of the 
first symmetry to the fixed point set of the second.) 
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Solution to Exercise E95 
(a) We have 


(5 2) o( 
Ga 
{( 


1 2 
0 1 


¢ 


a) (o 


y 


TEER 


—2 


0 
1 2 
ad 

= (¢ 

(5 )sader, ad 40}. 


This subgroup is not equal to U because, for 
example, 


1 0 
(o 2) ev 


—2a + 2d 
d 


since this matrix is upper triangular and invertible, 


but n 
1 0 1 2 1 2) 
(0 s)# (0 PG 4) 
because there are no numbers a,d € R such that 


GAG 


d 

This is because if a = 1 and d = 2 then 
—2a + 2d =2 £0. 

(b) We have 


DE 

=ï 
CDG IG G der 
LN (a D) (1 Y ander, aizo 
n : 7) sadder ad 4 oh 


—a+b+d 


0 d ) iab deR, ad 4 oh 


c 
0 a :a,c,d E€ R, ad Zo}. 


9\~1 
i) :a,d E€ R, aizo} 


o) :a,d ER, ad#0o} 


The final line in the manipulation above is correct 
because as the value of b varies through all the 
numbers in R, so does the value of —a + b + d, so 
we can denote the top right entry simply by c, say, 
where cE R. 

(Alternatively we could denote the top right entry 
by b, where b € R, but using a different variable 
may help to make the argument clearer.) 


This subgroup is equal to U because the 
specification found above is exactly the same as the 
specification for U, except that the top right entry 
of the matrix is denoted by c instead of b, which 
does not make any difference to the set specified. 


Solution to Exercise E96 
(a) We have 


ELODIE 
1 
6G )G 3) Gem 
1366 G3) saver ox] 
eG Tİ) aber, azo) 
2 fe mj ODER, ax ol 
a ) saber, a#o} 


c 
c) iaceR, a#0}. 


The final line in the manipulation above is correct 
because as the value of b varies through all the 
numbers in R, so does the value of 5b, so we can 
denote the top right entry simply by c, say, where 
cER. 


(Alternatively we could denote the top right entry 
by b, where b € R.) 


This subgroup is equal to M because the 
specification found above is exactly the same as the 
specification for M, except that the top right entry 
of the matrix is denoted by c instead of b, which 
does not make any difference to the set specified. 


(b) We have 


G DEG) e) 


-1 
2 =3 
G a) oper, azo} 


x 
ai 
Nolte 
NY 
a 
or 
NN w 
Se 


O 2a 2b-— 3a 
E 0 —a 
a,b ER, azo} 


1 /—2a 4b 
={-3(5 3a) obER a0} 
=) :a,b E€ R, ozo} 


c 
c) iaceR, a#0}. 


The final line in the manipulation above is correct 
because as the value of b varies through all the 
numbers in R, so does the value of —2b, so we can 
denote the top right entry simply by c, say, where 
cER. 

(Alternatively we could denote the top right entry 
by b, where b € R.) 


As in part (a), this subgroup is equal to M because 
the specification found above is exactly the same 
as the specification for M, except that the top 
right entry of the matrix is denoted by c instead 
of b, which does not make any difference to the set 
specified. 


Solution to Exercise E97 
We use Property B of Theorem E33. 


The subgroup D is not a normal subgroup of 
GL(2), because, for example, 


1 0 1 1 
G p) ED and € 1) € GLQ), 


Solutions to exercises 


fi 1 
-0 27? 
which is not in D since it is not a diagonal matrix. 


Solution to Exercise E98 


(a) The set S is a subset of the group GL(2), 
because each matrix 


(0 3) 


in S has determinant 
1x1-bx0=1 
and is therefore invertible. 


We show that the three subgroup properties hold 
for S (with the same binary operation as in GL(2), 
namely matrix multiplication). 


SG1 Closure 
Let A,B € S. Then 


for some x,y E€ R. So 


mG JG 9-62) 


This matrix is of the form € J with 


b=a+yeER. So ABE S. Thus S is closed under 
matrix multiplication. 


SG2 Identity 
The identity element 


i 


of GL(2) is of the form 
Thus I € S. 


1 b . 
G J with b = 0. 
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SG3 Inverses To show that S is normal in U, we use Property B 
Let A € S. Then of Theorem E33. 
mes 1 z We have to show that for every matrix A € S and 
-0 17?’ every matrix B € U, we have BAB”! € S. Let 


for some x € R. The inverse of A in GL(2) is A Ep and let BEU. Then 


I 2x r s 
a byl =a) 7) =a a=( ) and B=( ) 
A= Flo 1) ha 1)° os oe 


lb for some x,r,s,u E€ R where ru Æ 0. 
This matrix is of the form k ') with 


We have 

b=—x € R. So A~! € S. Thus S contains the BAB-! — r s 1 z roso 
inverse of each of its elements. -0 uJ (0 1/ \0 u 
Since the three subgroup properties hold, S' is a [r rats 1 fu —s 
subgroup of GL(2). 0 {i mulo r 
(This solution is similar to the solution to Worked L fee: Spe hee as 
Exercise E8 in Section 2 of Unit E1. The subset Y ~~ eek Pü 
of GL(2) defined there and the subset S of GL(2) 
defined here have similar — but not the same — = 7 rx/ “) , 
definitions.) 0 1 
(b) We use Property B of Theorem E33. This matrix is of the form 
The subgroup S is not a normal subgroup of € l 
GL(2), because, for example, 0 1 

1 1 1 0 with b = rz/u € R. Hence BAB™! € S. 

ES and € GL(2), 

0 1 1 1 Thus S is a normal subgroup of U. 

but 


which is not in S since (for example) its bottom 
right entry is not 1. 


(c) The set S is a subset of the group U, because 
each matrix in it is upper triangular and has 
determinant 1 so is invertible. Also, S is a group 
under matrix multiplication, by part (a). Therefore 
S is a subgroup of U. 
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1 Isomorphisms and homomorphisms 


Introduction 


In this unit you will study mappings whose domains and codomains are 
groups, and that (in a sense that you will learn about) preserve some of 
the structure of their domain groups. Such mappings are called 
homomorphisms. A homomorphism can provide insight into the 
relationship between the groups that are its domain and codomain. 


You have already met many examples of homomorphisms in this module, 
because every isomorphism is a homomorphism — one that preserves all 
the structure of the domain group. 


You will study some properties common to all homomorphisms, and meet 
the ideas of the image and kernel of a homomorphism, which are similar to 
the image set and kernel of a linear transformation (you met these ideas in 
Book C Linear algebra). The final section of the unit introduces you to one 
of the most important theorems in the group theory units: the First 
Isomorphism Theorem. This theorem brings together the idea of 
homomorphisms with many other concepts in group theory that you have 
already met — in particular, normal subgroups and quotient groups. 


1 Isomorphisms and 
homomorphisms 


In this section you will start by looking again at isomorphisms, 
concentrating on features that will be important in this unit. You will go 
on to learn what a homomorphism is, meet some examples of 
homomorphisms and study some of their properties. 


For clarity, throughout this section and throughout the rest of this unit we 
will mostly not use concise multiplicative notation for abstract groups — 

instead we will use symbols for their binary operations. This is because we 
will usually be dealing with two groups at the same time — a domain group 
and a codomain group of a mapping — each with its own binary operation. 


1.1 isomorphisms 


You met the ideas of isomorphic groups and isomorphisms in Unit B2 
Subgroups and isomorphisms, and revised them briefly in Unit E1 Cosets 
and normal subgroups. You saw that two groups are isomorphic if they 
have identical structures — that is, if one of the groups can be obtained 
from the other by ‘renaming’ the elements (and the binary operation). 

A mapping from one of the groups to the other that carries out such a 
renaming of the elements is called an isomorphism. Remember that 
‘mapping’ is just another name for ‘function’: it is often the preferred term 
in group theory and other algebraic areas of mathematics. 
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Figure 1 S(©) 
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Until now our main interest when dealing with isomorphisms has been in 
whether or not two groups are isomorphic, but in this subsection our 
primary interest is in the isomorphisms themselves. We will start with 
another brief revision of the ideas of isomorphic groups and isomorphisms 
from this perspective. 


Consider the two groups 


e (S(©@), 0), the group of symmetries of the rectangle (see Figure 1) 


e (Ug, X8), the group of integers in Zg coprime to 8 under multiplication 
modulo 8. 


Their group tables are as follows. 


ole a r 8 xg/1 3 5 7 
ele ar s 1 }/13 5 7 
aja es r 3/3 1 7 5 
rir sea DIS T13 
sis rae 7/7 5 3 1 
(S(G),°) (Us, Xs) 


If we replace each entry in the group table of (S(©@), 0) by its image under 
the mapping 


$ : (S(G),0) — (Us, xs) 
er 1 


ar 3 
re+> 5 
sr > 7 


(and replace the symbol o at the top left by xg), then we obtain the group 
table of (Ug, xg). 


Since the mapping ¢ transforms the group table of (S(C),°) into a group 
table for (Ug, xg), it is an isomorphism and the two groups are isomorphic. 


Notice that the first line of the specification for the mapping ¢ above is 
given as 


6: (S(G),°) — (Us, xs) 
rather than just 


o: Si ) —> Us. 


When we discuss mappings between groups we often include the binary 
operations in this way, for clarity. However, as always, we can omit them if 
they are clear from the context. 


1 isomorphisms and homomorphisms 


There is usually more than one isomorphism between two isomorphic 


groups. For example, consider the mapping 
1 : (S(G),°) — (Us, x8) 
er—> 1 
ard 
re>7 
s= 3. 


If we replace each entry in the group table of (S( 
under ¢1, then we obtain the following table. 


15 7 3 
1}1 5 7 38 
5/5 1 3 7 
7/7 3 1 5 
3/3 7 5 1 


), o) above by its image 


Although this is not the group table of (Ug, xg) that was given above, it is 
a group table of (Ug, xg). The entries in the borders of the table are in a 
different order, but the entries in the body of the table have been 


rearranged accordingly. Thus ¢1 is also an isomorphism from (S(-),°) $ 

to (Us, xg). (G, 0) o (H, *) 
An isomorphism from one group to another must be a one-to-one and onto > 

mapping, of course — that is, it must match up each element of one group > 

with exactly one element of the other group and vice versa, as illustrated 

in Figure 2. 

However, even if two groups are isomorphic, not every one-to-one and onto > 


mapping from one of the groups to the other group is an isomorphism. For 


example, consider the mapping 


$2 : (S(©),0) — (Us, xs) 
em 3 


a 1 
re>5 
s= T. 


If we replace each entry in the group table of (S( 
under ¢2, then we obtain the following table. 


3 157 
3 15 7 
1}1 3 7 5 
5/5 7 3 1 
7/7 5 1 3 


Figure 2 A one-to-one and 
onto mapping between two 
groups 


), o) above by its image 


This is not a group table of (Ug, xg), because, for example, it is not true 


that 3 xg 3 = 3. So ¢2 is not an isomorphism. 
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Figure 3 S*(Q) 


a> 
+f ¢ 
Figure 4 S(5) 
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Exercise 


E99 


The group tables for the groups (S(©@), o) and (U12, x12) are given below. 
The elements in the borders are arranged in an order that gives the tables 
the same pattern, so we know that these two groups are isomorphic. 


oje 
€| € 
aja 
ET 
S| S 


© 8 3 aji 


(S( 


X12 1 5 7 ll 
1); 1 5 7 I1 
5} 5 1 11 7 


7 11 1 5 
11 |11 7 5 1 
(U12, X12) 


(a) Find three different isomorphisms from (S(©Œ), o) to (U12, X12). 


(b) Find a one-to-one and onto mapping from (S(G),°) to (U12, X12) that 
is not an isomorphism. 


Exercise 


E100 


The group tables of the groups (S+(0O), o) and (U10, X10) are given below. 
Again the elements in the borders are arranged in an order that gives the 
tables the same pattern, so we know that these two groups are isomorphic. 
(S*(Q),0) is the group of direct symmetries of the square: see 


(Recall that 
Figure 3.) 


O 


are 8 
a œA OF] 


(S*( 


abe 
abe 
b c e 
c ea 
e a b 
),°) 


X10 1 3 9 7 
1/13 9 7 
3/3 9 7 1 
9 |9 7 1 3 
7 |7 13 °9 

(U10, X10) 


Find a one-to-one and onto mapping from (S*(Q),0) to (U10, X19) that 
maps the identity element of (S*(Q),0) to the identity element of 
(Uio, X19) but is not an isomorphism. 


It is permissible for the domain group and the codomain group of an 
isomorphism to be the same group. For example, consider the following 


mapping. 
$: (S(B),°) — (S( 
e> e 
at-a 
res 
shor 


),°) 


(The non-identity symmetries of S(4) are shown again in Figure 4.) 


1 Isomorphisms and homomorphisms 


If we replace each entry in the group table of (S(-4), 0) shown on the left 
below with its image under ¢, then we obtain the table on the right below. 


o;Ee ar s§s e Qa 8 r 
eje a r § eje @s r 
aja es r aja e r s8 
rir 8 e a S|S rea 
S|S r a e rir 8a e 


(S(©), 0) 


This second table is a correct group table for (S(©), o), so ¢ is an 
isomorphism. 


An isomorphism from a group to itself is called an automorphism of the 
group. Thus the mapping ¢ above is an automorphism of (S(©), o). 


Exercise E101 


Find two automorphisms of (S(G),°) other than the one above. 


If there are no isomorphisms at all between two groups, then the groups 
are not isomorphic. This is always the case for two groups of different 
orders, because there are not even any one-to-one and onto functions 
between such groups. However, even if two groups have the same order, 
there may be no isomorphisms between them. For example, consider the 
groups (S(©), o) and (Z4, +4), whose group tables are given below. 


ole ar s +410 1 3 

ele ar s 0/0 1 2 8 

ala es r Ijli 2 3 0 

rir sea 2/2 3 0 1 

sis rae 3/3 0 1 2 
(S), °) (Za, +4) 


It is not possible to find a mapping from (S(©), o) to (Z4, +4) that 
transforms the group table of (S(©), o) into a group table for (Z4, +4). 

To see this, notice that in (S(©@), o) all the elements are self-inverse, so the 
identity element appears in each of the four positions on the main 
diagonal. So every mapping from S(©) to Z4 will transform the group 
table of (S(©), o) into a table in which all four positions on the main 
diagonal contain the same element. However, in (Z4, +4) two of the 
elements (0 and 2) are self-inverse and the other two elements (1 and 3) 
are inverses of each other, so in any group table for (Z4, +4) two of the 
positions on the main diagonal will contain the identity element and two 
will not, no matter how the elements of (Z4, +4) are arranged in the table 
borders. Thus there is no mapping that transforms the group table of 
(S(c),°) into a group table for (Z4, +4). That is, there is no isomorphism 
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from (S(©), o) to (Z4, +4). These two groups have fundamentally different 
structures: they are not isomorphic. 


Matching up group tables can help us investigate isomorphisms between 
small groups, but it is not feasible for most groups. So we need an 
algebraic way to express the properties that a mapping ¢ from a group 
(G,o) to a group (H,*) must satisfy in order to be an isomorphism. 

The definition that we need was given in Subsection 4.2 of Unit B2 and is 
restated below. It applies to both finite and infinite groups. 


Definitions 


Let (G,o) and (H,*) be groups. A mapping ¢: (G,o) —> (H,*) is an 
isomorphism if it has the following two properties: 


(a) @ is one-to-one and onto 


(b) d(woy) = o(x) * p(y) forall z,y EG. 
If an isomorphism ¢ : (G,o) — (H, x) exists, then (G,o) and (H, x) 
are isomorphic. Otherwise they are non-isomorphic. 


We write (G,o) S (H,*) (or simply Œ = H when the operations o and 
x are clear) to assert that the groups (G,o) and (H,*) are isomorphic. 


Property (a) in the definition ensures that ¢ is a one-to-one 
correspondence between the two groups; that is, it matches up each 
element of (G,o) with exactly one element of (H, x) and vice versa. 


Property (b) ensures that the way that elements combine in (G,o) matches 
up with the way that their corresponding elements combine in (H,*). To 
see why it is needed, suppose that the group (G,°) is finite, so we can 
construct its group table, and consider its elements x and y and their 
composite x o y in the group table of (G,o), as illustrated on the left 
below. In the table transformed by using a mapping ¢ : (G,o) —> (H,*), 
these three elements are replaced by ¢(x), o(y) and $(2 o y), as illustrated 
on the right. 


aj ae go P gly) 
t Loy _, (2) plz oy) 
(G, 0) (A) 


If the table on the right is to be a correct group table for (H,*), then the 
entry in the cell with row label ¢(x) and column label (y) must be equal 
to d(x) * d(y), so we must have 


olx oy) = (x) * ly). 


1 isomorphisms and homomorphisms 


This equation must hold for all elements xz and y of G, which gives 
property (b). The property is needed for essentially the same reasons when 
G is infinite — the only difference is that we cannot construct a complete 
group table for an infinite group (G, o). 


A mapping ¢ from one group to another that satisfies property (b) is said 
to preserve composites. This property means that for any two elements 
from the domain group G, we can do either of the following and we will 
obtain the same answer either way. 


e First compose the two elements in the domain group G using o, then 
map their composite using ¢. (That is, find ¢(x o y).) 


e First map each of the two elements individually using ¢, then compose 
the resulting images in the codomain group H using x. (That is, find 


(x) x o(y)-) 


This is illustrated in Figure 5. Figure 5 Preserving 


Here is a worked exercise that demonstrates how to show that a mapping Composites 
from one group to another is an isomorphism. 


Worked Exercise E37 


Prove that the following mapping ¢ is an isomorphism: 


¢ : (Z, +) — (2Z, +) 
n — 2n. 


(Recall that 2Z = {2k : k € Z}. We know that (2Z, +) is a group because 
it is the cyclic subgroup of the group (Z, +) generated by the element 2.) 
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®. Now we show that ¢ preserves composites. It is helpful to start by 
taking two general elements of the domain group and writing down 
the equation that we have to prove in terms of these elements. This is 
obtained from the equation 


p(z o y) = (z) * p(y) 
in the definition of an isomorphism by replacing: 
x and y by general elements of the domain group, 
o by the binary operation of the domain group, 
* by the binary operation of the codomain group. .® 


To check that ¢ preserves composites, let m and n be elements of Z. 
We have to show that 


o(m +n) = o(m) + ġ(n). 


Now 
o(m +n) = 2(m +n) 
= 2m + 2n 
= o(m) + ¢(n). 


Thus @ preserves composites. 


Hence ¢ is an isomorphism. 


The next worked exercise provides another example of how to show that a 
mapping from one group to another is an isomorphism. It involves an 
interesting mapping: the natural logarithm function, log. The properties of 
this function used in the worked exercise were given in Subsection 4.2 of 
Unit D4 Continuity. 


Worked Exercise E38 


Show that the following mapping is an isomorphism: 
(o) : (RF, x) —> (R, +) 
xı log z. 


Solution 
@. We check that ¢ is one-to-one and onto. .® 
The mapping ¢ (the natural logarithm function) is one-to-one. 


It is also onto, because its image set is R, which is its codomain. 
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Worked Exercise E38 shows that the two groups (R*, x) and (R,+) are 
isomorphic. 


The isomorphism in Worked Exercise E38 was widely used when 
doing complicated arithmetic before the days of calculators. It was 
easier to multiply long numbers by adding logarithms than by 
performing long multiplication. This was called ‘using logs’. 


Exercise E102 


Show that the mapping 
Q : (R, +) = (Rt, x) 
rt e" 


is an isomorphism. You can use any of the properties of the exponential 
function given in Subsections 4.2 and 4.3 of Unit D4. 


The isomorphism in Exercise E102 is the inverse function of the 

isomorphism in Worked Exercise E38. The inverse function of an 
isomorphism is always an isomorphism, as discussed later in this 
subsection. 
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In the next exercise you are asked to show that a particular mapping from 
a group to itself is an isomorphism. In other words, you are asked to show 
that this mapping is an automorphism of the group. 


Exercise E103 


Show that the following mapping is an isomorphism: 


@:(Z,+) — (Z,+) 
ne =n. 


The next worked exercise demonstrates how to show that a mapping from 
a group to a group is not an isomorphism. 


Worked Exercise E39 


Explain why each of the following mappings is not an isomorphism. 


(a) 6:(Z.+)— (R+) (b) 6: (R*, x) — (Rt, x) 
nt 2n z — |z| 
(c) b : (Za, +4) —> (Z$, Xs) 
Or> 1 
1 — 4 
2—3 
3—2 


1 isomorphisms and homomorphisms 


Exercise E104 


The following mappings are not isomorphisms. In each case, show that one 
of the conditions in the definition of an isomorphism fails to hold. 
(a) $ : (C*, x) — (RT, x) (b) p: (Z, +) — (Z, +) 
z — |z| nt— 5n 
(c) Q : (R*, x) —_ (R*, x) 
zr 2” 


In Worked Exercise E38 and Exercise E102 earlier in this subsection you 
saw that the mapping 
Q : (RF, x) = (R, +) 
xz — logx 


and its inverse 

go : (R, +) —_ (Rt, x) 

LH e” 

are both isomorphisms. In general, if ¢@ is an isomorphism from a 
group (G,o) to a group (H,*), then ¢~' is an isomorphism from (H, *) 
to (G,o). This makes sense, because if the mapping ¢ ‘renames’ (G, 0) 
to (H,*), then its inverse ¢~! must rename (H,*) to (G,o). This fact is 
stated as a proposition below, with a formal proof using the definition of 
an isomorphism given earlier in this subsection. 


Proposition E36 


Let (G,o) and (H,*) be groups. If ¢ is an isomorphism from (G, o) 
o (H,*), then ¢~+ is an isomorphism from (H,*) to (G,o). 


Proof Let ¢:(G,o) — (H,*) be an isomorphism. Since ¢ is one-to-one 
and onto, its inverse mapping ¢ ! : (H,*) — (G,o) exists and is also 
one-to-one and onto. Let hy and ho be any elements of H. Then 

hı = $(g1) and hə = $(g2) for some gi, g2 E€ G. So 


p7 (hi * h2) = $ *(6(91) * (92) 
= 6 *(o( 
= 91° 92 
= p7} (h1) 0g (ha). 


Hence ¢~! is an isomorphism, as claimed. E 


gi°g2)) (since ¢ preserves composites) 
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lsomorphisms of cyclic groups 


You studied isomorphisms of cyclic groups in Subsection 4.4 of Unit B2. 
You met the following theorems. 


Theorems B49 and B50 


Let (G,o) and (H,*) be cyclic groups, generated by a and b, 
respectively. 


e If (G,o) and (H,*) have the same finite order n, then they are 
isomorphic and an isomorphism is given by 


ọ:G — H 
P= ie — Only ein — T), 
e If (G,o) and (H,*) both have infinite order, then they are 
isomorphic and an isomorphism is given by 
ọ: G — H 
d= (kez) 


The next worked exercise illustrates how to use the first of these results to 
find isomorphisms between two cyclic groups of the same finite order. 


Worked Exercise E40 


Find two isomorphisms from (Z4, +4) to (Zé, x5). 
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multiples/powers (the identities). This gives: 


(Za, +4) — (Z5: Xs) (Za, +4) — (Z5: x5) 
Or 1 0 — 1 
1 — 2 that is, 1 — 2 
1 +41 — 2 x52 2—4 
1 +4 1 +41 — 2 x5 2 X5 2, 34> 3. 


For example, here we have matched the second multiple of the 
generator 1 in (Z4, +4), that is, 1 +41, with the second power of the 
generator 2 in (Zi, x5), that is, 2x52. 


Hence an isomorphism is given by 
Wi (Za,--4) = (Z xs) 
O= Il 
1 — 2 


2—4 
3 — 3. 


®. To find a different isomorphism, we find a different generator of 
one of the groups, and match up powers/multiples of the generators 
in the same way as above. .© 


The group (Zé, x5) is also generated by 3 (since 3 is the inverse of 2 
in (Zé, x5)). The consecutive powers of 3 in (Zé, x5) starting from 
a= Ware 


ike hcuO cree 
So another isomorphism is given by 


bo : (Z4, +4) —> (Zé, Xs) 
0 — 1 
1 — 3 
2 = 4 
3 > 2. 


The next two exercises give you practice in finding isomorphisms between 
finite cyclic groups of the same order. 


Exercise E105 


Find an isomorphism from the group (Zio, +10) to the group (Z},, X11). 


Exercise E106 


Find an isomorphism from the group (Z4, +4) to the cyclic subgroup of 
(Zs, +8) generated by 2. 
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1.2 Homomorphisms 


In the previous subsection you saw that an isomorphism is a mapping from 
one group to another that is one-to-one and onto and also preserves 
composites. 


Now consider the following two mappings from groups to groups: one of 
them is not one-to-one and the other is not onto (as you saw in Worked 
Exercise E39(b) and Exercise E104(b), respectively), but they both 
preserve composites. 


e The mapping 
o: (R*, x) — (R*,x) 


is not one-to-one but is onto. It preserves composites since for 
all x,y € R*, 


p(x x y) = |z x y| = |z| x y| = g(x) x (y). 
e The mapping 
$: (Z, +) — (Z, +) 
ni on 


is one-to-one but is not onto. It preserves composites since for 
all m,n € Z, 
ọ(m +n) =5(m +n) = 5m + 5n = O(m) + G(n). 


A mapping from a group to a group that preserves composites but is not 
necessarily one-to-one or onto is called a homomorphism. 


Definitions 


Let (G, o) and (H,*) be groups. A mapping ¢ : (G,o) — (H,*) isa 
homomorphism if it has the property 


o(xoy) = d(x) * oly) forall z,y €G. 
This property is called the homomorphism property. 


Thus ‘the homomorphism property’ is just another name for the property 
of preserving composites. 


A homomorphism that is both one-to-one and onto is an isomorphism. 


It is important to appreciate that the homomorphism property is not likely 
to hold for a randomly chosen mapping between two groups. Consider any 
mapping ¢ from a group (G,°) to a group (H,*). In Figure 6, going from 
left to right across the diagram represents mapping from G to H using ¢, 
while going down the diagram represents combining elements within a 
group, namely within (G,o) on the left and within (H,*) on the right. 


1 isomorphisms and homomorphisms 


Starting with two elements x and y in G, as shown in the top left-hand 
corner, we can combine them in (Go) to obtain the element xo y of G and 
then map this element using ¢ to obtain the element (x 0 y) of H. 
Alternatively we can map the elements x and y individually using @ to 
obtain the elements $(x) and ¢(y) of H and then combine these elements 
in (H,*) to obtain the element ¢(x) « (y) of H. In general there is no 
reason why there should be any connection between the elements ¢(x o y) 
and (x) * (y) of H, but if they are equal for every choice of x and y 
from G, then the mapping ¢ is a homomorphism. 


(G, 0) (H, *) 
Q 

T, Y = 

Toy = 
o 


Figure 6 The homomorphism property 


The worked exercise below demonstrates how to show that a mapping is a 
homomorphism. Doing this is just the same as checking property (b) in 
the definition of an isomorphism. 


Worked Exercise E41 


Show that the following mapping is a homomorphism: 
o : (C*, x) — (R*, x) 


223 


Unit E3 Homomorphisms 


Figure 7 The 
homomorphism ¢ in Worked 
Exercise E41 is not one-to-one 


224 


Notice that the homomorphism 

o:(C*,x) — (R*, x) 
in Worked Exercise E41 is not an isomorphism. It is not one-to-one 
because, for example, the elements 1 and —1 of the domain group are both 
mapped by ¢ to the element 1 of the codomain group, as illustrated in 


Figure 7. It is not onto either, because, for example, the element —1 of the 
codomain group is not the image of any element of the domain group. 


To show that a mapping ¢ from a group (G,°) to a group (H,*) is not a 
homomorphism, we have to find a counterexample that demonstrates that 
the homomorphism property does not hold for ø. That is, we have to find 
two elements x,y € G for which 


olz oy) # (x) * Ply). 


This is demonstrated in the next worked exercise. 


Worked Exercise E42 


Show that the following mapping is not a homomorphism: 


p: (Zt) = Z+) 
n — 2n + 3. 


The next exercise asks you to determine whether several mappings are 
homomorphisms. In each part, start by writing down the homomorphism 
property for the mapping, try to guess whether it holds, and proceed with 
a proof or counterexample as appropriate. If you find it difficult to guess, 
then try checking the homomorphism property: if you find that you cannot 
complete the check, you may have gained some insight that will help you 
find a counterexample. When looking for a counterexample, try something 
simple first — remember that you need only one counterexample to show 
that a mapping is not a homomorphism. 


1 Isomorphisms and homomorphisms 


Another useful tip is that when you are trying to check the homomorphism 
property equation ¢(x o y) = (x) * (y), there are various ways to 
approach it: you can 


e start with the left-hand side and show that it is equal to the right-hand 
side 
e do the reverse 


e simplify each side separately and check that you get the same answers. 


The third approach is often useful in complicated cases. 


Exercise E107 


Determine which of the following mappings are homomorphisms. 


(a) 6: (R",x) > (R*,x) (b) @: (2, +) > (Z,+) 


rH r? ne > n? 
(c) ¢ : (Ze, +6) —> (Ze, +6) (d) 4: (Z, +) — (R*, x) 
n> 3 xen n — 2” 


1 if z is irrational. 


f if x is rational, 
( 
( 


In the next worked exercise a mapping is shown to be a homomorphism by 
separately considering several possibilities for the natures of the elements 
of the domain group. 


Worked Exercise E43 


Let F be any figure. Show that the mapping 
Q : (S(F), o) —> ({1, =1}; x) 
f 1 if f is a direct symmetry 
—1 if f is an indirect symmetry 
is a homomorphism. 


(Remember that S(F) denotes the symmetry group of the figure F. 
You saw that ({1,—1}, x) is a group in Exercise B21(f) in Subsection 3.3 
of Unit B1 Symmetry and groups.) 
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Solution 
Let f,g € S(F). We have to show that 


(fog) = (f) x (g9). 


We know that a composite of two direct symmetries or two indirect 
symmetries is direct, and a composite of a direct symmetry and an 
indirect symmetry is indirect. Thus we have the following. 


If f is direct and g is direct then f o g is direct so 
O(fog)=1 and 9(f) x dg) =1x1=1. 
If f is direct and g is indirect then f o g is indirect so 
GG og) = 1 sand oy) oo) = 1x (1) 
If f is indirect and g is direct then f o g is indirect so 
Pf og) =—1 “and oF) x ¢ig)=(-1) x v= =i. 
If f is indirect and g is indirect then f o g is direct so 
o(fog)=1 and 4(f) x og) =(-1) x (-1) =1. 
Thus in all cases ¢(f o g) = (f) x o(g). Hence ¢ is a homomorphism. 


Exercise E108 


Let n be an integer greater than 1. Show that the mapping 
@: (Sn, 0°) —> (Z2, +2) 
0 if f is an even permutation 
f f if f is an odd permutation 
is a homomorphism. 


(Remember that Sn is the symmetric group of degree n, that is, the group 
of all permutations of {1,2,...,n}.) 


We will now look at some homomorphisms whose domain groups, and in 
some cases also codomain groups, are matrix groups. 


Recall that the group of invertible 2 x 2 matrices with real entries under 
matrix multiplication is denoted by GL(2): 


aoi (e a mhedeR ad- be 40). 


Remember also that throughout this book we use L to denote the group of 
invertible 2 x 2 lower triangular matrices with real entries, and D to 
denote the group of invertible 2 x 2 diagonal matrices with real entries, 


1 Isomorphisms and homomorphisms 


each under matrix multiplication: 


a 0 
tall 7) GdER, ad ZO}, 
peal adekwa] 
= lo qg) ® „a ! 


Worked Exercise E44 


Show that the following mapping is a homomorphism: 


prm) 
(0 e) 


Solution 
Let A,B € L. We have to show that 


o(A x B) = (A) x (B); 
that is, 
(AB) = 9(A)¢(B). 
Now 
pr 0 v 0 
A= J and z n 


for some r,t, u,v, x,y E€ R with ru 4 0 and vy # 0. 


ams 
(aa $) 
F. 

i (4) 

aaee, e(o o) 


Thus ¢(AB) = ¢(A)¢(B). Hence ¢ is a homomorphism. 
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Note that for simplicity we write ¢ (C J for ọ ( a 


This convention is used in the solution to Worked Exercise E44 above. 


Exercise E109 


Show that the following mappings are homomorphisms. 


(a) ¢:(L,x)— (D, x) (b) @:(L,x) — (L, x) 
(aoa Galeta a 
Exercise E110 


Show that the following mapping is not a homomorphism: 
$ : (GL(2), x) — (GL(2), x) 
Ar> AT, 


Exercise E111 
Determine whether each of the following mappings is a homomorphism, 
justifying your answers. 


(a) @:(L,x)—+(R,+) (b) 6: (L, x) — (R*, x) 
( etd (: 1) ee 


(c) @:(L,x) — (R*, x) 
cam 


The proposition below provides some nice examples of homomorphisms 
that map from an infinite group to a finite group. Here, and throughout 
this unit, the notation k(mod n); Where k is any integer and n is any integer 
with n > 2, is used to denote the least residue of k modulo n, which is 
the integer in Zn that is congruent to k modulo n. In other words, k (mod n) 
is the remainder of k on division by n. For example, 


8 (mod 5) 3, 5 (mod p) = 0 and — l (mod 5) = 4. 


Proposition E37 
For any integer n > 2, the following mapping is a homomorphism: 


Q : (Z, 3) D (Zina +n) 
k = nadl n): 


1 isomorphisms and homomorphisms 


Proof Let n be an integer with n > 2, and let ¢ be the mapping defined 
above. Let r,s € Z. We have to show that 


plr + s) = (r) +n ¢(s), 
that is, 

(r +s) (mod n) = T (mod n) Fn S (mod n): 
Now, modulo n we have 


T (mod n) +n S (mod n) = T (mod n) + S(moda n) (by the definition of +n) 


=r+s (since rT(modn) =T and 5(mod n) = $) 


= (r+ s)(moan) (by the definition of least residue). 


But both r (mod n) +n § (mod n) and (r + 8) (mod n) are elements of Zn, so 
they must be equal, as required. E 


For example, the homomorphism given by Proposition E37 for n = 3 is as 
follows. 


op: (Z, +) — (Z3, +3) 


Ai 
—1+ 42 
O0r> 0 
1 — 1 
2—2 
34> 0 
4—1 


In the next exercise you are asked to prove a result involving 
homomorphisms. 


Exercise E112 


Prove that the mapping 
Q : (G, 0) —_ (G, 0) 
Lr > TOT 


is a homomorphism if and only if G is abelian. 
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Figure 8 The trivial 
homomorphism from (G, o) 
to (H, x) 
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The trivial homomorphism 


Given any two groups (G,o) and (H, *), there is always at least one 
homomorphism from (G,o) to (H,*), namely the mapping that maps 
every element of (G,o) to the identity element of (H, x), as illustrated in 
Figure 8. A proof that this mapping is a homomorphism is given below. It 
is called the trivial homomorphism from (G,°) to (H,*). 


Proposition E38 
Let (G,o) and (H, *) be groups, and let the identity element of (H, «) 
be ep. Then the following mapping is a homomorphism: 
o) : (G, 0) F (H, x) 
Lt ep. 


Proof Let x,y € G. Then, since ¢ maps every element of G to epy, we 
have 

o(xoy) = eH 
and 

(x) * O(y) = en * en = en. 


Thus ¢(x 0 y) = (x) x (y). Hence ¢ is a homomorphism. E 


Linear transformations as homomorphisms 


In Unit C3 you met the idea of a linear transformation of a vector space, 
as follows. 


Definition 

Let V and W be vector spaces. A function t : V —> W is a linear 
transformation if it satisfies the following properties. 

LT1 t(vi +v2) = t(vı) + t(v2), for all vı, v2 E V. 

LT2 t(av)=at(v), fralveV,aER. 


Remember that any vector space is, in particular, a group under vector 
addition. So a linear transformation maps from a group to a group. It is 
always a homomorphism between these groups, as shown below. 


Proposition E39 


Let V and W be vector spaces and let t : V —> W be a linear 
transformation. Then t is a homomorphism from the group (V, +) to 
the group (W, +). 


1 Isomorphisms and homomorphisms 


Proof The homomorphism property for t is 
t(vi + v2) =t(vi)+t(ve), for all vı, v2 E€ V. 


This is the first of the two properties that t must have to be a linear 
transformation. Hence t is a homomorphism. a 


Thus a linear transformation is a special type of homomorphism: one 
whose domain group and codomain group are additive groups that are also 
vector spaces under some type of scalar multiplication, and that satisfies 
not just the homomorphism property but also a further property involving 
scalar multiplication (the property is that it ‘preserves scalar multiples’). 


We can use Proposition E39 to recognise immediately that some mappings 
are homomorphisms. For example, consider the mapping 
Q : (R?,+) 7 (R?, +) 
(x,y) —> (2x — y, 6x — 3y). 


You were asked to determine whether this mapping is a homomorphism in 
Exercise E107(f). Notice that it is a linear transformation from the vector 
space R? to the vector space R?, because it is of the form 


(x,y) — (ax + by, cx + dy) 


where a,b,c,d € R and hence it has a matrix representation (see 

Theorem C41 in Unit C3). So it follows immediately from Proposition E39 
that it is a homomorphism from the group (R?, +) to the group (R?,+). 
There is no need to check the homomorphism property directly, as was 
done in the solution to Exercise E107(f). 


1.3 Properties of homomorphisms 


You have seen that an isomorphism, that is, a one-to-one and onto 
homomorphism, preserves all the structure of its domain group. In 
contrast, a trivial homomorphism, which maps each element of its domain 
group to the identity element of its codomain group, preserves very little of 
the structure. These are two extremes: in general, a homomorphism 
preserves some, but not necessarily all, of the structure of its domain 
group, as you will see in this subsection. 


We will start by looking at various features of a group that are preserved 
by homomorphisms. 
Preservation of composites of two or more elements 
The homomorphism property for a mapping ¢ : (G,o) — (H,*) is 

olz oy) = d(x) ly) forall 2,y € G. 


It is illustrated in Figure 9. This property tells us that a homomorphism 
preserves composites of two elements. 


In the next exercise you are asked to prove that a homomorphism also Figure 9 A homomorphism 
preserves composites of three elements. preserves composites 
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Exercise E113 


Let ¢ : (G,o) — (H, x) be a homomorphism. Prove that 


d(x oyoz) = o(x) * d(y) * O(z) forall z,y,z € G. 
Hint: Write xo yoz as (roy) oz. 


We can use induction to prove that a homomorphism preserves composites 
of any finite number of elements, as follows. 


Proposition E40 
Let ¢: (G,o) — (H,*) be a homomorphism. If x1, £2,..., £n are any 
elements of G, then 


P(@1 0 £20: : 0 En) = (a1) * (a2) * +--+ * O(n). 


Proof We use induction on the number n of elements. Let P(n) be the 
statement 


Ọ(T1 0 T20: O Zn) = (21) * P(@2) * +++ * (En) 
for all £1, £2,..., £n E G. 
Then P(1) is 
(xı) = (zı) forall zı E G. 
This is true. 
Now suppose that k € N and P(k) holds; that is 
P(@1 0 £2 0+++0 Le) = H(21) * (T2) *--- * O(£k) 
for all £1, £2,..., £k E€ G. 
We prove that it follows that P(k + 1) holds; that is 
P(@1 0 £20: -+ 0 Ep41) = (z1) * (x2) * -x P(Ek+1) 
for all z1, £2, ..., k41 E€ G. 
Let £1, £2,..., £k+41 E€ G. Then 
(a1 04g 0-+-++O Lp, O E41) 
= $((@1 0 £2 0++- O Lp) OLp41) 


= $(%1 042 0-+-0 rg) * O(T p41) 
(by the homomorphism property for ¢) 


= ((21) * (£2) *--- * O(aE)) * O(@~E41) (since P(k) holds) 
= $(21) * (£2) *-++ * h(E) * (LE 41). 
That is, P(k + 1) holds. 


Hence, by the Principle of Mathematical Induction, the statement P(n) 
is true for every natural number n, which proves the proposition. E 
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Proposition E40 is illustrated in Figure 10. 


(G,o) — (H,x) 


Figure 10 A homomorphism preserves composites of any finite number of 
elements 


Preservation of the identity 


You saw in Subsection 4.3 of Unit B2 that any isomorphism maps the 
identity element of the domain group to the identity element of the 
codomain group. This is true of homomorphisms in general, as illustrated 
in Figure 11 and proved below. We say that a homomorphism preserves 
the identity. 


Throughout this unit, in discussions about an abstract homomorphism 

@:(G,c) — (H,*), we will denote the identity elements of the domain 

group (G,o) and codomain group (H,*) by eg and ep, respectively, é 

without mentioning this every time. (G,o) —~> (H,*) 


Proposition E41 
Let ¢: (G,o) — (H,x*) be a homomorphism. Then 


pleg) = ex. 
Proof We have Figure 11 A homomorphism 


preserves the identity 
EG O eG = eg. 


Applying the homomorphism ¢ gives 
plec o eg) = (ea). 

Since @ has the homomorphism property, this gives 
plea) * olea) = (ea), 

and hence 
(ea) * (ea) = (ea) * en. 

Applying the Left Cancellation Law now gives 
plec) = en, 


as claimed. | 
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Figure 12 A homomorphism 
preserves inverses 
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In the next exercise you are asked to check the property in Proposition E41 
for two of the homomorphisms that you met in the previous subsection. 


Exercise E114 


For each of the following homomorphisms œ, state the identity element in 
the domain group and the identity element in the codomain group, and 
check that ¢@ maps one to the other. 


(a) :(R*, x) — (R*, x) (b) @: (Ze, +6) — (Ze, +6) 
r> r? n — 3 xen 


(You saw that these mappings are homomorphisms in Exercise E107.) 


Preservation of inverses 


You saw in Subsection 4.3 of Unit B2 that an isomorphism maps elements 
that are inverses of each other in the domain group to elements that are 
inverses of each other in the codomain group. In other words, for any 
element x in the domain group, 


the image of the inverse of x is the inverse of the image of x. 


Again, this is true of homomorphisms in general, as illustrated in Figure 12 
and proved below. We say that a homomorphism preserves inverses. 


Proposition E42 
Let ¢: (G,o) — (H,*) be a homomorphism. Then, for all x € G, 


g(a") = (o(a))™. 


Proof Let xe G. Then 
cog =eg=a lorg. 
Applying the homomorphism ¢ gives 
g(a oa") = d(e) = d(u* o 2). 


Since ¢@ has the homomorphism property and since (eg) = ey by 
Proposition E41, this gives 


(2) * O(a") = ex = O(a") * (2). 
This shows that ¢(2~') is the inverse of (x) in H; that is, 
o(a-*) = (e(2))7?, 


as claimed. | 
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Exercise E115 


For each of the following homomorphisms @ and elements of their domain 
groups, state the inverse of the element, find the images under ¢ of the 
element and its inverse, and verify that these images are the inverses of 
each other in the codomain group. 


(a) ¢: (R*, x) — (R*, x) (b) ¢: (Ze, +6) — (Ze, +6) 
ti x’, n — 3 Xen, 
with the element 3 of (R*, x). with the element 4 of (Ze, +6). 


(These are the same homomorphisms as in Exercise E114.) 


Preservation of powers 


You saw in Subsection 4.3 of Unit B2 that an isomorphism maps the 
powers of an element in the domain group to the corresponding powers of 
the image of the element in the codomain group. In other words, for any 
element x in the domain group and any integer n, 


the image of the nth power of x is the nth power of the image of x. 


Once again this is true of homomorphisms in general, as illustrated in 
Figure 13 and proved below. We say that a homomorphism preserves 
powers. 


Proposition E43 


Let ¢: (G,o) — (H,x*) be a homomorphism. Then, for all x € G and 
all n € Z, 


Proof First we use mathematical induction to prove the result for all 
non-negative integers n > 0. Then we use Proposition E42 to deduce the 
result for negative integers. 


Case 1: n > 0 
Let x € G and let P(n) be the statement 


p(x”) = (o(@))”. 
Then P(0) is 
g(a) = (6(2))°. 


The zeroth power of any group element is equal to the identity element of 
the group, so P(0) is just 


olea) = ep, 


which is true, by Proposition E41. 


Figure 13 A homomorphism 


preserves powers 
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Now let k > 0 and assume that P(k) is true; that is 
e(z") = (d(2))*. 

We have to deduce that P(k +1) is true; that is, 
oa") = ($(x)) t. 


Now 
o(a***) = o(a" o x) 
= ¢(x*) x ġ(x) (since ¢ is a homomorphism) 
= (¢(a))* * p(x) (by P(k)) 
(g(x) "H 
Thus 


Pk) == P(k+1), for k=0,1,.... 
Hence, by mathematical induction, P(n) is true for all n > 0. This proves 


the result for n > 0. 


Case 2: n< 0 
Let x € G and let n = —m, where m > 0. Then 


olx”) = p(x ™) 
= ġ((x71)™) (by the definition of a negative power) 
= (ġ(x71))™ (by case 1 above, since m > 0) 
((o(x))~*)™ (by Proposition E42) 
(o(x))-™ (by the definition of a negative power) 
= (o(x))", 
as required. From cases 1 and 2 it follows that 


olx”) = (b(x))" for all n €Z. w 


Notice that Propositions E41 and E42 are special cases of Proposition E43, 
corresponding to n = 0 and n = —1, respectively. 


Exercise E116 


For each of the following homomorphisms ¢ and elements in their domain 
groups, find (g?) and (#(g))°, where g is the given element, and check 
that these are equal. 


(a) Q: (R*, x) —> (R*, x) (b) Q: (Ze, +6) — (Ze, +6) 
Le > x’, n => 3 Xe Nn, 
with the element 3 of (R*, x). with the element 4 of (Ze, +6). 


(These are the same homomorphisms as in Exercises E114 and E115.) 


1 Isomorphisms and homomorphisms 


Homomorphisms do not in general preserve the orders of elements. This is 
apparent from Proposition E38, which states that if (G,o) and (H,*) are 
any groups, then the mapping 


Q : (G, o) —> (H, *) 
T i> EH 
is a homomorphism (the trivial homomorphism). 


However, the following theorem holds. 


Theorem E44 


Let ¢ : (G,o) — (H, *) be a homomorphism and let x be an element 
of finite order in G. Then the order of (x) is finite and divides the 
order of z. 


This theorem can be deduced from Proposition E43: a proof is given 
below. First, here is a lemma that is useful in the proof. 


Lemma E45 


Let x be an element of a group (G,0o). If r is a positive integer such 
that x” = e, then the order of x divides r. 


Proof Suppose that x” = e. Then the order of z is finite; let it be s. By 
the Division Theorem (Theorem A9 in Unit A2), it follows that there are 
integers a and b such that r = as + b, with 0 < b < s. Now 

eS g" 


— gist 


=e" ox (since x has order s) 
=g. 


Since s is the smallest positive integer such that zê = e, and 0 < b < s, 
it follows that b = 0. Thus r = as and so s divides r. E 


Now here is the proof of Theorem E44. 


Proof of Theorem E44 Let the order of x be r. Then 
(ġ(x))" = ọ(<x") (by Proposition E43) 
= (eg) (since x has order r) 


=ey (by Proposition E41). 
Hence the order of ¢(x) is finite and by Lemma E45 it divides r. a 
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Preservation of conjugates 


The final result in this subsection concerns the effect of homomorphisms 
on conjugate elements. We describe this result by saying that 
homomorphisms preserve conjugates. 


Proposition E46 
Let ¢: (G,o) — (H,*) be a homomorphism and let x,y € G. 


If x and y are conjugate in (G,o), then ¢(x) and ¢(y) are conjugate 
in (Ele), 


Proof Let x and y be conjugate in (G,o). Then 


y=gorog! 


for some g € G. Hence 
ply) = o(gorog™") 
= ġ(g) * P(x) * lgt) (by Proposition E40) 
= ġ(g) * d(x) * (¢(g))~' (by Proposition E42). 
Since $(g) € H, this shows that ¢(x) and $(y) are conjugate in (H, =»). E 


You have now seen that homomorphisms preserve all of the following: 
e composites of any finite number of elements 

e the identity 

e inverses 

e powers 

e conjugates. 


These properties of homomorphisms will be used to prove some important 
results later in this unit. They can also help you to recognise whether a 
mapping is a homomorphism. For example, if a mapping from one group to 
another does not map the identity of the first group to the identity of the 
second group, then you know immediately that it is not a homomorphism. 


2 Images and kernels 


In this section you will learn about two sets associated with a 
homomorphism: its image and its kernel. These are essentially the same 
concepts as the image set and kernel of a linear transformation, which you 
met in Section 4 of Unit C3. The image set of a function and the image of 
a function are alternative terms for the same concept. 


2.1 Image of a homomorphism 


You saw in Subsection 3.2 of Unit Al Sets, functions and vectors what is 
meant by the image set of a function: it is the set of all elements in the 
codomain that are images under the function of elements in the domain. 

A homomorphism is just a special type of function, so it has an image set, 
which in group theory we call its image. It is defined below and illustrated 
in Figure 14. 


Definition 
Let ¢: (G,o) — (H,x*) be a homomorphism. The image (or image 
set) of ¢ is 


Im ¢ = {¢(g) : g € G}. 


It is the set of elements of the codomain group H that are images of 
elements in the domain group G. 


ey = Fa 
) @ - 


Figure 14 The image of a homomorphism 


Remember that in set notation a colon (the symbol ‘:’) means ‘such that’. 
So the notation {¢(g) : g € G} in the definition above means the set of 
all (g) such that g € G. 


The image of a homomorphism ¢ : (Go) — (H, *) certainly contains ep, 
as shown in Figure 14, because ¢(e¢) = ep, by Proposition E41. 


The word ‘image’ has other uses related to functions, of course. 

In particular, if ¢ is a function (such as a homomorphism) and x is an 
element of its domain, then (x) is the image of x under ¢. The meaning 
of any particular instance of the word ‘image’ should be clear from the 
context. 
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Figure 15 S(O) 
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Worked Exercise E45 


Write down the image of each of the following homomorphisms. 


(a) 1: (Za, +4) — (Zs, +s) (b) ba: (S(O), 0) — (R*, x) 


0—0 e, a,b,c => 1 
1+>2 r,s, t, u — —1 
2—4 
3— 6 


(The facts that these mappings are homomorphisms follow from 
Exercise E106 in Subsection 1.1 and Worked Exercise E43 

in Subsection 1.2, respectively. The non-identity elements of S(O) are 
shown in Figure 15.) 


The images of the homomorphisms in Worked Exercise E45 are illustrated 
in Figure 16. 


Gid t+ (Ga, +8) (S(0),0) —2 (Rx) 


Figure 16 The images of the homomorphisms ¢, and ¢2 in Worked 
Exercise E45 


Exercise E117 


Write down the image of each of the following homomorphisms. 


(a) $3: (S(Q),°) — (Us, xs) (b) da: (R*, x) — (RĦ, x) 
er 1 z — |z| 
am 3 


rhe >5 
s= T 


(The facts that these mappings are homomorphisms follow from the 
discussions near the starts of Subsection 1.1 and Subsection 1.2, 
respectively.) 


The mapping @2 in Figure 16 above illustrates the fact that if 

@: (G,o) — (H,*) is a homomorphism, then for each h € Im ¢ there may 
be more than one g € G such that ¢(g) = h. In other words, ¢ may not be 
one-to-one. 


As with functions in general, a homomorphism ¢ : (G,o) — (H,*) is onto 
if and only if Im ¢ = H. Thus neither of the homomorphisms in Figure 16 
is onto. However, both of the homomorphisms in Exercise E117 are onto. 


Exercise E118 


For each of the following homomorphisms, state whether it is one-to-one 
and whether it is onto, justifying your answers. 


(a) 6: (Z,+) — (Ziz, +12) (b) 4: (Z,+) — (R*, x) 
k —> K (mod 12) ne 2” 


(These mappings are homomorphisms by Proposition E37 and the solution 
to Exercise E107(d), respectively.) 


We now look at an important property of the image of a homomorphism. 
The image of a homomorphism is, by definition, a subset of the codomain 
group of the homomorphism. It turns out that it is in fact always a 
subgroup of the codomain group. 


To illustrate this, consider again the homomorphisms 1, ¢2, ¢3 and 4 
from Worked Exercise E45 and Exercise E117. Their codomain groups and 
images are listed in Table 1 below. 
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Table 1 Codomain groups and images of four homomorphisms 


Homomorphism Codomain group Image 
Qı (Zs, +8) {0, 2, 4, 6} 
2 (R*, x) {4—1} 
$3 (Us, Xs) Us 
Q4 (RF, xj Rt 


The image of the homomorphism ¢, is the cyclic subgroup of the 
codomain group generated by the element 2. Similarly, the image of the 
homomorphism @2 is the cyclic subgroup of the codomain group generated 
by the element —1. The image of the homomorphism ¢3 is the whole 
codomain group, and the same is true for the homomorphism @4. So in all 
four cases the image is a subgroup of the codomain group. 


Here is a formal statement and proof of this property. 


Theorem E47 


Let ¢: (G,o) — (H, x) be a homomorphism. Then Im ¢ is a 
subgroup of (H, x). 


Proof We check that the three subgroup properties hold. 
SG1 Closure 


Let hı and ho be any elements of Im @¢. Then there are elements 
91,92 E€ G such that $(g1) = hi and (g2) = ha. We have to show 
that hy * h2 E€ Im ġ. Now 


hy * h2 = 6(91) * (92) 
= (91° g2) (since ¢ is a homomorphism). 
Thus hı * ho is the image of g; © g2 under ¢, so hy * ho € Imọ. 
SG2 Identity 
By Proposition E41, we have (eg) = ep, so ey € Im¢. 
SG3 Inverses 


Let h € Imọ. Then there is an element g € G such that $(g) = h. 
We have to show that h~! € In ġ. Now 


h* = (o(g))* 
= ¢(g-') (by Proposition E42). 


Thus h`! is the image of g~! under ¢, so h~! € Im@¢. 


Since the three subgroup properties hold for Im @, it is a subgroup 
of (A). E 
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Structure-preserving properties of homomorphisms 


When we say that a homomorphism preserves at least some of the 
structure of the domain group, what we mean is that at least some of the 
structure of the domain group is present in the image of the 
homomorphism, which is a group, as you have just seen. 


To illustrate this, let us look again at the four homomorphisms @1, ¢2, ¢3 
and ¢4 from Worked Exercise E45 and Exercise E117. 


First consider ¢1, illustrated in Figure 17. This homomorphism has the 
additional property that it is one-to-one: each element of Im ¢ is the image 
of exactly one element of the domain group. 


Qı 
(Za, +4) —> (Zs, +8) im Qı 


Figure 17 The homomorphism ¢; and its image 


It follows that if we ‘shrink’ the codomain of ġı from (Zg, +s) to its 
subgroup Im ¢ = {0, 2, 4,6}, then ¢, becomes an isomorphism from the 
domain group (Z4, +4) to the image Im ¢;. Therefore the domain group 
(Z4,+4) is isomorphic to Im ¢;. This tells us that ¢ preserves all of the 
structure of the domain group. 

In general, for similar reasons, any homomorphism that is one-to-one 
preserves all of the structure of its domain group. 

Now consider the homomorphism ¢2, illustrated in Figure 18. It is not 
one-to-one: it maps the eight elements of the domain group to just two 
elements of the codomain group. 


(S( ),°) — >*= (R*, x) 


Figure 18 The homomorphism ¢ə2 and its image 


It follows that this homomorphism does not preserve all of the structure of 
the domain group. However, it does preserve some structure, namely the 
structure relating to direct and indirect symmetries in the domain group, 
as follows. 
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It maps all the direct symmetries to a particular element of the codomain 
group, namely 1, and all the indirect symmetries to a different element of 
the codomain group, namely —1, and, because it preserves composites, it 
does this in such a way that the structure relating to composing these two 
types of symmetries is preserved. For example, if we compose a direct 
symmetry and an indirect symmetry in the domain group then we get an 
indirect symmetry, and correspondingly if we compose the images of these 
symmetries, which are 1 and —1 respectively, in the codomain group then 
we get —1, which corresponds to indirectness. 


Next consider the homomorphism ¢s3, illustrated in Figure 19. 


eae —“s m 


Im ¢3 


> 


Figure 19 The homomorphism ¢3 and its image 


This homomorphism is one-to-one, so like $1 it preserves all of the 
structure of the domain group. The domain group $(4) is isomorphic to 
Im $3, which in this case (since ¢3 is onto) is equal to the codomain group 
(Us, x8). 
Finally consider the homomorphism ¢4, given by 

oa: (R*, x) — (Rt, x) 


It is illustrated in Figure 20, though this diagram cannot show the images 
of all elements in the domain group because the domain group is an 
infinite set. 


wa (R+, x) 


aa Im $4 


== 
yo S 


Figure 20 The homomorphism ¢, and its image 


Like ¢2, the homomorphism ¢ġ4 is not one-to-one. For example, it maps 
both the elements 1 and —1 of the domain group to the element 1 of the 
image. So it does not preserve all the structure of the domain group. 


However, it does preserve some of the structure, namely the structure 
relating to the modulus of the elements in the domain group. It maps 
elements of the same modulus to the same element, regardless of whether 
they are positive or negative and, because it preserves composites, it does 
this in such a way that the structure relating to composing elements of 
different modulus is preserved. 


You saw in the discussion above that the one-to-one homomorphisms @, 
and ¢3 preserve all of the structure of their domain groups. They illustrate 
the following general fact. 


Proposition E48 


Let @: (G,o) — (H,*) be a one-to-one homomorphism, and let 6 be 
the mapping obtained from @¢ by shrinking the codomain of ¢ to its 
subgroup Im @. Then @ is an isomorphism, and hence (G,o) = Im ¢@. 


Proof Shrinking the codomain of ¢ from (H, *) to its subgroup Im ġ 
does not affect either the homomorphism property of ¢ or the fact that it 
is one-to-one, so 0 has these properties too. However, 0 is also onto, so it is 
an isomorphism from (G,o) to Im@, and hence (G,o) = Imo. Oo 


Proposition E48 tells us that, as mentioned in the discussion above, every 
one-to-one homomorphism ¢ preserves all of the structure of the domain 
group. This structure is preserved in Im @¢, not necessarily in the whole 
codomain group. (It is preserved in the whole codomain group if ¢ is also 
onto, that is, if @ is an isomorphism.) 


Now let us briefly consider some particular structural features of groups 
that are always preserved by homomorphisms. You met several such 
features in Subsection 1.3, as follows: 


e composites of any finite number of elements 
e the identity 

e inverses 

e powers 

e conjugates. 


The next theorem states two more structural properties that are always 
preserved by homomorphisms. 


Theorem E49 

Let ¢ : (G,o) — (H, *) be a homomorphism. 
(a) If (G,o) is abelian, then (Im ¢, *) is abelian. 
(b) If (G,o) is cyclic, then (Im ¢, *) is cyclic. 


In particular, if (G,o) is generated by a, then (Im @, *) is 
generated by ¢(a). 
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Proof 


(a) 


Suppose that (Go) is abelian. We have to show that (Im ¢, *) is 
abelian. Let hi,h2 be any elements of Im ¢. Then hi = ¢(g1) and 
h2 = (g2) for some gi, 92 E€ G. Since (G,°) is abelian, we have 
gı © 92 = 929 g1. 
Hence 
(91 © 92) = (92 © g1). 
Since ¢ is a homomorphism, this gives 
(91) * O(92) = O(g2) * O(91); 
that is, 
hy x ho = ho * hy. 
This shows that (Im ¢, *) is abelian. 


Suppose that (Go) is cyclic, generated by a. We will show that 
(Im ¢, x) is also cyclic, generated by ¢(a). Let h be any element 
of Im ¢. We have to show that h can be expressed as a power of ¢(a). 
Now h = ¢(g) for some g € GŒ. Since (Go) is generated by a, we have 


g =a" 


for some integer k. Hence 


that is, 
h = ¢(a*). 

By Proposition E43, this gives 
h = (¢(a))*. 


This expresses h as a power of $(a). Thus (Im @, *) is cyclic, 
generated by ¢(a). E 


As an illustration of Theorem E49, consider the homomorphism ġı from 
Worked Exercise E45, shown again in Figure 21. Its domain group is 

(Z4, +4), which is cyclic and hence also abelian. Hence by Theorem E49 its 
image Im @ must also be cyclic and abelian, which indeed it is: it is the 
cyclic subgroup of Zg generated by the element 2. 


a) 
(Zata) ——> Im ¢, 


Figure 21 The homomorphism ¢; and its image 


Exercise E119 


Explain why homomorphisms do not exist with the following properties. 


(a) Domain group (Z12, +12) and image (S(A), o). 


(b) Domain group (Z2, +12) and image (S(0), o). 


The converses of the results in Theorem E49 do not hold. If the image of a 
homomorphism ¢ is abelian, then the domain group of ¢ may or may not 
be abelian. Similarly, if the image of a homomorphism ¢ is cyclic, then the 
domain group of ¢ may or may not be cyclic. For example, the image of 
the homomorphism @¢2 from Worked Exercise E45 is ({1,—1}, x), which is 
both abelian and cyclic, but the domain group of ¢2 is (S(Q),°), which is 
neither abelian nor cyclic. 


2.2 Kernel of a homomorphism 


The definition of the kernel of a homomorphism is given below, and 
illustrated in Figure 22. 


Definition 
Let ¢: (G,o) — (H,x*) be a homomorphism. The kernel of ¢ is 


Ker d= {g E G : (g) = ex}. 


It is the set of elements of the domain group G that are mapped by ¢@ 
tO CH: 


Gi. “= Gs 


AA 
omp 


Figure 22 The kernel of a homomorphism 


Ker ġ 


The kernel of a homomorphism ¢ : (G,o) — (H,*) certainly contains eg, 
as shown in Figure 22, because ¢(eg) = ex, by Proposition E41. 


The definition of the kernel of a homomorphism is essentially the same as 
the definition of the kernel of a linear transformation, which you met in 
Subsection 4.2 of Unit C3. You saw earlier that every linear 
transformation is also a homomorphism, so this is as you would expect. 


Note that the definition of a kernel applies only to homomorphisms, not to 
functions in general, because the codomain of a function need not contain 
an identity element. This contrasts with the definition of an image, which 
does apply to all functions. 
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Worked Exercise E46 


Write down the kernel of each of the following homomorphisms. 


(a) 1: (Za, +4) — (Zs, +s) (b) b2: (S(O), 0) — (R*, x) 


0—0 e, a,b,c => 1 
1—2 r,s, t, u — —1 
2—4 
3— 6 


(These are the same homomorphisms as in Worked Exercise E45 in the 
previous subsection.) 


The kernels of the homomorphisms in Worked Exercise E46 are illustrated 
in Figure 23. Notice that the elements of the kernel of the 

homomorphism ¢2 are the direct symmetries in S(O). That is, 

Ker ġ2 = 5*(Q). 


(Za, +4) maa 


Ker ġı 


Figure 23 The kernels of the homomorphisms ¢, and ¢2 in Worked 
Exercise E46 


Exercise E120 


For each of the following homomorphisms, write down the identity element 
of the codomain group, and hence write down the kernel of the 
homomorphism. 


(a) ¢3:(S(Q),°) — (Us, xs) (b) ga: (R*,x) — (RF, x) 
er 1 x — |z| 
at—> 3 
re>5 


sr>7 


(These are the same homomorphisms as in Exercise E117 in the previous 
subsection.) 


You saw earlier that the image of a homomorphism is always a subgroup of 
the codomain group. The kernel has a similar property. By definition, it is 
a subset of the domain group, but in fact it is always a subgroup of the 
domain group. 


To illustrate this, consider again the homomorphisms @1, %2, ¢3 and 4 
from Worked Exercise E46 and Exercise E120. Their domain groups and 
kernels are summarised in Table 2. 


Table 2 Domain groups and kernels of four homomorphisms 


Homomorphism Domain group Kernel 


Qı (Za, +) {0} 
Q2 (S(O), °) S*(Q) 
b3 (S(G),°) {e} 
ba (R*, x) tht 


For ¢; and ¢3, the kernel contains the identity element alone, so it is the 
trivial subgroup of the domain group. For ¢2, the kernel is the subgroup 
S*(Q) of the domain group S(O) formed by the direct symmetries. 
Finally, for ¢4, the kernel is the cyclic subgroup of the domain group 
(IR*, x) generated by —1. So in each case the kernel is a subgroup of the 
domain group. 


Here is a formal statement and proof of this property. 


Theorem E50 


Let ¢ : (G,o) — (H,x*) be a homomorphism. Then Ker ¢ is a 
subgroup of (G, o). 
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Proof We check that the three subgroup properties hold. 


SG1 Closure 


Let kı and k2 be elements of Ker ¢. Then ¢(k,) = ey and 
o(k2) = ey. We have to show that kı o ka € Ker @. 


Now 
(ky o k2) = o(k,) * o(k2) (since ¢ is a homomorphism) 
Sep * eH 
= êi 


This shows that kı o kg € Ker ġ. 
SG2 Identity 
By Proposition E41 we have ¢(eq) = ep, so eg € Ker ¢. 
SG3 Inverses 
Let k € Ker ġ. Then $(k) = ey. We have to show that kt € Ker ¢. 


o(k~') = (¢(k))~! (by Proposition E42) 


Hence k7! € Ker @. 
This shows that (Ker ¢, 0) is a subgroup of (G, o). E 


In fact an even stronger result than Theorem E50 holds. Not only is the 
kernel of a homomorphism always a subgroup of the domain group, but it 
is always a normal subgroup. You can see from Table 2 that this holds for 
the four homomorphisms ¢1, ¢2, 63 and @4. For ¢1, ¢3 and ¢4, the domain 
group is an abelian group, so every subgroup of the domain group is 
normal. For ¢2, the domain group S(O) has order 8 and the kernel S+(0) 
has order 4, so the kernel has index 2 in S(O) and is therefore normal (by 
Theorem E11 in Unit E1). Here is a proof of this important result. 


Theorem E51 


Let ¢ : (G,o) — (H,*) be a homomorphism. Then Ker ¢ is a normal 
subgroup of (G, o). 


Proof We know from Theorem E50 that Ker ¢ is a subgroup of (G, o), so 
we have only to prove that Ker ¢ is normal in (Go). To do this we use 
Theorem E20 (Property B) from Unit E2 Quotient groups and conjugacy. 
(This says that a subgroup H of a group G is normal in G if and only if 
ghg~' € H for each h € H and each g € G.) 


Let k € Ker ġ and let g € G. We have to show that g o k o g7! € Ker ọ. 


lgo kog!) = o(g) * o(k) * (g7!) (by Proposition E40) 
*ey*o(g') (since k € Ker æ) 


(9) 
= $(9) 
= o(9) * $(9"*) 
= ¢(g) *(¢(g)) 1 (by Proposition E42) 
= CH. 
This shows that go kog™! € Ker@. It follows that (Ker ¢,0) is normal 
in (G,o), as required. A 


The next theorem gives another important property of the kernel of a 
homomorphism. 


Theorem E52 


Let ¢: (G,o) — (H,x*) be a homomorphism. Then ¢ is one-to-one if 
and only if Ker ¢ = {ec}. 


Proof ‘Only if’ part 

Suppose that @ is one-to-one. We know that ¢ maps eg to ey, by 
Proposition E41. Since ¢@ is one-to-one, it does not map any other element 
of G to ex. So Ker¢ = {ec}. 

‘If’? part 

Suppose that Ker = {eg}. We have to prove that ¢ is one-to-one. To do 


this, suppose that x,y € G with ¢(x) = o(y). We must show that x = y. 
Composing each side of the equation $(x) = ¢(y) on the right with 


($(y))~* (in the group (H, *)) gives 
(a) * (ly) = O(y) * (SCY) 
that is, 
(a) * ($y) = en. 
Hence, by Proposition E42, 
(a) * (y7!) = en. 
Since ¢ is a homomorphism we obtain 
o(xo y`!) =ey. 
Therefore x o y7} € Ker ¢, and hence, since Ker ¢ = {eg}, we have 
LO yt = eq. 
Composing both sides of this equation on the right with y (in the 
group (G,o)) then gives 
roy oy =egoy; 
that is, 
T = y, 


as required. This shows that ¢@ is one-to-one. E 
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Theorem E52 is illustrated by the homomorphisms ¢; and ¢2 from Worked 
Exercise E46, which are shown again in Figure 24. The homomorphism ¢1 
is one-to-one and its kernel consists of the identity element alone, whereas 
the homomorphism ¢2 is not one-to-one and its kernel contains other 
elements as well as the identity element. 


ey “Be Gee SO) > Rx) 


Ker ġı Ker ġ2 


Figure 24 The kernels of the homomorphisms ¢, and ¢2 from Worked 
Exercise E46 


As mentioned in Unit C3, the first person to use the term kernel in an 
algebraic context was Lev Semyonovich Pontryagin (1908-1988), who 
used it in a paper published in 1931. Pontryagin’s book Topological 
Groups (1938), translated into English in 1946, was extremely 
influential and is today recognised as a classic in its field. Later in his 
career Pontryagin turned to problems in applied mathematics. 


Kernels of homomorphisms and normal subgroups 


We end this subsection with an illuminating theorem that links kernels of 
homomorphisms and normal subgroups. 

Consider any group (G,o). By Theorem E51, the kernel of any 
homomorphism with domain group (G,o) is a normal subgroup of (G, o). 
In fact the converse of this statement is also true: any normal subgroup of 
(G,o) is the kernel of some homomorphism with domain group (G, o). 

So we have the following theorem. 


Theorem E53 


Let K be a subgroup of a group (G,o). Then K is normal in G if and 
only if K is the kernel of a homomorphism with domain group G. 


Proof 

‘If’ part 

By Theorem E51, if K is the kernel of a homomorphism with domain 
group G then K is normal in G. 


‘Only if’ part 
Suppose that K is normal in G. We have to show that K is the kernel of a 
homomorphism with domain group G. 
Let @ be the mapping 
Q: (G,o) —_ (Ge) 
rr > «xk. 
The domain of this mapping is the group G, and its codomain is the 
quotient group G/K, which exists because K is normal in Œ. So the 
elements of the codomain group are the cosets of K in G, and the binary 


operation in the codomain group is set composition, which as usual we 
denote by the symbol - . 


The mapping ¢ is a homomorphism, because if x,y € G then 


o(xoy) =(xoy)K (by the definition of ¢) 
= (xK) - (yK) (by Theorem E1 in Unit E2) 
= o(x)-¢(y) (by the definition of ¢). 


Also, the identity element of the quotient group G/K is K, so 


Kero = {x E G: o(z) = K} 
={#£eG 2k =K} 
= Kk. 


Hence ¢ is a homomorphism with kernel K, as required. | 


Given a group (G,o) and one of its normal subgroups K, there are many 
homomorphisms with domain group (G,o) and kernel K other than the 
one defined in the proof of Theorem E53. 


Theorem E53 shows that kernels of homomorphisms and normal subgroups 
are essentially the same objects. 


2.3 Finding images and kernels 


You have already found the images and kernels of some homomorphisms in 
the previous two subsections. This subsection provides further practice in 
doing this, including in some more complicated cases such as when the 
domain group and/or codomain group are matrix groups. 


Keep in mind that the image of a homomorphism is a subgroup of the 
codomain group, and the kernel is a subgroup of the domain group. 


Remember too that usually the first step in finding the kernel of a 
homomorphism is to identify the identity element of the codomain group. 
Also, by Theorem E52, if a homomorphism ¢ : (G,o) —> (H, *) is 
one-to-one, then its kernel is just {ec}. 
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First try the following exercise. 


Exercise E121 


Find the image and kernel of each of the following homomorphisms. 
(a) (o : (Ze, +6) = (Ze, +6) (b) $ : (R, +) = (RF, x) 
n= 3 xen r — e” 
(c) $ : (R*, x) —> (R*, x) 
Tesi 
(You saw that the mappings in parts (a) and (b) are homomorphisms in 
Exercise E107(c) in Subsection 1.2 and Exercise E102 in Subsection 1.1, 


respectively. The mapping in part (c) is a homomorphism by 
Proposition E38.) 


If the domain group of a homomorphism is an infinite set, then we often 
need an algebraic argument to find its image and kernel, as demonstrated 
next. 


Worked Exercise E47 


Find the image and kernel of the homomorphism 
@:(C*, x) — (R*, x) 


(This mapping was shown to be a homomorphism in Worked 
Exercise E41.) 


®. To find the kernel, we first identify the identity element of the 
codomain group. © 


The identity element of the codomain group (R*, x) is 1. 
@. Then we apply the definition of the kernel, which says that for a 
homomorphism ¢ : (G,o) —> (H, *), 

Kerd = {g € G : (9) = en}. @ 
Hence the kernel is 

Ker@={zeC: o(z)=1} 

=h eC S h 

@. We can simplify this specification slightly. The set of all non-zero 


complex numbers with modulus 1 is the same as the set of all 
complex numbers with modulus 1. ©& 


=e C: l = 1% 


®. This specification is acceptably simple. Since Ker ¢ is a subset 
of C, which has a geometric representation as the complex plane, we 
should give a geometric description of Ker @ as well as the algebraic 
specification above. ® 


So Ker ¢ is the set of all complex numbers that lie on the circle with 


centre 0 and radius 1 in the complex plane; that is, it is the unit circle. 


Exercise E122 


Show that the mapping 


$: (Z,+) — (Z,+) 
nt Tn 


is a homomorphism, and find its image and kernel. 


The next worked exercise involves finding the image and kernel of a 
homomorphism whose domain group is an infinite matrix group. 
Remember that throughout this book we use L to denote the group of 
invertible 2 x 2 lower triangular matrices with real entries, and D to 
denote the group of invertible 2 x 2 diagonal matrices with real entries, 
each under matrix multiplication: 


a 0 
b=4(° 7) GdER, ad ZO}, 
bale *) ade aai 
a 0 d er | ’ . 
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Worked Exercise E48 


Find the image and kernel of the homomorphism 


go: (L, x) — (R*, x) 


a 0 272 
6 1) ee. 


(You saw that this mapping is a homomorphism in Exercise E111(b).) 


Solution 
First we find the image. 
®. Apply the definition of the image, 
Im ¢ = {9(9) : 9 € G}, 
to the particular homomorphism ¢ here. A general element of the 


domain group L is 6 al where a,c,d € R and ad #0. & 


We have 


®. Simplify the condition after the colon. (Remember that the colon 
means ‘such that’.) What the condition tells us about the values 
taken by a and d is that a,d € R with ad 40. ® 


= lo :a,d ER, ad 0}. 
@. As a and d run through all values in R such that ad 4 0, the 
expression ad? takes all possible positive values in R. © 
AR 
Now we find the kernel. 


®. First identify the identity element of the codomain group. Then 
apply the definition of the kernel, 


Kero = {g E€ G : o(g) = en}, 
to the particular homomorphism ¢ here. © 


The codomain group is (R*, x), which has identity element 1, so 


ceo={(* Yero Jar} 


®. Simplify the condition after the colon. We can do this outside the 
set notation, for brevity. ©& 
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The expression for Ker ¢ obtained in the worked exercise above could also 
be written as 


i( a ‘eR cer}. 


Exercise E123 


Find the image and kernel of the homomorphism 


go: (L,x) — (L, x) 


(CoO e) 


(You saw that this mapping is a homomorphism in Worked Exercise E44 
in Subsection 1.2.) 


Exercise E124 


Find the kernel of the homomorphism 


@: (L,x) — (D,x) 


(oO a: 


(Its image is found in the next worked exercise. You saw that this mapping 
is a homomorphism in Exercise E109(a) in Subsection 1.2.) 
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The next worked exercise reminds you about a different type of algebraic 
argument that is sometimes useful when you want to find the image of a 
homomorphism. If you suspect that the image is the whole codomain group 
— that is, the homomorphism is onto — then you can verify this by using an 
algebraic argument to prove that every element of the codomain group is 
the image of some element of the domain group. 


Worked Exercise E49 


Find the image of the homomorphism 


@: (L, x) — (D, x) 


(You were asked to find the kernel of this homomorphism in 
Exercise E124.) 


Solution 


@. We suspect that this homomorphism is onto, so we try to use an 
algebraic argument to prove that it is. We have to show that every 
element of the codomain group is the image under ¢ of some element 
of the domain group. .© 


We show that ¢ is onto. A general element of the codomain 
group (D, x) is 


a 0 
O ay 
where a,d € R and ad £ 0. 


®. Find any element of the domain group that is mapped by ¢ to this 
matrix. Remember to check that the element that you have found 
satisfies all the conditions to be in the domain group. © 


The matrix 
a 0 
il @ 


is an element of the domain group (L, x), because it is lower 
triangular and its determinant is ad which is non-zero, and 


a 0 a 0 
a ({ i = 
Thus ¢ is onto, and hence 


imo = (1D, x): 


2 Images and kernels 


Exercise E125 


Show that the folowing homomorphism is onto and hence write down its 
image: 


$: (L, x) — (R*, x) 


a 0) 8 
c d d` 


(You saw that this mapping is a homomorphism in Exercise E111(c) in 
Subsection 1.2.) 


Finally, here is one more possible approach to keep in mind when you want 
to find the image or kernel of a homomorphism. You could try making an 
informed guess about what the image or kernel is, and then confirm your 
guess by applying Strategy Al from Unit Al. This strategy says that to 
show that two sets are equal, show that each set is a subset of the other. 
Thus if you think that Im ¢ is a particular set S, say, then you can confirm 
this by showing that In@ C S and S C Imọ. Here is an example; it 
involves the same homomorphism as in Worked Exercise E48, but it 
determines the image of the homomorphism in the way just described. 


Worked Exercise E50 


Find the image of the homomorphism 


go: (L, x) — (R*, x) 


a 0 272 
(C 1) ee. 
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Exercise E126 


Use the method of Worked Exercise E50 to show that the image of the 
homomorphism 


@: (R*, x) — (R*, x) 
re r? 
is Rt. 


(You saw that ¢ is a homomorphism in Exercise E107(a) in 
Subsection 1.2.) 
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3 The First Isomorphism Theorem 


This section leads up to and covers the First Isomorphism Theorem, an 
important theorem in group theory that links the ideas of homomorphisms 
and quotient groups. 


3.1 Cosets of the kernel of a 
homomorphism 


You saw in the last section that the kernel of a homomorphism is a normal 
subgroup of its domain group. Thus the left cosets of the kernel in the 
domain group are the same as its right cosets, and we refer to them simply 
as cosets. In this subsection you will meet an important property of the 
cosets of the kernel of a homomorphism. 


Here is an example that illustrates this property. Consider the mapping 
@ : (Zy2, +12) — (Zi2, +12) 
n => 3 X2 n. 
This is a homomorphism because, for any m,n € Z12, 
(m +12 n) = 3 X12 (m +12 n) 
= (3 X12 M) +12 (3 X12 N) 
= $(m) +12 O(n). 
Let us find its kernel. The identity element of the codomain group is 0, so 
Ker ¢ = {n € Zj2: o(n) = 0} 
= {n € Zi2 : 3 X12 n = 0} 
= {0.48}. 
We will now find the cosets of Ker ¢ in the domain group (Z12, +12). Using 
our usual method for finding cosets, we find that they are 
Ker ¢ = {0, 4, 8}, 
1+ Ker ¢ = {1,5,9}, 
2+ Ker ¢ = {2,6,10}, 
3+ Ker ¢ = {3,7,11}. 
Let us now find the images under ¢ of the elements of the domain 
group (Zi2, +12), one coset at a time. 


The image under @ of each element of Ker ¢ itself is, of course, 0. 
Now we find the images of the elements in the second coset above: 
$1) =3, (5) =3, (9) =3. 
Each element of this coset has the same image, namely 3. 
A similar property is true for each of the other two cosets: 
(2) = $(6) = o(10) = 6, 
(3) = (7) = (11) = 9. 
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Thus whenever two elements of the domain group (Zj2, +12) lie in the 
same coset of Ker ¢, they have the same image under ¢, whereas whenever 
they lie in different cosets, they have different images. This is illustrated 
in Figure 25. 


(Zi2, +12), partitioned Q 
into cosets of Ker @ 


Figure 25 The homomorphism ¢ : (Zi2, +12) — (Zi2, +12) with rule 
n —> 3x 12 N 


This finding, for this particular homomorphism @, is a particular example 
of the following general theorem. 


Theorem E54 


Let ¢: (G,o) — (H,*) be a homomorphism, and let x and y be any 
elements of G. Then 


x and y have the same image under @ 
if and only if 


x and y lie in the same coset of Ker ¢ in G. 


Proof 

‘If’ part 

Suppose that x and y lie in the same coset of Ker ¢ in G. We have to show 
that d(x) = (y). 

Since x and y lie in the same coset of Ker ¢ in G, we have 


y € «Ker @. 


Hence there is an element k in Ker @ such that 


y=axok. 
Therefore 
ply) = e(z o k) 
= $(x) * (k) (since ¢ is a homomorphism) 
= ġ(x)xep (since k € Ker¢) 
= 9(2), 


as required. 
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‘Only if’ part 


Suppose that (x) = (y). We have to show that x and y lie in the same 
coset of Ker ¢ in G. 


Consider the image of the element «~! o y under ¢. We have 
o(a~'oy) = (£71) x (y) (since ¢ is a homomorphism) 
= (¢(x))~+* ¢(y) (by Proposition E42) 
= ($(x))~* * p(x) (since o(x) = o(y)) 
=p: 
Thus x~! o y belongs to Ker ø. Hence there is an element k in Ker @ such 
that 
zc toy=k. 
Composing both sides of this equation on the left by x gives 
y=axok, 
which shows that 
y € «Ker @. 
That is, x and y lie in the same coset of Ker ¢, as required. Oo 
Theorem E54 tells us that, for any homomorphism, the sets of elements in 


the domain group that have the same image are precisely the cosets of the 
kernel. This means that 


if we collect together the domain group elements according to their 
images under the homomorphism, then we have the cosets of the 
kernel; 


and that, conversely, 


if we find the cosets of the kernel, then we have the sets of domain 
group elements that have the same image under the homomorphism. 


In the next exercise you are asked to check this for a particular 
homomorphism ¢ similar to the one that was used as an example at the 
start of this subsection. 


Exercise E127 


Consider the mapping 
b : (Ziz, +12) —> (Zı2, +12) 
n= 2 Xin. 
(a) Show that ¢ is a homomorphism. 
(b) Find Ker ¢ and its cosets in (Z12, +12). 


(c) Find the partition of Zı2 obtained by collecting together the elements 
of Zı2 that have the same image under @. Check that this partition is 
the same as that found in part (b). 
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Theorem E54 applies to homomorphisms with infinite domain groups 
and/or infinite codomain groups, as well as to those with finite domain 
groups and finite codomain groups, as illustrated in the next exercise. 


Exercise E128 


Consider the mapping 


Q: (Z, +) — (Zs, +5) 
k— k (mod 5): 


It is a homomorphism by Proposition E37 in Subsection 1.2. (Remember 
that, in this unit, the notation k (moa n) denotes the integer in Zn that is 
congruent to k modulo n.) 


(a) Find Ker ¢ and its cosets in (Z, +). 


(b) Find the partition of Z obtained by collecting together elements of Z 
that have the same image under ¢. Check that this partition is the 
same as that in part (a). 


The following theorem from Subsection 2.2 can be viewed as a corollary of 
Theorem E54, as shown by its alternative proof below. 


Theorem E52 


Let ¢: (G,o) — (H, x) be a homomorphism. Then ¢ is one-to-one if 
and only if Ker ¢ = {eg}. 


Proof (using Theorem E54) 

‘If’ part 

Suppose that Ker ¢ = {eg}. Then each coset of Ker ¢ consists of a single 
element (since by Proposition E3 in Unit E1 each coset contains the same 


number of elements as Ker ¢). So, by Theorem E54, each element of G' has 
a distinct image under ¢. That is, ø is one-to-one. 


‘Only if’ part 

Suppose that @ is one-to-one. Then each element of G has a distinct image 
under ¢. So, by Theorem E54, each coset of Ker ¢, and in particular Ker ¢ 
itself, contains only a single element. The single element of Ker ¢ is eg, 
since certainly eg € Ker ¢. Thus Ker ¢ = {eg}. E 
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3.2 The First lsomorphism Theorem 


In this subsection you will meet the First Isomorphism Theorem, an 
important theorem in group theory. There is also a Second Isomorphism 
Theorem and a Third Isomorphism Theorem in group theory, but these 
theorems are outside the scope of this module. 


To understand what the First Isomorphism Theorem tells us, consider any 
homomorphism ¢ : (G,o) — (H,*). You have seen that Ker @ is a normal 
subgroup of the domain group (G,o), and that the sets of elements of 
(G,o) that have the same image under ¢ are precisely the cosets of Ker 
in (G,o). It follows that we can use the homomorphism ¢ to define a new 
mapping, say f, whose domain is the set of cosets of Ker ¢ in (Go), whose 
codomain is Im ¢, and whose rule is 


coset — element of Im ¢ that is the image under ¢ of each element of 
the coset. 


This mapping f is illustrated in Figure 26. Note in particular that the 
elements of its domain are whole cosets, not individual elements of (G, o). 


cosets of f 


Ker ġ in G 


— Im @ 


Im @ 


Figure 26 The mapping f obtained from the homomorphism ¢ 


Since the cosets of Ker ¢ are the elements of the quotient group G/ Ker ¢, 
and Im¢ is a group, the domain and codomain of the mapping f are both 
groups. The First Isomorphism Theorem states that this mapping f is in 

fact always an isomorphism. Thus, for any homomorphism 

@: (G,o) — (H,*), the quotient group G/ Ker ¢ is isomorphic to Im ¢. 


For instance, consider the homomorphism ¢ that was used as an example 
at the start of the previous subsection: 


@ : (Z12, +12) — (Z12, +12) 
nt+>3 X12 N. 


You saw that for this homomorphism the cosets of Ker @ are 


{0,4,8}, {1,5,9}, {2,6,10}, {3,7,11}. 
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You also saw that ¢ maps all the elements of the first coset (which is Ker 
itself) to 0, all the elements of the second coset to 3, all the elements of the 
third coset to 6 and all the elements of the fourth coset to 9. The 
mapping f obtained from ¢ as described above is therefore 


f : Zi2/ Ker dé — Imọ 
{0,4,8} +>0 
{1,5,9} —> 3 
{2,6,10} —> 6 
{3,7,11} — 9. 
It is illustrated in Figure 27. 


cosets of Ker @ —> Imo 


nf feat — 


Im @ 


Figure 27 The mapping f obtained from the homomorphism 
(0) x (Zi2, } 12) > (Zi2, t 12) with rule n +> 3 x12 


The First Isomorphism Theorem tells us that this mapping f is in fact an 
isomorphism, and hence Z12/ Ker ¢ S Im 9; that is, 


Z12/ Ker (o) = (10; 3, 6, 9}, +12). 


Here is the formal statement and proof of the First Isomorphism Theorem. 


Theorem E55 First Isomorphism Theorem 
Let ¢: (G,o) — (H, x) be a homomorphism. Then the mapping 
f :G/Ker¢ — Imọ 
x Kero > (2) 
is an isomorphism, so 


G/Ker¢ = Imọ. 


Proof In this proof we will denote Ker¢ simply by K, for brevity. 


The mapping f maps each coset of K to the image under ¢ of any 
element x of the coset. This is a valid definition of a mapping because, by 
Theorem E54, all the elements of a coset of K have the same image 
under ¢. To show that f is an isomorphism, we have to show that it is 
one-to-one and onto and that it has the homomorphism property. 


3 The First Ilsomorphism Theorem 


Theorem E54 tells us that elements from different cosets of K have 
different images under @, so f is one-to-one. 


Also, f is onto, because each element $(x) of Im@ is the image under f of 
the coset «Kk. 


It remains to prove that f has the homomorphism property. Let «kK and 
yK be cosets in G/K. We have to show that 


f(aKk - yK) = f(£K) x f(yK) 
where - denotes set composition. Now 


f(aK -yK) = f((coy)K) (by Theorem E1 in Unit E2) 
= ġ(xoy) (by the definition of f) 
= $(x) * (y) (since ¢ is a homomorphism) 
= f(xK)» f(yK) (by the definition of f). 


Hence f has the homomorphism property. 


Thus f is an isomorphism from the quotient group G/K to Im@. 
Therefore G/K = Im ¢. a 


The First Isomorphism Theorem is illustrated in Figure 28. This diagram 
shows a homomorphism ¢ and the isomorphism f obtained from ¢ as 
specified in the theorem. (In the diagram, as in earlier diagrams, Ker ¢ is 
shown as having finitely many cosets in the domain group (G,o), but of 
course there could be infinitely many.) 


homomorphism isomorphism 
(Gc) > W9 akeg -s tag 


Ker ġ xzKer ¢ 


Figure 28 A homomorphism ¢ and the isomorphism f obtained from it 


In the rest of this subsection we will look at one way in which we can 
apply the First Isomorphism Theorem, as follows. 


You have seen that if N is a normal subgroup of a group G, then it can be 
helpful to identify a familiar, standard group that is isomorphic to the 
quotient group G/N. Since isomorphic groups have the same structure, 
this can give us useful information about the quotient group. There is a 
list of standard groups, both finite and infinite, in the module Handbook. 


We can sometimes use the First Isomorphism Theorem to help us identify 
a familiar, standard group that is isomorphic to a quotient group G/ Ker @, 
where ¢ : (G,o) — (H,*) is a homomorphism. Here is an example. 
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Worked Exercise E51 


Consider the mapping 
@:(C*, x) — (R*, x) 
You saw that this mapping is a homomorphism in Worked Exercise E41 in 


Subsection 1.2. You also saw in Worked Exercise E47 in Subsection 2.3 
that 


Im¢ = Rt 


and 


Kero = {z E€ C: |z| = 1}. 
State a standard group isomorphic to the quotient group C*/ Ker ¢. 


Exercise E129 


Consider the mapping 
¢: (R?, +) — (R, +) 
(x,y) > z +y. 
(a) Show that ¢ is a homomorphism. 
(b) Find Imọ and Ker ¢. 
(c) State a standard group isomorphic to the quotient group R?/ Ker ¢. 


Exercise E130 


Consider the following mapping: 


$: (L, x) — (R*, x) 


a 0 
6 a) > ad. 


(This mapping ¢ maps each matrix in L to its determinant.) 


3 The First Ilsomorphism Theorem 


(a) Show that ¢ is a homomorphism. 
(b) Find Imọ and Ker @. 
(c) State a standard group isomorphic to the quotient group L/ Ker ¢. 


In each of Worked Exercise E51 and Exercises E129 and E130, we found a 
standard group isomorphic to a quotient group G/ Ker ¢ by finding Im @ 
and then using the fact that G/ Ker ¢ = Im 4, by the First Isomorphism 
Theorem. In these cases, this gave us an immediate answer because Im ġ 
was itself a standard group. 

When Im ¢ is not a standard group, we may still be able to find a standard 
group isomorphic to G/ Ker ¢ by finding a standard group isomorphic to 
Im ¢; this group will then, in turn, be isomorphic to G/ Ker ¢. This is 
illustrated in the next worked exercise and in the exercise that follows it. 


Worked Exercise E52 


Consider the following mapping: 


o: (L, x) — (L, x) 


OB] 


You saw that this mapping is a homomorphism in Worked Exercise E44 in 
Subsection 1.2, and in Exercise E123 in Subsection 2.3 you saw that its 
image and kernel are 


m={(; 2) rert} 


and 


keg= (0 = aceRaxoh. 


Find a standard group isomorphic to the quotient group L/ Ker ¢. 
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Consider the mapping 


This mapping is one-to-one, because if 


1 0 i @ 
E 


are elements of Im ¢ such that 0(A) = 0(B), then r = s by the 
definition of 0 and hence A = B. 


It is also onto, because if r € R* then r is the image under 0 of the 
element 


1 0 
(+) 
of Imọ. 


Finally, 0 has the homomorphism property because, for all r,s € R™, 


(Cor) ko s) =la n) 


Thus @ is an isomorphism, so 
L/Kerd = Imọ S (Rt, x). 
So a standard group isomorphic to L/ Ker ¢ is (RT, x). 


Exercise E131 


Consider the following mapping: 


o: (L,x) — (L, x) 


a 0 = 1/a 0 
c d 0 1/)° 
(a) Show that ¢ is a homomorphism. 


(b) Find Imọ and Ker @. 


(c) Find a standard group that is isomorphic to the quotient group 
L/ Ker ¢. 


The First Isomorphism Theorem has the following interesting corollary for 
finite groups. 


3 The First Isomorphism Theorem 


Corollary E56 
Let (G,o) be a finite group and let ¢: (G,o) — (H,*) bea 
homomorphism. Then 


[Ker 9] x |Im4| = |G]. 


Proof Since G is finite, each coset of Ker ¢ in G contains the same 
number of elements as Ker ¢, and hence the order of G/ Ker ¢ is 
IG| 
| Ker | 
It follows from the First Isomorphism Theorem that the order of G/ Ker ¢ 
is the same as the order of Im @¢. Hence 


IG] 
= | Imġ]. 
| Ker ¢| foal 
Rearranging this equation gives the equation in the statement of the 
corollary. | 


If (G,o) and (H, x) are finite groups, then the following numerical 
relationships hold for any homomorphism ¢ : (G,o) — (H, *): 


|Ker(¢)| divides |G| (by Lagrange’s Theorem), 
|Im(@)| divides |H| (by Lagrange’s Theorem), 
|Im(@)| divides |G| (by Corollary E56). 


In particular, the order of Im @ is a common factor of the orders of the 
domain group (G,o) and the codomain group (H,*). 


Worked Exercise E53 


Prove that the only homomorphism from A4 (the alternating group of 
degree 4) to (Z7, +7) is the trivial one. 
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Exercise E132 


(a) Prove that the only homomorphism from (Z11, +11) to S3 is the trivial 
one. 


(b) Prove that the only homomorphism from S(A) to (Z3, +3) is the 
trivial one. 


Hint: You were asked to find the normal subgroups of S(^A) in 
Exercise E39 in Subsection 3.3 of Unit E2. 


The first time the First, Second and Third Isomorphism Theorems 
appeared explicitly in the context of groups was in the famous 
two-volume book on abstract algebra by Bartel van der Waerden 
(1903-1996), Moderne Algebra. This book was first published in 
1930-1, with an English translation appearing in 1949-50, and was 
originally based on lectures given by Emile Artin (1898-1962) and 
Emmy Noether (1882-1935). Noether, who is often described as the 
most important woman mathematician in the history of mathematics 
for her work on abstract algebra and theoretical physics, had earlier 
published the three theorems in a slightly different context in a paper 
in Mathematische Annalen in 1927. 


3.3 Infinite quotient groups of domain 
groups by kernels (optional) 


In the previous subsection we considered some quotient groups of the form 
G'/ Ker ¢, where ¢: (G,o) — (H,*) is a homomorphism. We used the 
First Isomorphism Theorem to find standard groups isomorphic to these 
quotient groups. 


In this final, optional, subsection of the unit we will look in detail at two of 
these quotient groups, finding their elements and considering their binary 
operations. These two quotient groups are further examples of infinite 
quotient groups: so far in the module you have looked in detail at just one 
such quotient group, namely R/Z, which you met in Subsection 1.2 of 
Unit E2. (An infinite quotient group of an infinite group of matrices was 
also mentioned briefly at the end of Unit E2.) 


The two examples that we will look at in this subsection are those from 
Worked Exercise E51 and Exercise E129 in the previous subsection. In the 
first of these examples the domain group G of the homomorphism ¢ is 
(C*, x), and in the second it is (R?,+). So in each case the domain 

group G has a geometric interpretation, and hence the elements of the 
quotient group G/ Ker ¢, which are subsets of G, also have geometric 
interpretations. 


3 The First Ilsomorphism Theorem 


Worked Exercise E54 


Consider the homomorphism 


@:(C*,x) — (R*, x) 


zr |z|. 


(You saw that this mapping is a homomorphism in Worked Exercise E41 
in Subsection 1.2.) 


In Worked Exercise E47 in Subsection 2.3 we found that its kernel is 


Ker @ = {z E€ C: |z| = 1}. 


That is, its kernel is the unit circle in the complex plane (the circle with 
centre 0 and radius 1), as shown in Figure 29. 


Find the particular cosets 2 Ker ġ and 3i Ker @ and describe them 
geometrically. 


Find the general coset a Ker ¢, where a € C*, and describe it 
geometrically. 


Hence specify the elements of the quotient group C*/ Ker ¢, and 
describe them geometrically. 


Solution 


(a) ©. The coset 2 Ker ¢ is obtained by multiplying each element of 


Ker ¢ by 2. & 
We have 


2 Ker ¢ġ = {2z : z E€ Kero} 


®. Since Ker ¢ consists of all the complex numbers with 
modulus 1, we can see from this specification of the coset 2 Ker @ 
that it will consist of all the complex numbers with modulus 2. 
We can also prove this algebraically, as below. The specification 
of Ker ¢, given in the question, tells us that the condition 

z € Ker @¢ is equivalent to the conditions z € C, |z| = 1. # 


={22.26C.|2|— 1) 


@. To obtain z rather than 2z in front of the colon, replace 2z 
by z everywhere. @ 


ee 2 Cae) 2 
®. Simplify both conditions. The condition z/2 € C says the 
same as z € C. @ 

eee CeeS h 

= l2 eC 2 


Figure 29 The unit circle in 


the complex plane 
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@®. We can write “{z : z € C, ...}’ more simply as 
‘{zeEC:...}. # 
= el 2 
This is the circle with centre 0 and radius 2 in the complex plane. 
Similarly, 
3i Ker ¢ = {3iz : z € Ker} 
= oye a E eC AS Lf 
= ECG TAS 1+ 
=z EC A/e =i 
=i E Ci k| = 3k 
This is the circle with centre 0 and radius 3 in the complex plane. 
(b) For any a € C*, 


aKerọ¢ = {az : z € Ker¢} 
= faz. z EC HAm i 
=e a E ©. aas 1} 
See © k/o =i} 
=z € C: l| = lok 


A This is the circle with centre 0 and radius |a| in the complex 
plane. 
(c) The elements of the quotient group C*/ Ker ¢ are the sets of the 
(©) ` form 
Ws Ly {2 E€ Cil =r} 
where r € RT. 
That is, they are the circles with centre 0 and positive radius in 


the complex plane (the complex number 0 itself is not one of 
these circles). (Some of these circles are shown in Figure 30.) 


Figure 30 Circles with 
centre 0 in the complex plane 


> 


We can describe the binary operation of the quotient group in Worked 

Exercise E54 in terms of the circles that are its elements. The circle with 

centre 0 and positive radius r is the coset of Ker ¢ containing the number r 
> (which is an element of C*, as shown in Figure 31), so it can be denoted by 


r Ker @. 
The rule for set composition of such cosets is (by Theorem E1 in Unit E2) 
r Ker @- s Ker ¢ = (rs) Kero, 


Figure 31 The circle with where r,s € Rt. That is, the binary operation of the quotient group 
centre 0 and radius r contains C*/Ker¢ has the rule 


the complex number r 


3 


(circle of radius r) - (circle of radius s) = (circle of radius rs), 


for all r,s € RT. 


274 


3 The First Ilsomorphism Theorem 


So the quotient group C*/ Ker ¢ in Worked Exercise E54 is the group of all 
circles with centre 0 and positive radius in the complex plane under this 
binary operation. 


The elements of this group and the definition of its binary operation 
appear to indicate that it is isomorphic to the group (R*, x), and indeed 
this is what was found using the First Isomorphism Theorem in the 
solution to Worked Exercise E51 in the previous subsection. 


Exercise E133 


Consider the homomorphism 
pE +) — (R,+) 
(x,y) £ + y. 


You saw that this mapping is a homomorphism in Exercise E129 in 
Subsection 3.2. You also saw there that its kernel is 


Ker ¢ = {(2,y) € R? : y = =r}. 
This is the line y = —2 in R?, that is, the line through the origin with 
gradient —1. 
(Alternatively we can write Ker ¢ as 
Ker @ = {(k, —k) : k € R}.) 
(a) Find the particular coset (2,3) + Ker ¢ and describe it geometrically. 


(b) Find the general coset (a,b) + Ker ¢, where (a,b) € R?, and describe it 
geometrically. 


(c) Hence specify the elements of the quotient group R?/ Ker ¢ and 
describe them geometrically. 


As for the quotient group in Worked Exercise E54, we can describe the 
binary operation of the quotient group in Exercise E133 in terms of the 
geometric interpretation of its elements. You should have found that the 
elements of the quotient group R?/ Ker ¢ in Exercise E133 are the lines in 
the plane with gradient —1. 


The rule for set composition of these elements is (by Theorem E1 in 
Unit E2) 


((0,c) + Ker ¢) + ((0,d) + Ker¢) = ((0,c) + (0,d)) + Ker, 
that is, 
((0,c) + Ker o) + ((0, d) + Ker 4) = (0,c + d) + Ker. 


We can express this rule as 


(line y = —z +c) + (line y = —x + d) = (line y = —z + (c+ d)). 


So the quotient group R?/ Ker ¢ in Exercise E133 is the group of lines in 
the plane with gradient —1 under this binary operation. 
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The elements of this group and the definition of its binary operation 
appear to indicate that it is isomorphic to the group (R, +), and indeed 
this is what was found using the First Isomorphism Theorem in the 
solution to Exercise E129 in the previous subsection. 


Summary 


In this unit you have met the idea of a homomorphism from a group to a 
group, and considered many examples. You have seen that 
homomorphisms preserve important features of the structure of the 
domain group, including composites, the identity, inverses, powers and 
conjugates. You have studied the image and kernel of a homomorphism, 
and explored some of the properties of these sets, such as the fact that 
they are always groups themselves. You have also learned that kernels of 
homomorphisms and normal subgroups are in fact the same objects. You 
have seen that a linear transformation is a special type of homomorphism, 
and met several parallels between homomorphisms in group theory and 
linear transformations in linear algebra. Finally you met the First 
Isomorphism Theorem, which links homomorphisms and quotient groups. 


Learning outcomes 


After working through this unit, you should be able to: 
e explain what is meant by a homomorphism 
e understand that an isomorphism is a special case of a homomorphism 


e check whether a mapping between groups is a homomorphism, or an 
isomorphism, or neither 


e understand that a homomorphism preserves composites, the identity, 
inverses, powers, conjugates and the properties of being abelian and 
being cyclic 

e understand what are meant by the image and kernel of a homomorphism 

e understand that the image of a homomorphism is a subgroup of the 


codomain group, and the kernel of a homomorphism is a normal 
subgroup of the domain group 


e know that a homomorphism is one-to-one if and only if its kernel 
contains the identity element of the domain group alone 


e understand that all the elements in a coset of the kernel of a 
homomorphism have the same image under the homomorphism 


e understand that, for any homomorphism, the quotient group formed by 
the cosets of the kernel is isomorphic to the image group (the First 
Isomorphism Theorem). 


Solutions to exercises 


Solution to Exercise E99 


(a) As mentioned in the question, the given group 
tables (repeated here for convenience) have the 
same pattern: 


ole ar s xl 1 5 7 11 

ele ar s 1 1 5 7 il 

ala es r 5] 5 1 11 7 

rir s ea 7/7 11 #1 5 

sis rae 11 |11 7 5 1 
(S5), 0) (U12, X12) 


So the following mapping ¢ġ1, obtained by 
matching up the row (or column) labels in order, 
is an isomorphism. 


$1 : (S( 


) °) — (U12, X12) 
em 1 


aw 5 
TIF 
s — 11 


Now consider the following mappings ¢2 and ¢3. 


$2 : (S( 


), o) — (U12, X12) 
em 1 


a> 5 
r> 11 
s— 7 


$3 : (S( 


) °) — (U12, x12) 
em 1 
at 7 
rhe > 5 


ste > 11 


Replacing each entry in the group table of 
(S(4),°) above by its image under ¢2 and its 
image under @3, respectively, gives the following 
tables. 


1 5 11 7 1 7 5 11 

1| 1 5 I1 1} 1 7 5 11 

5/5 1 7 l1 7) 7 1 ll 5 

11/11 7 5/ 5 11 1 7 
7| 7 11 5 1 11/11 5 7 1 


Solutions to exercises 


Each of these tables is a correct group table for 
(U12, X12) (because, for each table, each cell in the 
body of the table contains the result of combining 
the row label of the cell with the column label of 
the cell). So both ¢2 and ¢3 are isomorphisms. 


(In fact there are six different isomorphisms from 
(S(G),°) to (U12, X12): any one-to-one and onto 
mapping from (S(),°) to (U12, X12) that maps 
the identity element e of (S(©), o0) to the identity 
element 1 of (U12, X12) is an isomorphism.) 


(b) Consider the following one-to-one and onto 
mapping $4 from (S(C),°) to (U12, x12). 


ba : (S(C), 0°) — (U12, X12) 
er> 5 


ar 1 
re > 7 
ste > 11 


Replacing each entry in the group table of S(0) 
above by its image under ¢4 gives the following 
table. 


5 1 7 il 

5} 5 1 7 11 

1} 1 5 11 7 

7| 7 111 5 1 

11/11 7 1 5 


This is not a group table of (Uj2, x12) because, for 
example, it is not true that 5 x12 5 = 5. 


Hence ¢4 is an example of a one-to-one and onto 
mapping from (S(),°) to (U12, X12) that is not 
an isomorphism. 


(There are other possible answers here: any 
one-to-one and onto mapping from (S(C),°) to 
(U12, X12) that does not map e to 1 will do.) 
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Solution to Exercise E100 o (S*(G),°) — Uno, x10) 
The given group table for (S*(D), o) is as follows. ee 
(It is repeated here for convenience.) aa 
b— 3 
ole abe 
cr> 9 
ele a G 
ala bce $ : (87 (0), 0) — (U10, X10) 
blb cea er 1 
cle ea b ar>9 
Consider the following one-to-one and onto pS 
mapping from (St(Q),0) to (U10, X10). cT 
$ : (S*(Q),°) — (U10, x10) geL Oe) — (Om x10) 
ew 1 emm> 1 
a> 3 am 9 
b—> 7T br>7 
c> 9 ct—+ 3) 
Replacing each entry in the group table of Solution to Exercise E101 
(S*(C),0) above by its image under ¢ gives the 
following table. The group table of (S(©@), o) is as follows. (It is 
repeated here for convenience.) 
1379 
1/1 3 7 9 ua A 
313 7 9 1 ele ar s 
717 9 1 3 aļa e s r 
919 137 rir sea 
sls rae 


This is not a group table of (U10, X19) because, for 


Sxonmple: ik not ue thats ag — The following mapping ġı maps every element of 


(S(©@), o) to itself, so it is an isomorphism and 


Hence ¢ is an example of a one-to-one and onto hence an automorphism. 
mapping from (S*(Q),0) to (U10, x10) that maps 

the identity element of (S+ (0O), 0) to the identity Pe Nese) = Ee] 
element of (U10, X10) but is not an isomorphism. oe 

(There are other possible answers here: any mia 
one-to-one and onto mapping from ($+ (QD), o) Cree 


to (U10, X19) that maps e to 1 but does not St 3 
map b (the only element of order 2 in (St(Q),0)) 
to 9 (the only element of order 2 in (U10, X10)) will 


Now consider the following mapping ¢2. 


do. There are three such mappings other than the 2 : (S(5),0) — (S), 0) 

one above, as follows. ere 
arr 
rea 
s>s 
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Replacing each entry in the group table of 
(S(C),°) above by its image under ¢2 gives the 
following table. 


e r a §& 
ej;e ra & 
rir e 8 @ 
aja S8 e r 
S|S a r e 


This table is a correct group table for (S( 
so @2 is an isomorphism and hence an 
automorphism. 


(There are six different automorphisms of 
(S(-),°): any one-to-one and onto mapping from 
(S(4),°) to itself that maps e to itself will do.) 


Solution to Exercise E102 


The mapping ¢ (the exponential function) is 
one-to-one. 


It is also onto, because its image set is 
(0,co) = Rt. 


We now check that @ preserves composites. Let 
x,y E€ R. We have to show that 


d(x +y) = (x) x o(y), 
that is, 


er TY = e? x eY, 


This is true by the index laws for R, so ¢ preserves 
composites. 


Hence ¢ is an isomorphism. 


Solution to Exercise E103 


To show that ¢ is one-to-one, suppose that 
m and n are elements of Z such that 


o(m) = o(n). 
Then 

-m = —n, 
which gives 

mi =n. 


Thus ¢ is one-to-one. 


Solutions to exercises 


Also, @ is onto, because each element n of the 
codomain group (Z,+) is the image under ¢ of the 
element —n of the domain group (Z, +). 


We now check that @ preserves composites. Let 
m,n € Z. We have to show that 


o(m +n) = (m) + O(n). 


Now 
o(m +n) =—(m-+n) 
= (=m) + (=n) 
= o(m) + 9(n). 


Thus @ preserves composites. 


Hence ¢ is an isomorphism. 


Solution to Exercise E104 

(a) This mapping ¢ is not one-to-one. For 
example, (i) = ¢(1) = 1. 

(This mapping ¢ is onto and preserves composites. ) 


(b) This mapping ¢ is not onto. For example, the 
element 1 of the codomain is not the image 
under @¢ of any element of the domain. 


(This mapping ¢ is one-to-one and preserves 
composites. ) 


(c) This mapping ¢ is not onto, because 2” > 0 
for all x € R, so, for example, the element —1 of 
the codomain is not the image under ¢ of any 
element of the domain. 


In fact, this mapping ¢ does not preserve 
composites either as, in general, 27%” Æ 2” x W, 
For example, 


d(x 2) =o" =o? =4 
whereas 
o(1) x 6(2) = 2! x 2? =2x4=8. 


(This mapping ¢ is one-to-one.) 
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Solution to Exercise E105 


The group (Zj0, +10) is a cyclic group of order 10, 
generated by 1. In this group the consecutive 
multiples of the generator 1 starting from the 
identity 0 are 


0, 1,2,3,4,5,6,7,8,9,.... 


We try to find a generator of the group (Zi,, X11). 
In (Z7,, X11) the consecutive powers of 2 starting 
from 2° are 


1,2,4,8,5, 10,9, 7,3,6,.... 


All the elements of Zï} appear in this list, so 2 is a 
generator of (Z},, X11). 


Matching each multiple of the generator 1 of 
(Zio, +10) to the corresponding power of the 
generator 2 of (Z7,, X11) gives the following 

isomorphism: 


$: (Zio, +10) —> (Zii; X11) 
0 — 1 
1 +> 2 
2 — 4 
3 — 8 
4 +> 5 
5 — 10 
6 + 9 
T > 7 
8 — 3 
9 — 6. 


(There are alternative answers, as follows, since 6, 
7 and 8 are also generators of (Z7,, x11): 


0 — 1 0 — 1 0 — 1 
1 +> 6 1 +> 7 1 +> 8 
2 — 3 2 +> 5 2 — 9 
3 > 7 3 — 2 3 — 6 
4 +> 9 4 +> 3 4 +44 
5 +> 10 5 +> 10 5 +> 10 
6 — 5 6 — 4 6 — 3 
7 — 8 7 +> 6 T — 2 
8 — 4 8 — 9 8 +> 5 
9 +> 2 9 +> 8 9 +> 7.) 
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Solution to Exercise E106 


In the group (Z4, +4) the consecutive multiples of 
the generator 1 starting from the identity 0 are 


0 i23 


In the group (Zg, +g) the consecutive multiples 
of 2 starting from the identity 0 are 


0,2,4,6,.... 


Thus the cyclic subgroup of (Zs, +8) generated 
by 2 is (2) = {0, 2, 4, 6}. 


Matching each multiple of the generator 1 of 
(Z4, +4) to the corresponding multiple of the 
generator 2 of the subgroup (2) of (Zg, +8) gives 
the following isomorphism: 
$ : (Za, +4) — ({0, 2,4, 6}, +4) 

0—0 

I — 2 

2—4 

3+ 6. 


(The subgroup of (Zg, +8) generated by 2 is also 
generated by 6, so an alternative answer is 


Q: (Z4, +4) 7 ({0, 2, 4, 6}, +4) 
0—0 
1 — 6 
2 = 4 
34> 2.) 


Solution to Exercise E107 

(a) The homomorphism property for ¢ is 
plx x y) = (z) x ly) 

We check whether it holds. Let x,y € R*. Then 


plz x y) = (x x y)? 


= r? 


for all z, y € R*. 


x y? 
= 9(x) x o(y). 
Thus ¢ is a homomorphism. 


(b) The homomorphism property for ¢ is 


o(m +n) = o(m) + O(n) 


The mapping ¢ does not have this property, since, 
for example, 1 € Z and 


o(1+1) =4(2)=2 =4, 


for all m,n € Z. 


whereas 
g(1) + 61) = 17? + =14+1=2, 
so (1+ 1) 4 (1) +¢(1). Hence ¢ is not a 
homomorphism. 
(c) The homomorphism property for ¢ is 
o(m +6 n) = o(m) +6 O(n) 
We check whether it holds. Let m,n € Ze. Then 
(m +6 n) = 3 x6 (m +6 n) 
= (3 xg M) +6 (3 x6 n) 
(by the distributive law for modular arithmetic) 
= 9(m) +6 (n). 


Thus ¢ is a homomorphism. 


for all m,n € Ze. 


(d) The homomorphism property for ¢ is 
o(m +n) = (m) x O(n) 
We check whether it holds. Let m,n € Z. Then 
o(m-+n) = 2" 
= 7" PA 
= (m) x o(n). 


Thus ¢ is a homomorphism. 


for all m,n € Z. 


(e) The homomorphism property for ¢ is 


d(x +y) = (x) +2 o(y) 


The mapping ¢ does not have this property, since, 
for example, 7 € R and 


olr +m) = 6(2n) =1 
whereas 
plr) +2 O(n) =1+21=0. 
So (a + 7) # O(a) +2 O(7). Hence ¢ is not a 


homomorphism. 


for all x,y E€ R. 


(The number 27 is irrational, because if 27 were 
rational then 7 = (27)/2 would be rational.) 


(£) The homomorphism property for ¢ is 
o((21, yı) + (x2, y2)) E (xı, yı) ale o( x2, y2) 
for all (z1, y1), (£2, y2) € R?. 


We check whether it holds. Let 
(wis i), (x2, y2) € R2. 


Solutions to exercises 


The left-hand side of the homomorphism property 
equation is 
O((X1, y1) + (z2, y2)) 
= o(41 + 22, y1 + y2) 
= (2(x1 + £2) — (yi + y2), 6(@1 + x2) — 3(y1 + y2)) 
= (221 + 2x2 — yı — Y2, 6x1 + 6x2 — 3y1 — 3y2). 
The right-hand side is 


b(@1, 41) + (T2, y2) 
= (221 — y1, 641 — 3y1) + (222 — yo, 622 — 3y2) 
= (201 + 2x2 — y1 — yo, 621 + 6x2 — 3y1 — 3y2). 


Since the two sides are equal, ¢ is a 
homomorphism. 


(In fact, as you will see later in this subsection, 
there is a shortcut way to confirm that this 
mapping is a homomorphism, using the fact that it 
is a linear transformation from the vector space R? 
to itself.) 


(For simplicity, we write (x,y) for @((x,y)), as in 
Unit C3 Linear transformations.) 

Solution to Exercise E108 

Let f,g E€ Sn. We have to show that 


olf og) = O(f) +2 (9). 


We know that a composite of two even 
permutations or two odd permutations is even, and 
a composite of a even permutation and an odd 
permutation is odd. Thus we have the following. 


If f is even and g is even then f o g is even so 
o(fog)=0 and ¢(f) +2 ¢(g) =0+20=0. 
If f is even and g is odd then f o g is odd so 
o(fog)=1 and ¢(f) +2 ¢(g) =0+21=1. 
If f is odd and g is even then f og is odd so 
o(fog)=1 and ¢(f) +2 ¢(g)=14+20=1. 
If f is odd and g is odd then f o g is even so 
o(fog)=0 and ¢(f) +2 ¢(g) =1+21=0. 
Thus in all cases 6(f og) = (f) +2 ¢(g). Hence ¢ 


is a homomorphism. 
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Solution to Exercise E109 and 

(a) Let A,B € L. We have to show that ¢(A)¢(B) = : n) $ (: i 
$(AB) = ¢(A)4(B). ” f 

Now = 7) C en o) 


a=(i o) and B=(° ae 
t wu £ y 


for some r,t,u,v,x,y € R with ru £0 and vy ¥ 0. 


$ 
0 
ae T uy 


Hence = A 
r O\ fv O ru— uy uy 
mo 2G 9) 
uy T Y Thus ¢(AB) = ¢(A)¢(B). Hence ¢ is a 
- ( a 0 ) homomorphism. 
©” \tutur uy . i 
Solution to Exercise E110 
0 
= ” The homomorphism property for ¢ is 
and (AB) = ¢(A)¢(B) forall A,B € GL(2). 
¢(A)¢(B) = ¢ (; n) $ ( o) The mapping ¢ does not have this property. For 
u “ey example, the matrices 


{7 0\ f/x 9 1 1 1 0 

=( a) (o i) A={j i) it ee a 

= « 0 ) , are both elements of GL(2) (since they both have 
determinant 1 and are therefore invertible), and 

Thus (AB) = $(A)¢(B). Hence ¢ is a (AB) = (AB)! 

homomorphism. i 

(b) Let A,B € L. We have to show that = (¢ 9 é Ai 


ŻAB) = 6(A)o(B). | a 
Now = (; i) 
A= (; and B= (C n) 3 ( 1 E 
t u £ Y ae | aE 
for some r,t,u,v,x,y E€ R with ru 4 0 and vy £ 0. 


whereas 
Hence 


i (: ")) $(A)o(B) = AB 


saB)=o((; uJ (£ y ANA oO 
=9( tus wy) ea GY) 
i apa 


Thus ¢(AB) 4 ¢(A)¢(B). Hence ¢ is not a 


homomorphism. 
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Solution to Exercise E111 
(a) The homomorphism property for ¢ is 
(AB) = ¢(A)+¢(B) forall A,B € L. 


The mapping ¢ does not have this property. For 
example, the matrix 


(9) 


is an element of L, and 
o1) = 61) =141=2, 
whereas 
$T) +407) =1414141=4. 
Thus (II) 4 ọ(I) + (I). Hence ¢ is not a 


homomorphism. 


(b) The homomorphism property for ¢ is 
?(AB) = ¢(A)¢@(B) foral A,B € L. 
We check whether it holds. Let A,B € L. Then 


a=(; o) and ssl ae 
t u cu Y 


for some r,t,u,v, x,y E€ R with ru Æ 0 and vy £ 0. 


Hence 


(ab) =0((j a ( n 


rv 0 
=g (,, + Ux D) 


= (rv)? (uy)? 


Thus ¢(AB) = ¢(A)¢(B). Hence ¢ is a 


homomorphism. 

(c) The homomorphism property for ¢ is 
?(AB) = ¢(A)¢@(B) foral A,B € L. 

We check whether it holds. Let A,B € L. Then 


a=(; o) and B=(° a 
t u t y 


for some r,t,u,v, x,y € R with ru #0 and vy £ 0. 


Solutions to exercises 


Hence 
neia a a) 
ru 0 
= (a Hur A 
_ Tv 
uy 
and 
(aoa) =o (7 e(z o) 
r v 
= 2 46 = 
u y 
o Fe 
uy 


Thus ¢(AB) = ¢(A)¢(B). Hence ¢ is a 


homomorphism. 


Solution to Exercise E112 


First we prove the ‘if’ part. Suppose that G is 
abelian. Then, for all x,y € G, 


pxo y) = (xo y)o (xoy) 
-= zo(yoz)oy 
=xzo(roy)oy (since G is abelian) 
= (rox) 0 (yoy) 
= 9(2x) o oy). 
Hence ¢ is a homomorphism. 


Now we prove the ‘only if’ part. Suppose that ¢ is 
a homomorphism. Then, for all z,y € G, 


p(z o y) = o(x) 0 oly), 

that is, 
(xoy) o (xoy) = (wom)o (yoy). 

We can write this as 
xzo(ļyoz)oy=zxo(zoy)oy. 

It now follows by the Cancellation Laws that 
yor =f, 

Hence G is abelian. 


Thus ¢ is a homomorphism if and only if G is 
abelian. 
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Solution to Exercise E113 
Let x,y,z € G. Then 
ọlxoyoz)=¢((xoy)oz) 


= $(x0 y) * (2) 
(by the homomorphism property for ¢) 


= (ġ(x) * o(y)) * (2) 
(by the homomorphism property for ¢ again) 


= 9(2) * o(y) * o(2), 


as required. 


Solution to Exercise E114 


(a) The identity in both the domain group and 
the codomain group is 1, and ¢(1) = 1? = 1. 


(b) The identity in both the domain group and 
the codomain group is 0, and ¢(0) = 3 x6 0 = 0. 
Solution to Exercise E115 
(a) In R*, the inverse of 3 is $. Now 

o(3)=9 and $($) =5. 


In R*, the elements 9 and i are inverses of each 
other. 


(b) In Ze, the inverse of 4 is 2. Now 
ọ(4)=0 and ¢(2)=0. 


In Ze, the element 0 is the inverse of 0. 


Solution to Exercise E116 
(a) In R*, 
(3?) = 4(9) = 9 = 81 
and 
(¢(3))? = 9 = 81, 
so (3°) = (6(3))?. 


(b) In Ze, 
$(4 +6 4) = $(2) =3 x62 =0 
and 
(4) +6 $(4) = (3 x6 4) +6 (3 x6 4) 


=0+60=0, 
so $(4 +6 4) = o(4) +6 (4). 
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Solution to Exercise E117 

(a) The image of ¢3 is {1,3,5,7} = Us, its whole 
codomain. 

(b) The image of ġ4 is R*, again its whole 
codomain. 


Solution to Exercise E118 
(a) The homomorphism ¢ maps each integer n to 
its remainder on division by 12. 
It is not one-to-one because, for example, 
o(1) = (13). 
However, each element of Zı2 occurs as an image 
under ¢, so Im ¢@ = Zı2 and hence ¢ is onto. 
(b) The homomorphism ¢ is one-to-one, because if 
m,n € Z and $(m) = ¢(n), then 2” = 2”, which 
gives m =n. 
The image of ¢ is the set of all integer powers of 2. 
That is, 

Imọ = {2": ne Z}. 


There is no integer n such that 2” = 3, for 
example, so ¢@ is not onto. 


Solution to Exercise E119 


(a) The group (Zi2, +12) is cyclic so, by 

Theorem E49, any homomorphism with this group 
as its domain group must have a cyclic image. This 
image cannot be (S(A), o), because this group is 
not cyclic. 


Alternatively, you may have observed that Z12 is 
abelian, but (.S(A), o) is not. 

(b) The first argument given in part (a) applies to 
this case too, because (S(©@), o0) is not cyclic. 


(However, (S(©), o) is abelian, so the second 
argument does not apply here.) 


Solution to Exercise E120 


(a) The identity element of the codomain group 
of ġ3 is 1. The kernel of ¢3 is {e}. 


(b) The identity element of the codomain group 
of ġ4 is 1. The kernel of ¢4 is {1,—1}. 


Solution to Exercise E121 


(a) The elements of Zę are 0, 1, 2, 3, 4 and 5, 
and 0 is the identity element. We have 


Hence Im ¢ = {0,3} and Ker ¢ = {0, 2, 4}. 
(b) This homomorphism ¢, the exponential 
function, has image (0,00) = R* (as you saw in 
Subsection 4.2 of Unit D4). That is, 

Imọ = R*+. 
(So ¢ is onto.) 


Also, œ is one-to-one (since it is strictly increasing, 
as you saw in Subsection 4.2 of Unit D4). Hence, 
since the identity element in the domain group is 0, 


Ker d = {0}, 
by Theorem E52. 


(c) This is the trivial homomorphism from (R*, x) 
to (R*, x). Every element of the domain group is 
mapped by ¢ to the identity element 1 of the 
codomain group. Therefore 


Im¢ = {1} 

and Ker ¢@ is the whole domain group, that is, 
Ker ¢ = R*. 

Solution to Exercise E122 


First we show that ¢ is a homomorphism. Let 
m,n € Z. We have to show that 


o(m +n) = (m) + O(n). 


Now 
o(m +n) =7(m+n) 
=7m+7n 
= o(m) + ¢(n). 


Hence ¢ is a homomorphism. 


Solutions to exercises 


Now we find the image of ¢. It is 
Im ¢ = {¢(n) : ne Z} 
= {7n: ne Z} 
= Z 
= {...,—14, —7,0,7,14,...}. 


(The final line above could be omitted.) 
Finally we find the kernel of ¢. The identity 


element of the codomain group is 0. So the 
kernel is 
Kero = {n€ Z: (n) = 0} 
= {ne Z: in =0} 
={nE€EZ:n=0} 
= {0}. 
(Alternatively, we can find the kernel by showing 
that ¢ is one-to-one and applying Theorem E52.) 


Solution to Exercise E123 
We have 


(Here we have used the fact that, as d runs 
through all non-zero values in R, its square d? 
takes all positive values in R, so we can specify the 
set Im ¢ equally well by replacing d? with r, say, 
where r € R+.) 


The identity element of the codomain group (L, x) 


. /1 0 
is (ġo 4) >80 
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Thus 


Kero = {(2 A eL:d=+1} 


(i) iaeeR axel. 


Solution to Exercise E124 
The identity element of the codomain group (D, x) 


is the identity matrix G 2) , SO 


keg={(¢ SJ ez:0(2 N- N} 
-{( Jel =G 9} 
-{(2 ” fog i} 


t cer}. 


Solution to Exercise E125 


Let r be an element of the codomain 


A Er AEE e: } 


a,c,d € R, ad £0, a=a=1} 


group (R*, 


( 


p 0 
0 2 


) 


x). Then the matrix 


Since x € R*, it follows that r > 0 and hence 
r € R*. Therefore Imọ C RF. 


Now we show that Rt CIm¢@. Let r € R. Then r 
is the image under ¢ of the real number yr, since 


ae 
Hence r € Imọ. Therefore Rt C Im¢. 


Since Im¢@ C R* and R* C Im4, it follows that 
Imọ = RF. 


Solution to Exercise E127 


(a) The mapping ¢ is a homomorphism because, 
for any m,n € Zya, 
o(m +12 n) = 2 X12 (m +12 N) 
= (2 X12 M) +12 (2 X12 N) 
= $(m) +12 O(n). 
(b) The identity element of the codomain group 
is 0, so 
Ker ¢ = {n € Ziz : O(n) = 0} 
= {n € Zo: 2 X12 n = 0} 
= {0,6}. 
The cosets of Ker ¢ are 
Ker ¢ = {0,6}, 
1+ Ker¢ = {1,7}, 
2+ Kero = {2,8}, 
3+ Ker ¢ = {3,9}, 


is an element of the domain group (L, x), because 


it is lower triangular and its determinant is 


r x 1 =r which is non-zero because r € R*, 


r 0 
o i i) zm 
Thus ¢ is onto and therefore Im ¢ = R*. 


Solution to Exercise E126 


First we show that Imọ C RĦ. Let r € Im¢. Then 


r= ġ(x) 
for some element x of R*. This gives 
2 
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and 


4+ Ker ¢ = {4, 10}, 
5 +Kerd = {5,11}. 
(c) We have 
(0) = 9(6) = 0, 
(1) = 9(7) = 2, 
(2) = 9(8) = 4, 
(3) = 9(9) = 6, 
(4) = ¢(10) = 8, 
(5) = o(11) = 10. 


Thus the partition of Zz obtained by collecting 
together elements of Z 2 with the same image is 


{0,6}, {1,7}, {2,8}, {3,9}, {4,10}, {5,11}. 


As expected this is the same as the partition of Zı2 
into cosets of Ker ¢ found in part (b). 


Solution to Exercise E128 


(a) The kernel of ¢ is the set of integers that @ 
maps to 0, so 


Ker ọ = {5n : n € Z} = 5Z. 
The cosets of Ker @ are 
5Z = {5n: ne Z}, 
1+5Z = {5n+1:n E€ Z}, 
2+5Z ={5n+2:n €Z}, 
34+5Z = {5n +3: n € Z}, 
44+5Z={5n+4:neZ}. 


(b) The set of integers with a particular image, 
say s, under ¢ is the set of integers whose 
remainder on division by 5 is s. Thus the partition 
obtained by collecting together integers with the 
same image consists of the five sets listed in 

part (a), as expected. 


Solution to Exercise E129 


(a) The mapping ¢ is a linear transformation, 
because it is of the form 


(x,y) — ax + by 


where a,b € R. Hence, by Proposition E39, it is a 
homomorphism. 


(Alternatively, we can show that ¢ is a 
homomorphism as follows. 


Let (21,41), (v2, y2) E€ R?. We have to show that 
P((@1, y1) ar (x2, y2)) = d(x, yı) + b(x2, y2). 


Now 
P((z1,y1) + (z2, y2)) = (1 + £2, Y1 + y2) 
= (a1 + 2) + (y1 + y2) 
= (x1 + y1) + (£2 + y2) 
= ġ(x1, y1) + (x2, ya). 


Hence ¢ is a homomorphism.) 


(b) The homomorphism ¢ is onto, since if x is an 
element of the codomain group (R, +) then z is the 
image under ¢ of the element (x,0) of the domain 
group (R?, +), because 


o(z,0)=x2+0=2. 


Solutions to exercises 


Hence 
In¢=R. 
Also 
Ker ġ = {(2,y) € R? : o(a, y) = 0} 
= {(2,y) € R?:2+y=0} 
= {(2,y) E€ R? : y = —a}. 


(This is the line y = —a in R?, that is, the line 
through the origin with gradient —1.) 


(Alternatively we can write Ker @ as 
Ker ¢ = {(k, —k) : k € R}.) 

(c) By the First Isomorphism Theorem, 
R?/Ker¢ S Imọ, 

so 
R?/Ker ¢ = (R, +). 

So a standard group isomorphic to R?/ Ker ¢ 

is (R, +). 

Solution to Exercise E130 

(a) Let A,B € L. We have to show that 
o(AB) = 6(A)9(B), 

Now 
sl J and B= - F 

t u zt Yy 


for some r,t,u,v,x,y € R, where ru # 0 and 
vy # 0. Hence 


o(aB) =0((j a (: i) 


ru 0 
=< e + ux m 


= rvuy 


= ruvy 


o(aowa)=o(7 Po o) 


and 


t u £ y 
=ruvy. 


Thus ¢(AB) = ¢(A)¢(B). Hence ¢ is a 


homomorphism. 
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(b) The homomorphism ¢ is onto, because if 
r € R* then r is the image under ¢ of the matrix 


(5 1): 


This matrix is in L because it is lower triangular 


and its determinant is r x 1 = r, which is non-zero 


because r € R*. Hence 


Im¢ = R*. 


The identity element of the codomain group is 1, so 


kao- {(¢ Y exzo(* %) ai] 


Va :a,c ER, a#0}. 

(c) By the First Isomorphism Theorem, 
L/Kerọ S (R*, x). 

So a standard group isomorphic to L/ Ker ¢ 

is (R*, x). 

Solution to Exercise E131 

(a) Let A,B € L. We have to show that 
(AB) = ¢(A)¢(B). 


Now 


a=(t A and B=(° T 
t u z£ y 


for some r,t,u,v,x,y E€ R with ru 0 and vy £ 0. 


Hence 


Ee) 
po ww) 
“(1 4) 
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Thus ¢(AB) = ¢(A)¢(B). Hence ¢ is a 


homomorphism. 


(b) we f | f ; l J 
Eki i) eer} 
a i) orner}. 


The identity element of the codomain group is 


SO 


'odER, d#0}. 


(c) By the First Isomorphism Theorem, the 
quotient group L/ Ker ¢ is isomorphic to Im @. 


We now show that Im ¢ is isomorphic to (R*, x). 
Consider the mapping 


This mapping is one-to-one, because if 


r O s 0 
a-h; t) and Be ') 


are elements of Im @ such that 6(A) = 6(B), then 
r = s by the definition of 0 and hence A = B. 


It is also onto, because if r € R* then r is the 
image under 0 of the element 


r O 
0 1 
of Im ¢. 


Finally, it has the homomorphism property 
because, for all r,s € R*, 


(GG) 9) 


Thus @ is an isomorphism, so 


L/Ker¢d = Imọ & (R*, x). 


Solution to Exercise E132 


(a) Let ¢: Zıı — S3 be a homomorphism. By 

Corollary E56 and Lagrange’s Theorem, the order 
of Im @ divides the orders of Z,, and S3, which are 
11 and 6, respectively. But 11 and 6 have greatest 
common factor 1, so the order of Im@¢ is 1. Hence, 


since Im ¢ is a subgroup of $3, we have Im ọ = {e}. 


Therefore ¢ is the trivial homomorphism 


ġ : Zy, — S3 
T => e. 


(b) Let ¢: S(A) — Z; be a homomorphism. By 
Corollary E56 and Lagrange’s Theorem, the order 
of Im ọ divides the orders of S(A) and Zs, which 
are 6 and 3, respectively. Hence the order of In@ 
is either 1 or 3. 

If Im @¢ has order 3, then Ker ¢ has order 2, by 
Corollary E56. As S(A) does not have a normal 
subgroup of order 2 (by the solution to 

Exercise E39 in Subsection 3.3 of Unit E2), this is 
impossible. 


Solutions to exercises 


Thus Im ¢ has order 1. Hence, since Im¢ is a 
subgroup of (Z3, +3), we have Im ¢ = {0}. 
Therefore ¢ is the trivial homomorphism 
Q: S (A) — Z3 
fro 0. 


Solution to Exercise E133 
(a) We have 

(2,3) + Ker ¢ 

= {(2 + z,3 +y) : (z,y) € R?, y = —2} 

= {(z,y) : (z — 2,y — 3) € R?, y — 3 = -(z — 2)} 

= {(z,y) : (z,y) E€ R’, y = -z + 5} 

= {(x,y) eR y=]: 
This is the line y = —x + 5, that is, the line with 
gradient —1 and y-intercept 5. 
(Alternatively we can find (2,3) + Ker ¢ as follows. 

(2,3) + Kerd={(2+k,3-—k):k eR} 
= {(k,3— (k—-2)):k—2 €R} 
= {(k,-k+5):k eR}. 

This is the line y = —x + 5.) 
(A third way to find the coset (2,3) + Ker ¢ is as 
follows. Since Ker ¢ is the line y = —z, the coset 
(2,3) + Ker ¢ is the line obtained by translating 
the line y = —ax by two units to the right and three 
units up. Since the line y = —a has gradient —1, 
translating it by two units to the right increases its 
y-intercept by 2 units, and then translating it by 
three units up increases its y-intercept by 


another 3 units. Its gradient remains unchanged 
throughout, so we obtain the line y = —x + 5.) 


(b) Similarly, 
(a,b) + Ker ġo 
={(a+2,b+y): (2,y) €R’, y=—-a} 
= {(x,y) : (w@—a,y—b) ER’, y—b =—(x—a)} 
= {(x,y) : (x,y) E€ R’, y= —a + (a + b)} 
= {(z,y) E R? :y=-—x+ (a + b)}. 


This is the line y = —x + (a + b), that is, the line 
with gradient —1 and y-intercept a + b. 
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(Alternatively we can find (a,b) + Ker ¢ as follows. 
(a,b) + Ker@={(a+k,b—k):k eR} 
= {(k,b-—(k—a)):k-aeR} 
= {(k,—k + (a + b)) : k € R}. 
This is the line y = —x + (a + b).) 


(A third way to find the coset (a,b) + Ker ¢ is as 
follows. Since Ker ¢ is the line y = —z, the coset 
(a,b) + Ker ¢ is the line obtained by translating 
the line y = —a by a units to the right and b units 
up (if a is negative then the translation by a units 
to the right is actually a translation to the left, 
and similarly if b is negative then the translation 
by b units up is actually a translation down). Since 
the line y = —x has gradient —1, translating it by 
a units to the right adds a units to its y-intercept, 
and then translating it by b units up adds another 
b units to its y-intercept. Its gradient remains 
unchanged throughout, so we obtain the line 

y = —z + (a + b).) 

(c) By part (b), each coset of Ker ¢ is a line of the 
form 


y=-ate, 


where c € R. Moreover, each such line is a coset of 
Ker @ because, for any c € R, the line y = —x + c is 
the coset 


(0,c) + Ker ¢. 


Thus the elements of the quotient group R?/ Ker ¢ 
are the lines with gradient —1. 


(Some of these elements are shown below.) 


YA 


Xy 
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Introduction 


In this unit you will explore the idea that the elements of a group can ‘act’ 
on the elements of a set. You have already met some instances in which 
this happens: for example, the elements of a symmetric group Sn act on 
the elements of the set {1,2,...,n}. You will see that studying this idea 
can lead to new insights, both about groups and about the sets on which 
they act. 


You will meet many examples of such ‘group actions’ in this unit, and 
study some properties that they all share. You will see how the idea of a 
group action can help to unify some of the theory covered in the earlier 
group theory units. Later in the unit you will learn how we can use group 
actions to help us solve counting problems that involve symmetry, such as 
the following: How many different cubes are there with each face painted 
blue, yellow or red, if two such cubes are regarded as the same when one 
can be rotated to give the other? 


1 Group actions 


In this first section you will learn what is meant by a group action, and 
meet a variety of examples. 


It can take a while to develop a good intuitive understanding of what a 
group action is, so do not be concerned if you still feel uncertain about this 
after working through the first subsection, which includes the definition. 
The many examples in the subsections that follow will help to clarify the 
idea. 


1.1 What is a group action? 


Throughout the group theory units you have met many groups whose 
elements are functions from a set to itself and whose binary operation is 
function composition. Here are two examples. 


e The symmetric group $3. Each element of S3 is a permutation of the 
set {1,2,3} and so is a function from the set {1, 2,3} to itself. 


e The symmetry group S(O). Each element of S(O) is a rotation or 
reflection of the plane R? that maps the square to itself and so is a 
function from the set R? to itself. 


In mathematics there are many instances where we have a group (G, o) 
and a set X, as illustrated in Figure 1, and the elements of G ‘map’ the 
elements of X to elements of the same set in some way. There may be such 
a mapping effect even if the elements of G are not actually functions with 
domain X. Here are four examples, starting with a familiar one. 


X 


1 Group actions 


Figure 1 A group (G, o) and 


a set X 
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1. The group S(O) = {e,a,b,c,r,s,t,u} and the set {1,2,3,4} of vertex 
labels of the square, as shown in Figure 2. Each element of S(O) maps 
the elements of {1,2,3,4} to elements of the same set. 

2. The group S(O) = {e,a,b,c,r,s,t,u} and the set {A, B,C, D} of 
modified squares shown in Figure 3. Each element of S(O) maps the 
elements of {A, B,C, D} to elements of the same set, in the obvious 
way. For example, the element a of S(O) maps A to B. 


3. The group GL(2) of all invertible 2 x 2 matrices with real entries, and 
the set V, say, of all 2-dimensional column vectors with real entries. 
One way in which each matrix in GL(2) can map the vectors in V to 
vectors in V is by matrix multiplication. For example, the matrix 


(a o) maps the vector (5) to the vector 


90-() 


4. The group (Z,+) and the set R of real numbers. One way in which each 
element of (Z,+) can map the elements of R to elements of R is by 
addition. For example, the element 3 of (Z, +) adds 3 to each element 
of R, so it maps 1 to 4, and 0.5 to 3.5, and so on. 


In each of these examples there is a ‘mapping effect’ of the group on the 
stated set, even though the elements of the group are not functions whose 
domain is the stated set. In examples 3 and 4 the elements of the group 
are not functions at all. In examples 1 and 2 the elements of the group are 
functions, but the domain of these functions is not the stated set. 


Throughout this unit we will be studying mapping effects like these of 
groups on sets. Before we can make a start, we need to define a notation 
that we can use for such mapping effects. When a group element g ‘maps’ 
a set element x to another set element, we will not usually denote the 
‘image’ of x ‘under’ g by g(x), as you might expect. Instead, we will use 
the notation 


gAT, 


which is read as ‘g wedge x’. This notation is more convenient in some 
situations. However, it has the disadvantage that it is less intuitive. 
Whenever you see it, you might find it helpful to think of it as essentially 
meaning ‘g(x)’. The group element g is behaving like a function whose 
domain contains the set element x. 


As an example of the notation, consider the effect of the group S(O) on 
the set {1,2,3,4} of vertex labels of the square (see Figure 4). The 
element a of S(O) maps vertex 2 to vertex 3, so we write 


Here is an exercise to help you get used to this notation. 


Exercise E134 


(a) 


aK\2=3. 


1 Group actions 


Consider the effect of the group S(O) on the set {1,2,3,4} of vertex 
labels of the square, as shown in Figure 4. Write down the following. 


(i) fA2 (ii) BAL 
Consider the effect of the group S(O) on the set {A, B,C, D} of | | H | 
A B 


modified squares shown in Figure 5. Write down the following. 


G) DAB (ii) sAB F | 
Consider the effect of the symmetric group S3 on the set {1,2,3} of T D 


symbols. Write down the following. 


Figure 4 S(O) 


f M Figure 5 Four modified 
(Gi) 32)A2 (ii) (12)A3 günes 
Consider the effect of the group GL(2) of all invertible 2 x 2 matrices 
with real entries on the set V of all 2-dimensional column vectors with 


real entries, by matrix multiplication. Write down the following. 


o oada) © day) 


Consider the effect of the group (Z, +) on the set R of real numbers 
by addition. Write down the following. 


(i) 347.4 (ii) 1^ -0.3 


The g A x notation introduced above will be used throughout this unit. 
Unfortunately, this is just one of several notations used by mathematicians 
for the ‘image’ of a set element x ‘under’ a group element g — there is no 
standard notation. The alternative notations that you might see in other 
texts include g- £x, g* x, x! and simply gz. 
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We will not be interested in all mapping effects of groups on sets. 
Mathematicians have found that the ones that are useful and interesting 
are those that have three key properties. These properties are as follows, 
where (G,o) is a group that has a mapping effect on a set X. 


e The first property is simply that the elements of G must ‘map’ the 
elements of X to elements of the same set X, rather than mapping them 
to objects that are outside X. That is, for each g in G and each x in X 
we must have 


G\rLEX. 


This is illustrated in Figure 6. 


Og 


Figure 6 ‘The group element g must ‘map’ each element of the set X to an 
element of the set X 


e The second property is that the identity element e of (G,o) must behave 
as the identity function on X. Recall that the identity function on a 
set X is the function from X to X that fixes each element of X, that is, 
maps each element of X to itself. So, for each x in X we must have 


ENTE P: 


This is illustrated in Figure 7. 


Dee 


Figure 7 The identity element e of (G,o) must ‘map’ each element x of the 
set X to itself 


e The third property is that the binary operation o of the group (G,°) 
must behave like function composition. If the elements of the 
group (G,o) were actually functions with domain X and the binary 
operation o were actually function composition, then the following 
equation would be true for all g and h in G and all x in X: 


g(h(x)) = (gh) (a). 


This is just the definition of function composition. So, translating into 
the g A x notation, we require the binary operation o of G to satisfy the 
following equation for all g and h in G and all x in X: 

GA{(ANS) — (Gon) Ax. 


In other words, it must be the case that if g and h are any elements of 
the group (G,o) and z is any element of the set X, then applying h to x 
and then applying g to the result gives the same answer as 

applying goh to x. This is illustrated in Figure 8. 


G 


X T 
Figure 8 Applying h and then g to x must give the same result as applying 
gohtox 


If a mapping effect of a group (G,o) on a set X does have the three 
properties above, then we say that it is a group action, and that (G,o) acts 
on X. You will see later in this section that examples 1—4 of mapping 
effects of groups on sets that were given earlier in this subsection are all 
group actions. 


The definition of a group action is summarised below. Note that the 
group (G,o) and the set X of a group action can each be either finite or 
infinite. 


Definition 
Let (G,o) be a group with identity element e, and let X be a set. 


Suppose that for each element g in G and each element x in X an 
object g A x is defined in some way. 


We say that the effect ^A of (G,o) on X is a group action of (G, o) 
on X, or simply an action of (G,o) on X, and that (G,o) acts on X, 
if the following three axioms hold. 


GA1 Closure For each g € G and each x € X, 
gGg\teEX. 

GA2 Identity For each z € X, 
eAL=f. 

GA3 Composition For all g,h € G and all x € X, 
aA MAD = (gohan. 


We call the three axioms in this definition the group action axioms. 


1 Group actions 


297 


Unit E4 Group actions 


298 


The next worked exercise demonstrates how to check the group action 
axioms. In this example, the group is a group of functions, the set on 
which the group has a mapping effect is the domain of these functions, 
and ^ is defined to be simply the usual mapping effect of the functions 

on the elements of the set, that is, g A x = g(x). (This is in fact the first 
example of a group of functions given right at the start of this subsection.) 


Worked Exercise E55 


Consider the symmetric group S3 and the set {1,2,3} of symbols. Let A be 
defined by 


g ^z = g(x) 
for all g € S3 and all x € {1,2,3}. Show that ^ is a group action. 


Solution 


®@. We apply the definition of a group action. Here the group (G, o) 
is ($3,0) and the set X is the set {1,2,3} of symbols. @ 


We check the group action axioms. 


GA1 Closure 
®. We have to show that for each g € $3 and each z € {1, 2,3}, 


gAxe€ {1,2,3}. @ 


Let g € Sz and let x € {1,2,3}. Then, since g is a permutation 
Ol qlee 


Ge = gle) € 112,2 
Thus axiom GA1 holds. 


GA2 Identity 
%. We have to show that for each z € {1, 2, 3}, 


EIN 5 = de, 
where e is the identity element of $3. © 


The identity element e of S3 is the identity permutation of 
{1,2,3}. So for each x € {1,2,3}, we have 


eh = ea) =x. 


Thus axiom GA2 holds. 


The reason why axiom GA3 holds in Worked Exercise E55 is, in essence, 
that when ^ is defined to be the normal mapping effect of a group of 
functions on the domain of the functions, the statement of axiom GA3 is 
just the definition of function composition. 


You can practise checking the group action axioms in the next exercise. 
The group involved is the subgroup of the symmetric group S5 whose 
elements are all the permutations in S5 that either fix the symbols 4 and 5 
or transpose them. For example, these permutations include (1 2 3), which 
fixes 4 and 5, and (1 2 3)(4 5), which transposes 4 and 5. These 
permutations do form a subgroup of S5, by the result of Exercise E17(a) in 
Subsection 1.4 of Unit E1 Cosets and normal subgroups. You were asked to 
list the elements of this subgroup in part (b) of that exercise. 


Exercise E135 


Let G be the subgroup of the symmetric group S5 that consists of all the 
permutations in S5 that either fix the symbols 4 and 5 or transpose them. 


Consider this group G and the set X = {1,2,3}. (The set X is a subset of 


the set {1, 2,3,4,5} of symbols permuted by the elements of S5.) Let A be 
defined by 


g^ = g(x) 
for all g € G and all x € X. Show that ^ is a group action. 


The next exercise asks you to show that two mapping effects of groups on 
sets are not group actions. Remember that to do this you need only show 
that one of the group action axioms does not hold, by giving a 
counterexample. 
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Exercise E136 


Show that neither of the following is a group action. 


(a) The mapping effect ^A of the symmetric group S5 on the set {1, 2,3} of 
symbols defined by 


g^a = g(x) 
for all g € S5 and all x € {1,2,3}. 


(b) The mapping effect A of the group (R*, x) on the set R? of points in 
the plane defined by 


g^ (x,y) = (@+9,y +g) 
for all g € R* and all (x,y) € R?. 


Now consider again the group action in Exercise E135. The group G here 
is the group of all permutations in S; that fix or transpose the symbols 4 
and 5, the set X is the set {1,2,3} of symbols, and the mapping effect / is 
given by 


g ^g = g(x) 


for all g € G and all x € X. (The exercise asked you to show that this is a 
group action.) 


This example illustrates an important point about group actions. When a 
group G acts on a set X, it is possible for two or more different elements 
of G to have exactly the same mapping effect on the elements of X. That 
is, two or more different elements of G can ‘behave as the same function’ 
from X to X. 


For example, for the group action in Exercise E135 the permutations 

(1 2 3) and (1 2 3)(4 5) are both elements of the group G, and they both 
have the same effect on the elements of the set X = {1,2,3}: each of them 
maps 1 to 2, 2 to 3 and 3 to 1. Similarly, the elements (1 2) and (1 2)(4 5) 
of G both have the same effect on X, and the elements e and (4 5) of G 
both have the same effect on X, and so on. In fact, for this group action it 
is possible to pair off the elements of the group G in such a way that the 
two elements in each pair have the same effect on the set X. (The two 
elements in each pair are permutations of the form g and go (4 5).) 


In contrast, for the group action in Worked Exercise E55, which is the 
usual mapping effect of the symmetric group S3 on the set S = {1,2,3} of 
symbols, all the elements of the group S3 have different effects on the 
elements of the set S. That is, each group element ‘behaves as a different 
function’. 


An action of a group G on a set X in which no two elements of G behave 
as the same function from X to X is called a faithful group action. So the 
group action in Exercise E135 is not faithful, whereas that in Worked 
Exercise E55 is faithful. 


We now turn to a fundamental property of group actions. To help us 
describe this property concisely, it is useful to introduce the following 
definition that applies to functions. 


Definition 
A one-to-one and onto function from a set X to itself is called a 


permutation of X. (The set X may be either finite or infinite.) 


We say that such a function permutes the elements of X. 


This definition is a generalisation of the similar definition for permutations 
of finite sets, which you met in Subsection 1.1 of Unit B3 Permutations. 
Informally, no matter whether a set is finite or infinite, a permutation of 
the set is a function that ‘shuffles’ the elements of the set. For example, 
reflections and rotations of the plane R? are permutations of R?. 


In each of the group actions in Worked Exercise E55 and Exercise E135, 
the mapping effect of each group element on the set involved in the action 
is that of a one-to-one and onto function from the set to itself. In other 
words, each group element behaves as a permutation of this set. The 
theorem below tells us that this is always the case for a group action. 

Part (a) of the theorem states that the effect of each group element on the 
set is one-to-one, and part (b) states that it is onto. 


Theorem E57 


Let A be an action of a group G on a set X. Then A has the following 
properties. 


(a) For each g in G, if x and y are elements of X such that 
GAN = GIA, Ween 49 = Wh 


(b) For each g in G, if y is an element of X then there is an 
element x of X such that g \ x = y. 


Proof 

(a) Let g be an element of G and suppose that x and y are elements of X 
such that g Az = gy. By axiom GA1 the object g A x, equal to g Ay, 
is an element of X, so g-! A (g Ax) and g-! A (g Ay) exist and 


P'AN) =g Agy). 
Hence, by axiom GA3, 

(gog) Ax = (g7 0g) Ay; 
that is, 

eAx=edAy. 
By axiom GA2, this gives 

T= Yy, 


as required. 
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(b) Let g be an element of G, and let y be an element of X. By 
axiom GA2, 


e^y =y, 

which we can write as 
(gog) Ay =y. 

By axiom GA3, this gives 
galg ny) =y. 


Now g-! A y is an element of X by axiom GA1, so if we take 
x =g! ^y then z € X and g A z = y, as required. | 


So, by what you have seen in this subsection, we can say the following. 
When a group G acts on a set X, we can think of each element of G 
as behaving like a permutation of the set X, but we have to remember 


that two or more elements of G may behave like the same 
permutation. 


Often in this unit we will be dealing with a group G that has an obvious 


mapping effect on a set X. For example, the group S3 has an obvious 
mapping effect on the set {1,2,3} of symbols, and the group S(O) has an 


obvious mapping effect on the set of modified squares shown in Figure 9, 


action of G on X. We also say that G acts on X in the natural way. 


A B 
as mentioned earlier. If such a mapping effect is a group action, then we 
B P refer to this group action as the natural action of G on X, or simply the 
C D 


So where you see a reference to an action of a group G on a set X with no 


Figure 9 Four modified specification of what the action is, you should assume that it is the natural 
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action of G on X. (It is usually possible to define other, less obvious, 
group actions of the same group G on the same set X.) 


We end this subsection with a result that provides many examples of group 
actions. You saw in Worked Exercise E55 that the usual mapping effect of 
the group S3 on the set {1,2,3} of symbols is a group action. The 
following more general result holds. Its proof is a straightforward 
generalisation of the solution to Worked Exercise E55. 


Proposition E58 


For any natural number n, the usual mapping effect of the group Sn 
or any of its subgroups on the set {1,2,...,n} of symbols is a group 
action. 


Proof Let n be a natural number, and let (G,o) be a subgroup of Sn. 
The usual mapping effect A of the group (G,o) on the set {1,2,...,n} is 
given by g A x = g(a) for all g € G and all x € {1,2,...,n}. We check the 
group action axioms for this mapping effect. 


GA1 Closure 
Let g € G and let x € {1,2,...,n}. Then, since g is a permutation of 
T12 ziani; 
g Az = g(x) € {1,2,... n}. 
Thus axiom GA1 holds. 
GA2 Identity 
The identity element e of G is the identity permutation of 
{1,2,...,n}. So for each x € {1,2,...,n}, we have 
ent= elr) =t: 
Thus axiom GA2 holds. 
GA3 Composition 
Let g,h € G and let x € {1,2,...,n}. Then 
g^A(h^Agx)=gA^A(h(x)) (by the definition of A) 
= g(h(x)) (by the definition of ^) 
= (g o h)(z) 
(by the definition of function composition) 
=(goh)Aa_ (by the definition of ^). 
Thus axiom GA3 holds. 


Since the three group action axioms hold, ^ is a group action. | 


Proposition E58 can be generalised still further, to cover groups whose 
elements are permutations of an infinite set, but we will not need this 
more general result in this unit. 


1.2 Actions of groups of symmetries 


In this subsection we will look at some examples of group actions in which 
the group that is acting is the symmetry group of a figure F or one of its 
subgroups. We call such a group a group of symmetries of the figure F. 


In most of the examples, the set on which the group acts is a set of figures 
in R? or R. 

To illustrate the ideas, consider the symmetry group S(O) (see Figure 10) 
and the set {41, A2, A3, A4, A5, Ag, A7, Ag} of modified squares shown in 
Figure 11. These modified squares are figures in R?: a figure in R? is 
defined to be a subset of R?, and each modified square consists of all the 
points in R? that lie on a line or in a shaded area. 


Each element of S(O) has a mapping effect on the aa modified squares, 
in the obvious way. For example, the element b of S(O) maps Aj, to A3. 


Afalar 


Figure 11 Eight modified squares 
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Aj A3 
Figure 12 Two modified 
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This mapping effect of S(O) on the eight modified squares is a group 
action, as you will see shortly. To check this, we do not in fact need to 
check all three group action axioms: we can use Theorem E59 below, 
which tells us that we need only check axiom GA1, because the other two 
axioms hold automatically. 


The statement of the theorem uses the notation g(A), where A is a figure 
and g is a transformation, such as a symmetry. This notation means the 
image of A under g, which is given by 


g(A) = {g(P) : P € A}. 


In other words, g(A) is the figure obtained by taking the image g(P) of 
each point P in the figure A under the transformation g. For example, for 
the figures A; and A3 in Figure 11 (shown again in Figure 12) and the 
transformation b in S(O) we have 6(A;) = Ag and b(A3) = Aj. 


Theorem E59 


Let G be a group of symmetries of a figure F in R?, and let X be a 
set of figures in R?. Let A be defined by 


gN\ A= gA); 
for all g € G and all A € X. Then A is a group action if and only if 
axiom GA1 (closure) holds. 
The same is true if R? is replaced by R?. 


Proof To prove the theorem, we have to check that axioms GA2 
and GA3 automatically hold in the situation described. 


GA2 Identity 


Let e be the identity element of G, and let A be a figure in the set X. 
We have to show that e A A= A. 


Now e must be the identity transformation. This is because the 
elements of G are symmetries not only of the figure F but also of the 
whole plane R? (or whole space R®, as appropriate), so G is a 
subgroup of the symmetry group of the whole plane R? (or space R°), 
whose identity element is the identity transformation. Therefore 


aPy=P 

for all points P (in R? or R? as appropriate). Hence 
e(A) =A; 

that is, 
eNA=A. 


Thus axiom GA2 holds. 


GA3 Composition 
Let g,h € G and let A be a figure in the set X. We have to show that 
GA(RAA)=(Goh)AA. 
By the definition of A, this statement is equivalent to the statement 
g(h(A)) = (goh)(A), 


Now, by the definition of function composition, for each point P in 
the figure A, 


g(h(P)) = (go h)(P). 
Hence 
g(h(A)) = (g ° h)(A), 
as required. 
Thus axiom GA3 holds. 
This completes the proof. | 


The next worked exercise illustrates how to apply Theorem E59. 


In the worked exercise, and throughout this unit, you should assume that 
if an illustrated figure appears to have a certain geometric property, then it 
does have that property. For example, in the worked exercise you should 
assume that each shaded triangle has a vertex that is the midpoint of an 
edge of the square. 


Worked Exercise E56 


In each of parts (a) and (b) below, let X be the set of modified squares 
shown, and let ^A be the mapping effect of the group S(O) (see Figure 13) 
on the set X given by 


g\ A= gA) 
for all g € S(O) and all Ac X. 


In each case, use Theorem E59 to decide whether or not ^ is a group 
action. Where it is not a group action, show that it is not. 


"UNE A Lad 2 LAA 
"LN AU Led 
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Worked Exercise E56(a) confirms that the effect of S(O) on the set of eight 
modified squares in Figure 11 near the start of this subsection is a group 
action, as claimed. 


Exercise E137 


In each of parts (a)—(j) below, let A be the mapping effect of the stated 
group of symmetries on the given set of figures defined by 


g\ A= 9A) 
for all symmetries g in the group and all figures A in the set of figures. 


In each case use Theorem E59 to decide whether or not ^ is a group 
action. Where it is not a group action, show that it is not. 


(a) The group S(A) (see Figure 14) and the set X whose elements are the 
modified triangles shown below. 


AASA 


(b) The group S(O) (see Figure 15) and the set X whose elements are the 
modified "o shown below. 


H le 


The group S(O 


) and the set X whose elements are the modified 


squares shown below. (These are the modified squares from Figure 3 
near the start of the previous subsection.) 


SP ie e 


The group S+(O 


) of direct symmetries of the square and the set X 


whose oe are the modified squares shown below. 


Aidit” 


The group S+ (O 


) of direct symmetries of the square and the set X 


whose AS are the modified squares shown below. 


NJF LA 


The group S(O 


) and the set whose elements are the four line 


segments fo below (the lines of symmetry of the square). 


MAS 


The group S( 


(see Figure 16) and the set X whose elements are the 


modified aero shown en 


E 


The group S(O) 
plane figures. 


[E m 


) of symmetries of the square and the set X of all 


The group S (tet) of symmetries of the tetrahedron and the set X 
whose elements are the three line segments shown below (each line 
segment joins the midpoints of opposite edges). 


AN 

A 
/ x 
f a$ 
Lug | 
>s 


Pa 
\ 
XN LA 


The group S(tet) of symmetries of the tetrahedron and the set X 
whose elements are the three edges shown below. 
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We can use Theorem E59 to confirm that the mapping effect of S(O) on 
the set {1,2,3,4} of vertex labels of the square is a group action, as 
claimed in the previous subsection. Each element of {1,2,3,4} is a label 
for a vertex location of the square, and each vertex location of the square 
is a figure in R? that consists of a single point. Every element of S(0) 
maps each vertex location of the square to another vertex location of the 
square, so ^ is a group action by Theorem E59. 


You saw in the previous subsection that when a group G acts on a set X 
each element of G behaves as a permutation of the elements of X. The next 
worked exercise involves writing down such permutations in cycle notation. 


Worked Exercise E57 


Consider the action of the group S(C) (see Figure 17) on the 
set {A, B,C, D} whose elements are the modified rectangles shown below. 


oo = 


(You saw that this is a group action in Exercise E137(g).) 


Write down the effect of each element of S(-) on the set {A,B,C,D} asa 
permutation in cycle form. 


Exercise E138 


Consider the action of the group S(O) (see Figure 18) on the set 
{R,S,T,U} of lines of symmetry of the square, as shown below. 


TEIN iLO Ii A 
| | | | maa l | 
letl has eel) l 
R S T U 
(You saw that this is a group action in Exercise E137(f).) 


1 Group actions 


Write down the effect of each element of S(O) on the set {R,S,T,U} asa 
permutation in cycle form. 


Exercise E138 illustrates the fact that, as mentioned in Subsection 1.1, 
when a group G acts on a set X, two or more elements of G may permute 
the elements of X in the same way. In other words, a group action may 
not be faithful. 


You might have observed more in Exercise E138: the group S(O) splits 
into pairs such that the group elements in each pair permute the elements 
of the set {R,S,T,U} in the same way. The same is true for the group 
action in Exercise E135 in Subsection 1.1, as was mentioned in the 
subsequent text. In fact, whenever a finite group G acts on a set X, the 
group G can be partitioned into subsets of equal size (not necessarily pairs) 
such that the group elements in each subset permute the elements of X in 
the same way. If you would like some insight into why this is, then read 
the optional short section, Section 5, at the end of this unit. 


Actions of symmetry groups on sets of coloured figures 


So far we have considered the effects of groups of symmetries only on sets 
of figures, in either R? or R°. However, as you will see in Section 4, 
sometimes it is useful to consider the effect of a group of symmetries on a 
slightly different type of set, namely a set of coloured figures. As you 
would expect, a coloured figure is a figure each of whose points has been 
assigned a colour from a finite set of colours. 


For example, consider the group S(O) (see Figure 19) and the set whose 
elements are the modified squares shown in Figure 20. 


Pe ee) Oe) fa 


Aj Ao A3 A4 As Ag A7 


Figure 20 Eight modified squares 


Each element of S(O) has a mapping effect on these eight coloured figures, 
in the obvious way. For example, the element a of S(O) maps As to Ag. 


Figure 19 S(0) 


Theorem E59 can be generalised to apply to coloured figures, as well as to 
ordinary figures. To do this, we need to formally define what we mean by 
the image of a coloured figure under an isometry, such as a symmetry. The 
definition is just as you would expect, as follows. Suppose that g is an 
isometry of R? or R? and A is a coloured figure in R? or R as appropriate. 
Then the image g(A) of A under g consists of the set of points 

{g(P) : P € A}, with each point g(P) in g(A) assigned the same colour as 
the corresponding point P in A. For example, for the coloured figures in 
Figure 20, a( A5) = Ag. 


Using this definition, we can generalise Theorem E59 as follows. 
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Theorem E60 


Let G be a group of symmetries of a figure F in RÊ, and let X be a 
set of coloured figures in R?. Let A be defined by 


gA A = gA), 
for all g € G and all A € X. Then A is a group action if and only if 
axiom GA1 (closure) holds. 
The same is true if R? is replaced by R3. 


Theorem E60 can be proved in the same way as Theorem E59, except that 
instead of the proof involving each point P in a figure A, it involves each 
pair (P, c) where P is a point in the figure A and c is the colour assigned 
to P. The details are omitted here. 


Exercise E139 


In each of parts (a), (b) and (c) below, let A be the mapping effect of the 

stated group of symmetries on the given set of coloured figures defined by 
g\ A=g(A) 

for all symmetries g in the group and all figures A in the set of figures. 


In each case use Theorem E60 to decide whether or not A is a group 
action. Where it is not a group action, show that it is not. 


(a) The group S(A) (see Figure 21) and the set X whose elements are the 
modified triangles shown below. 


AADA 


The group S(O) (see Figure 22) and the set X whose elements are the 
E modified i shown o (These are the modified squares 
from Figure 20.) 


Ma n) ie) M nt Ba e 


(c) The group S(O) and the set X whose elements are all the modified 
squares obtained by colouring each of the four small squares in the 
figure below blue, yellow or red. 


Some examples of such modified squares are shown below. There are 
34 = 81 of them altogether. 


oe afn fn 


Throughout the rest of this unit, we will often work with actions of groups 
of symmetries on sets of figures or coloured figures. Where you see such an 
action mentioned, it should be apparent that it is a group action by 
Theorem E59 or Theorem E60. For brevity this is not mentioned every 
time. (It is mentioned for the first few occurrences.) 


1.3 Actions of groups of numbers 


In this subsection we will look at some examples of group actions in which 
the group involved is a group of numbers. 


Worked Exercise E58 


Consider the group (Z, +) and the set R. Let A be defined by 
g\r=gt2 
for each g € Z and each x € R. Show that A is a group action. 


Solution 
We check the group action axioms. 
GA1 Closure 
@. We have to show that for each g € Z and each x € R, 


gA\ceR. & 
Let g € Z and let x € R. Then 
ON = @ ab E R 
Thus axiom GA1 holds. 
GA2 Identity 
The identity element of the group (Z, +) is 0. 
®. We have to show that for each x € R, 


OArc=a. # 
Let x € R. Then 

CAR = 0E = x. 
Thus axiom GA2 holds. 
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Group actions 


Exercise E140 


Consider the group (Z,+) and the set R. Let ^ be defined by 
g\r=x2-g 


for each g € Z and each x € R. Show that A is a group action. 


Exercise E141 
Consider the group (Z, +) and the set R. Let ^ be defined by 
g\un=g-2« 


for each g € Z and each x € R. Show that A is not a group action. 


In the next worked exercise, the group of real numbers under addition acts 
on the set of points in the plane. 


Worked Exercise E59 


Consider the group (R, +) and the set R?. Let A be defined by 


gA (x,y) = (£ + y9, y) 
for all g € R and all (x,y) € R?. 


Show that ^ is a group action. 


Solution 
We check the group action axioms. 
GA1 Closure 
Let g € R and let (x,y) € R?. Then 
g^ (2, y) = (£ + y9,y) € R°. 
Thus axiom GA1 holds. 
GA2 Identity 
The identity element of the group (R, +) is 0. 
Let (x,y) € R?. Then 


OA (z,y) = (e y x 0,4) = (2, y). 
Thus axiom GA2 holds. 
GA3 Composition 
Let g,h € R and let (x,y) € R?. 
We have to show that 
g ^ (RA (@,y)) = (g +h) A (x,y). 
Now 
g^ (RA (2,y)) =gA(e+yh,y) (by the definition of ^) 
=(x+yh+yg,y) (by the definition of A) 
and 
(g+th)A(z,y) =(a@+(g+h)y,y) (by the definition of A) 
=(x+yh+yg,y). 
The two expressions obtained are the same, so axiom GA3 holds. 


Since the three group action axioms hold, ^ is a group action. 


In Worked Exercise E59 the equation in axiom GA3 was checked by 
simplifying each side separately and confirming that the same expression is 
obtained in each case. This can be a helpful approach when the definition 
of A is complicated. 


Exercise E142 


Consider the group (R, +) and the set R?. Let A be defined by 
g^ (x,y) = (ty +9) 
for all g € R and all (z, y) € R?. 


Show that ^ is a group action. 
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1.4 Actions of matrix groups 


Our final collection of examples of group actions in this section consists of 
actions of groups of 2 x 2 matrices on the plane R?. 


First consider the group GL(2) of invertible 2 x 2 matrices with real entries 
under matrix multiplication and the set R? of points in the plane. The 
group GL(2) has a mapping effect on the set R? given by matrix 
multiplication on the left, as follows: if 


ana 


is an element of GL(2) and (2, y) is a point in R?, then the matrix A maps 
the point (x,y) to the point (az + by, cx + dy), because 


ao) 


This mapping effect is a group action, as stated and proved below. 


Theorem E61 
Let A be defined by 


l ) A (x,y) = (ax + by, cx + dy) 


for all matrices ( 2 € GL(2) and all points (x,y) € R?. Then A is 


an action of the group GL(2) on the set R?. 


Proof We check the group action axioms. 
GA1 Closure 


Let (C i € GL(2) and let (x,y) € R?. Then 
c d 


Thus axiom GA1 holds. 
GA2 Identity 


(: z) A (x,y) = (ax + by, ca + dy) € R°. 


1 
The identity element of the group GL(2) is l i 


Let (x,y) € R?. Then 


G 1) A (x,y) = (Le + Oy, Ox + ly) = (z, y). 


Thus axiom GA2 holds. 


GA3 Composition 


Let é ’ ¢ ‘) € GL(2) and let (x,y) € R2. We have to show 
E DAE Jaen- (E E Drew 
(0 a) ren) 


Z J A (tz + uy,vz + wy) (by the definition of A) 


r ss 


= (p(ta + uy) + q(va + wy), r(tz + uy) + s(vx + wy)) 
(by the definition of ^A) 
= (ptx + puy + qux + quy, rtz + ruy + sux + swy) 


EDE dawn 


_ fpt+qu put+quw 
anes me) aa) 


and 


= ((pt + qu)x + (pu + qu)y, (rt + sv)z + (ru + sw)y) 
(by the definition of ^) 
= (ptx + qux + puy + quy, rtz + sux + ruy + swy) 


= (ptx + puy + qux + quy, rtz + ruy + sux + swy) 
(by rearranging the terms). 
The two expressions obtained are the same, so axiom GA3 holds. 


Since the three group action axioms hold, ^ is a group action. | 


Matrix multiplication is just one of many ways in which a group of 2 x 2 
matrices with real entries can act on the plane R?. We now look at some 
other examples. 
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Worked Exercise E60 
Let 


o={(j ') :a,b €R, a0) 


and consider the group (G, x) and the plane R?. Let A^ be defined by 
a b 
(52) Ay) = (axa) 


for all ¢ r) € G and all (x,y) € R?. Show that ^ is a group action. 


(You saw that G is a subgroup of GL(2) in Exercise E21 (a) in Unit E1, 
where it was denoted by M.) 


Solution 
We check the group action axioms. 
GA1 Closure 


The element (ax, ay) is an element of R? for all real numbers 
a, x and y, so axiom GA1 holds. 


GA2 Identity 
The identity element of the group G is € i 


Let (x,y) € R?. Then € i IN (a) =e I) = (y) 
Thus axiom GA2 holds. 
GA3 Composition 


a b e@ al 2 
Let (5 BG ©) € G and let (x,y) € RÈ. 


We have to show that 


o ala((s Jen) (e a) (6 gen 


Now 
( ’) A UG A ^ (m) = ’) A (cx, cy) 
a E 
CG DEG aU R sen 
E 


The two expressions obtained are the same, so axiom GA3 holds. 


Since the three group action axioms hold, ^ is a group action. 
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Exercise E143 


Let 


o={(j a :a,b ER, azoh. 


It is straightforward to show that G is a group under matrix 
multiplication, and you may assume this. (One of the additional exercises 
on Section 2 of Unit E1 asks you to show it.) 


Determine which of the following, where t ) € G and (a, y) € R’, 


define a group action of (G, x) on R?. 


@) (g 1) Aa) = (any) 
0) (Gt) A Gow) = (exv) 


© (G1) Au) = (byty) 


2 Orbits and stabilisers 


In this section you will meet the ideas of orbits and stabilisers for a group 
action. These ideas will be used throughout the rest of the unit. 


2.1 Orbits 


To illustrate the idea of an orbit, consider the action of the group S(O) 
(see Figure 23) on the set {R, S,T,U } of lines of symmetry of the square, 
shown in ok 24. This is a group action by Theorem E59, as you saw in 
Exercise E137(f) in Subsection 1.2. 


LiNE IT Z2 
| | | 
litl hA La aves 
R 
Figure 24 ‘The lines of symmetry of the square 


Let us choose a particular element of the set {R,S,T,U}, say R, and 
consider which elements of the set can be obtained from this element under 
the action of S(Q). 


e If we map R using e, b, r or t, then we obtain R. 


e If we map R using a, c, s or u, then we obtain T. 


2 Orbits and stabilisers 


Figure 23 S(D) 
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So under the action of S(O) the element R is mapped to R and T but to 
no other element. We say that the orbit of R under this group action is 
{R,T}, and we write Orb R = {R,T}. 


Here is the general definition of an orbit. 


Definition 
Let ^ be an action of a group G on a set X, and let x be an element 
of X. The orbit of x under ^A, denoted by Orb z, is 

Orbe = {or 0E G} 


That is, Orb x is the set of elements of X that can be obtained from x 
under the action of G. 


So, if a group G acts on a set X, then the orbit Orb x of an element x of X 
is the subset of X that we obtain if we act on x using each element of G in 
turn. This is illustrated in Figure 25. 


Figure 25 The orbit of an element x 


Keep in mind that, as illustrated in Figure 25, Orb x is a subset of the 
set X involved in the group action, not a subset of the group G. 


As illustrated in Figure 25, the orbit Orb x of a set element x under a 
group action always contains the element « itself. This is because x = eA x 
where e is the identity element of the group G that is acting, by 

axiom GA2. 


In the worked exercise below we find the orbit of another set element 
under the action of S(O) on the lines of symmetry of the square. 


Worked Exercise E61 


Find Orb S for the action of the group S(O) (see Figure 26) on the set 
{R,S,T,U} of lines of symmetry of the square (shown on a single diagram 


in Figure 27). 


Solution 
We have 
OrbS={gAS:g€S(U)} 


= e AD, CTA D ONS, CNS, TNS, SNS tS, UAS 


= 1s; U, S, U, U, 3, U, S} 


= {9,U}. 


If we are dealing with an action of a group of symmetries, then we can 
usually quickly write down the orbit of a set element just by considering 
the effects of the symmetries, as demonstrated below. 


Worked Exercise E62 


Consider again the action of the group S(O) (see Figure 26) on the set 
{R,S,T,U} of lines of symmetry of the square (see Figure 27). Write 
down the orbit of each of R, S, T and U. 


Solution 


@. There are symmetries of the square that map R to R and to T, 
but none that map F to S or U. Thus Orb R = {R,T}. We can find 
the orbits of the other lines of symmetry in a similar way. .©& 


The orbits are 


Oro =k 
Orbs =S UY 
Orb AER 
Orb U SIS UN 


Exercise E144 


Consider the action of the group S( 


) on the set {1,2,3,4} of vertex labels 


of the square (see Figure 28). Write down the orbit of each vertex label. 


(This mapping effect was shown to be a group action immediately 
following Exercise E137 in Subsection 1.2.) 


2 Orbits and stabilisers 


Figure 27 ‘The lines of 
symmetry of the square 


Figure 28 S( 
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Figure 29 S(A) 


Figure 30 S(©) 
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Exercise E145 
Consider the action of the group S(A) (see Figure 29) on the set 


{A, B,C, D} of modified triangles shown below. Write down the orbit of 
each of A, B, C and D. 


AAAA 


Exercise E146 


Consider the action of the group S(C) (see Figure 30) on the set 
{A, B,C, D} of modified rectangles shown below. Write down the orbit of 
each of A, B, C and D. 


a imi 


In the next worked exercise we find the orbits of set elements under the 
action of an infinite group. 


Worked Exercise E63 


Consider the action of the group St(O) of direct symmetries of the disc on 
the plane R?, assuming that the disc is placed with its centre at the 
origin O. Describe geometrically the orbit of each point in R?. 


Exercise E147 


Consider the action of the group S(O) of all symmetries of the disc on the 
plane R?, assuming that the disc is placed with its centre at the origin O. 
Describe geometrically the orbit of each point in R?. 


(Remember that the elements of S(O) are the rotations about O and the 
reflections in the lines through O.) 


You may have noticed that in all the examples of orbits that you have met 
so far, the orbits of any two different elements of the set involved are 
always either identical sets or disjoint sets: they never partially overlap. 
For example, consider the orbits of the lines of symmetry R, S, T and U of 
the square under the action of the group S(O), which were found in 
Worked Exercise E62: 


Orb R = {R,T}, 
Orb S = {5, U}, 
OrbT ={R; T) 
OrbU = {95,U}. 


Here, for instance, Orb R and Orb T are the same set, while Orb R and 
Orb S are disjoint sets. 

Also, under any group action, every element of the set involved lies in some 
orbit. This is because every element of the set lies in its own orbit, at least. 
So, in all the examples that you have met, the distinct orbits form a 
partition of the set on which the group acts. For example, the distinct 
orbits under the action of the group S(O) on the set {R, S,T, U} of lines of 
symmetry of the square form the following partition of the set {R,S,T,U}: 


{R,T}, {5,U}. 


The distinct orbits under a group action always form a partition of the set 
on which the group acts, as proved below. 
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Theorem E62 


Let A be an action of a group (G,o) on a set X. Then the distinct 
orbits of the elements of X under A^ form a partition of X. 


Proof To prove the theorem, we define a relation ~ on X, prove that ~ 
is an equivalence relation, and show that its equivalence classes are the 
distinct orbits under ^ of the elements of X. (There is a reminder of the 
definition of an equivalence relation in Subsection 4.1 of Unit E1.) 


Let the relation ~ be defined on X by 
a~y ify € Orbe. 


To prove that ~ is an equivalence relation, we show that ~ has the 
reflexive, symmetric and transitive properties. Let the identity element 
of (G, o) be e. 


E1 Reflexivity 


Let x € X. We have to show that x ~ x. That is, we have to show 
that 


x € Orbea. 


This is true (as mentioned earlier), because x = e A gx. So g ~ z. 
Thus ~ is reflexive. 


E2 Symmetry 
Let x,y € X, and suppose that x ~ y. Then 
y € Orbe. 
We have to show that y ~ x, that is, x € Orby. 
Since y € Orb z, there is an element g in G such that 
Y= Gz. 
Hence 
gAy=g Agha) 
=(g-log)Aa (by axiom GA3) 
=eALx 
=x (by axiom GA2). 


Since z = g7! Ay and g~! € G, we have x € Orby, and hence y ~ z. 
Thus ~ is symmetric. 


GA3 Transitivity 
Let x,y,z € X, and suppose that x ~ y and y ~ z; that is, 


y€Orba and z€ Orby. 


We have to show that x ~ z, that is, z € Orb. 
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Since y € Orb x and z € Orby, there are elements g and h in G such 
that 
y=gAx and z=hAy. 
Hence 
z=hy 
=hA(gAz) (since y= gAz) 
=(hog)Ax (by axiom GA3). 
Since z = (hog)Az and hog € G, we have z € Orbz, that is, x ~ z. 
Thus ~ is transitive. 


Hence ~ has the reflexive, symmetric and transitive properties, so it is an 
equivalence relation on X. 


The equivalence classes of any equivalence relation form a partition of the 
set on which the relation is defined (by Theorem A16, restated in 
Subsection 4.1 of Unit E1). Hence the equivalence classes of ~ form a 
partition of X. But the equivalence class of any element x of X is 


{fyeX:arvnyh={yeX:y€ Orbxr} = Orbz. 


Thus the equivalence classes are precisely the distinct orbits under ^, so 
the orbits form a partition of X. Oo 


The part of the proof of Theorem E62 that deals with the symmetric 
property shows that for any group action ^, 

ify=gAa, thnzx=g !Ay. 
This is a useful result that is worth remembering. 


We refer to the distinct orbits of elements under a group action as the 
orbits of the group action. Theorem E62 gives us the following strategy for 
finding the orbits of a group action on a finite set. 


Strategy E7 


To find the orbits of an action of a group G on a finite set X, do the 
following. 


1. Choose any element x of X, and find its orbit. 


2. Choose any element of X not yet assigned to an orbit, and find its 
orbit. 


3. Repeat step 2 until X is partitioned. 


We can also use Strategy E7 to find the orbits of an action of a group G on 
an infinite set X when there are only finitely many orbits. 
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Figure 31 S(Q) 


Figure 32 S(O) 
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Exercise E148 


Consider the action of the group S(O) (see Figure 31) on the set 
{Aj, A2, A3, A4, As, Ag, A7, Ag, Ag} of modified squares shown below. 
Write down the orbits of this group action. 


PL 


JEG 
JEG 


(This is a group action by Theorem E59.) 


Exercise E149 


(a) Consider the action of the group S+ (O) of direct symmetries of the 
square on the set X = {Aj, Ag, A3, A4, A5, Ag, A7, Ag} of modified 
squares shown below. Write down the orbits of this group action. 


AZII Led b LAE 


Aj Apo A3 A4 As Ag A7 


(b) Now consider the action of the group S(O) of all symmetries of the 
square on the same set X as in part (a). Write down the orbits of this 
group action. 


(These are group actions by Theorem E59.) 


Exercise E150 


Consider the action of each of the following subgroups of S(O) on the set 
{1, 2,3, 4} of vertex labels of the square (see Figure 32). For the action of 
each subgroup, write down the orbits. 


(Each subgroup gives a group action by Theorem E59.) 


(a) S+(O) (b) f{e,b,s,uf (c) {e,r} (d) {e} 


2 Orbits and stabilisers 


2.2 Orbits of group actions on R? 


Worked Exercise E63 in the previous subsection involved the action of a y 
group on the plane R?. Because the set involved was the plane R?, we were 
able to give a geometric description of the orbits of the action: they were le 


the origin and the circles whose centre is the origin. These orbits partition le 
the plane R?, as we know they must by Theorem E62: some of them are 
shown in Figure 33. WS 


In this subsection we will find the orbits of some more actions of groups on 
the plane R?. Many of the groups involved are matrix groups. 


> 


SZ, 


In the first worked exercise we find the orbits of some individual points 


in R? under a group action. Figure 33 Some of the orbits 
of the group action in Worked 
Worked Exercise E64 Exercise: Bpa 
Let 


o={ (2%) aser} 


Consider the action A of the group (G, x) on the set R? defined by 


for all i : € G and all (x,y) € R?. (You may assume that (G, x) is a 
group and that A is a group action; both of these are straightforward to 
show.) 


Find the orbit of each of the following points in R?. Describe each of these 
orbits geometrically. 


(a) (0,0) (b) (-1,0) (6) G1) 
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For any point (x,y) € R?, 


Once iG 5) Neils é p) € c) 


®. Now we use the definition of \ to simplify the expression in front 
of the colon. We also simplify the condition after the colon: what it 
tells us about the values taken by a and b is simply that a,b € Rt. & 


= Nax by): a bE REY 
@. We now have an expression for the orbit of a general point (x,y). 
We use it to find the orbits of the given points. ©& 
(a) Putting (x,y) = (0,0) gives 
Orb(0,0) = {(a x 0,0 x 0): a,b€ Rt} 
= {(0,0) :a,b E R*} 
= {(0,0)}. 
So Orb(0,0) consists of the origin alone. 


y 


Orb(0, 0) 


2 > 
o x 


(b) Putting (x,y) = (—1,0) gives 
Orb(—1,0) = {(a x (—1),b x 0): a,b ERY 
= {(-a,0):a€R*}. 
®. As a runs through all the values in Rt, the point (—a, 0) 


moves through all the points on the negative part of the 
z-axis. & 


So Orb(—1,0) is the negative part of the x-axis. 


Orb(-—1, 0) 


(c) Putting (x,y) = (1,-1) gives 
Orb(1, -1) = {(a x 1,0 x (-1)): a,b ERY 
= {(a,—b): a,b € R*}. 
®. As a and b run through all the values in R*, the point (a, —b) 


moves through all the points in the fourth quadrant of the 
plane. & 
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Exercise E151 


For the group action in Worked Exercise E64, find the orbit of each of the 
following points. Describe each of these orbits geometrically. 


(a) (1,0) (b) (0,—=1) (c) (1,1) 


We have now found six of the orbits of the group action in Worked 
Exercise E64 and Exercise E151. These orbits are illustrated in Figure 34. 


Í 
? x 


Figure 34 Six of the orbits of the group action in Worked Exercise E64 and 
Exercise E151 


Exercise E152 


Find the remaining orbits of the group action in Worked Exercise E64 and 
Exercise E151, remembering that the orbits partition the plane. Sketch a 
diagram to show how the orbits partition the plane. 


The group action considered in Worked Exercise E64 and the two 
subsequent exercises has only finitely many orbits (nine altogether). In 
contrast, the group action in the next worked exercise has infinitely many. 


Finding all the orbits of a group action can be quite complicated. Usually 
it is best to start by finding an expression for the orbit of a general 
element of the set on which the group acts, as was done in Worked 
Exercise E64. Next, it is often helpful to use this expression to find the 
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orbits of a few particular elements of the set, to try to get an idea of how 
the set might split up into orbits. Finally, you can attempt to confirm 
what you think happens by using algebraic or geometric arguments. Keep 
in mind that the orbits partition the set on which the group acts, so to 
find more orbits you need to consider elements that do not lie in the orbits 
that you have already found. 


Worked Exercise E65 


Consider the action A^ of the group (R, +) on the set R? defined by 


g^ (x,y) = (@+y9,y) 
for all g € R and all (x,y) € R’. 


(You saw that this is a group action in Worked Exercise E59 in 
Subsection 1.3.) 


Find all the orbits of this group action. Describe them geometrically, and 
sketch a diagram to show how they partition the plane. 


Solution 


@. We start by finding an expression for the orbit of a general point 
(x,y) under this group action. & 


For any point (x,y) € R?, 


Orb(z,y) = {9A (zy): 9 € R} 
= {(c+y9,y): 9 € R}. 

®. Let us use this equation to find the orbits of some points, to try to 
get an idea of what might happen in general. We choose ‘simple’ 
points to start with. We have, for example, 

Orb(0, 0) = {(0 + 09,0) : g E R} = {(0,0) : g E R} = {(0,0)}, 

Orb(1,0) = {(1 + 0g, 0) : g € R} = {(1,0) : g € R} = {(1,0)}. 
The working here leads us to realise that any point of the form (2,0) 


has an orbit that contains only the point itself. We confirm this 
formally. & 


For any point (2,0), that is, any point on the z-axis, we have 
Orb(z, 0) = {(a + 0g,0) : g € R} = {(z,0): g E R} = {(z,0)}. 
®. Now let us try some other points. We have, for example, 
Orb(0, 1) = {(0 + 1g,1): 9 ER} = {(g¢,1): 9 E R}, 
Orb(0, 2) = {(0 + 2g, 2) : g E R} = {(2g,2) : g € R}. 


As g runs through all values in R, the point (g,1) moves through all 
the points on the horizontal line with y-intercept 1. So Orb(0, 1) is 
the horizontal line through (0,1). Similarly, as g runs through all 


values in R, the point (29,2) moves through all the points on the 
horizontal line with y-intercept 2. So Orb(0, 2) is the horizontal line 
through (0,2). It looks as if the orbit of any point of the form (0, y), 
where y Æ 0, is the horizontal line through that point. We now check 
this formally. © 


For any point (0, y) with y 4 0, that is, any point on the y-axis except 
the origin, we have 


Orb(0, y) = {(0+ yg, y): 9 © R} = {(y9,y): 9 € RB}. 


This is the set of points that lie on the horizontal line through (0, y). 
So Orb(0, y), where y # 0, is the horizontal line through (0, y). 


®@. We have now found all the orbits. & 


Every point in R? is either a point on the x-axis or a point on a 
horizontal line through some point of the form (0, y), where y 4 0. 
So we have now partitioned the plane R? into orbits. 


The orbits are the individual points on the z-axis, together with all 
the horizontal lines other than the x-axis, as sketched below. 


y 


Exercise E153 


Let 


g= ') :a,b ER, azoh. 


Consider the action A of the group (G, x) on the set R? defined by 


(E T) Mew) = (ans) 


0 1 
action in Exercise E143(a) in Subsection 1.4.) 


for all é n) € G and all (x,y) € R?. (You saw that this is a group 


Find all the orbits of this group action. Describe them geometrically, and 
sketch a diagram to show how they partition the plane. 
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Exercise E154 


Let 


=. a :a,b E€ R, azoh. 


Consider the action A of the group (G, x) on the set R? defined by 
a b 
(52) Ay) = (ana) 


for all (5 ’) € G and all (x,y) € R?. (You saw that this is a group 
action in Worked Exercise E60 in Subsection 1.4.) 


Find all the orbits of this group action. Describe them geometrically, and 
sketch a diagram to show how they partition the plane. 


2.3  Stabilisers 


This subsection introduces the idea of a stabiliser. 


Definition 

Let A be an action of a group G on a set X, and let x be an element 

of X. The stabiliser of x under ^, denoted by Stab x, is given by 
Stabe = 1g € C : g Am = 2) 

That is, Stab x is the set of elements of G that fix z. 


In other words, if a group G acts on a set X and x is an element of X, 
then the stabiliser Stab x of x is the set of elements of G that map x to 
itself. This is illustrated in Figure 35. 


G Stab x 


Figure 35 The stabiliser of an element x 


Notice that, whereas the orbit of an element x is a subset of the set X, the 
stabiliser of x is a subset of the group G. 


As illustrated in Figure 35, the stabiliser Stab x of a set element x under 
the action of a group always contains the identity element e of the group. 
This is because e \ x = x, by axiom GA2. 
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Worked Exercise E66 


Find Stab R for the action of the group S(O) (see Figure 36) on the set 
{R,S,T,U} of lines of symmetry of the square (see Figure 37). 


Solution 
We have 
OI lis = Ihr, 
QA =I, 
DA Lh = Lk, 
CAK=T. 
PIN 1 = IR 
SIM lk = If, 
LAI = Ik, 
OM 1k = I, Figure 37 The lines of 


symmetry of the square 
@®. The elements of S(O) that fix R are e, b, r and t. & 


Hence 


Stab A = {eben th. 


As with orbits, if we are dealing with the action of a group of symmetries, 
then we can usually quickly write down the stabilisers of set elements just 
by considering the effects of the symmetries. 


Worked Exercise E67 


Consider the action of the group S(O) (see Figure 36) on the set 
{R,S,T,U} of lines of symmetry of the square (see Figure 37). Write 
down the stabiliser of each of R, S, T and U. 


Solution 


@®. The symmetries e, b, r and t all map R to itself, but none of the 
other symmetries do. Hence Stab R = {e,b, r,t}. The stabilisers of the 
other lines of symmetry can be found in a similar way. © 
The stabilisers are 

Stalo = Je, 0 70), 

Stab S = {e,b,s, wt, 

Stab’ = {fe bar ibh. 

Stab U = fe, b, s, ut 
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Figure 38 (LD) 


r 


E 


x fo 


Figure 39 S(A) 


Figure 40 S(c) 
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Exercise E155 
Consider the action of the group S(O) on the set {1, 2,3, 4} of vertex 
labels of the square (see Figure 38). Write down the stabiliser of each 
vertex label. 

Exercise E156 
Consider the action of the group S(A) (see Figure 39) on the set 


{A, B,C, D} of modified triangles shown below. Write down the stabiliser 
of each of A, B, C and D. 


AAAA 


Exercise E157 


Consider the action of the group S(©@) (see Figure 40) on the set 
{A, B,C, D} of modified rectangles shown below. Write down the stabiliser 
of each of A, B, C and D. 


ais i=in 


The next worked exercise involves an action of an infinite group. 


Worked Exercise E68 


Consider the action of the group S(O) of direct symmetries of the disc on 
the plane R?, assuming that the disc is placed with its centre at the 
origin O. Find the stabiliser of each point in R?. 
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Exercise E158 


Consider the action of the group S(O) of all symmetries of the disc on the 
plane R?, assuming that the disc is placed with its centre at the origin O. 
Find the stabiliser of each point in R?. 


You might have noticed that every example of a stabiliser that you have 
met so far has turned out to be a subgroup of the group that is acting, 
rather than just a subset of the group. For example, consider the 


stabilisers of the lines of symmetry R, S, T and U of the square (see Figure 41 The lines of 
Figure 41) under the action of the group S(O) (see Figure 42), which were 
found in Worked Exercise E67: 

Stab R = {e,b, r,t}, 

Stab S = {e,b, s, u}, 

Stab T = {e,b,r,t}, 

Stab U = {e,b, s, u}. 


symmetry of the square 


Both {e,b,r,t} and {e,b,s,u} are subgroups of S(O), as you saw in 
Exercise E15 in Subsection 1.4 of Unit E1. 


The stabiliser of a set element under the action of a group is always a 
subgroup of the group that is acting, as proved below. 


Figure 42 S(O) 


Theorem E63 


Let A be an action of a group (G, o) on a set X. Then, for each 
element x of X, the set Stab x is a subgroup of (G, o). 


Proof Let x be an element of X. We show that the three subgroup 
properties hold for Stab x. 


SG1 Closure 
Let g,h € Stab x. Then 


g\n=ax and hAxv=z. 


We have 
(goh)Ax=gA(hAz) (by axiom GA3) 
= gAx 
=t. 


Hence go h € Stab x. Thus property SG1 holds. 
SG2 Identity 


Let e be the identity element of (G, o). Since e A g = g, by 
axiom GA2, it follows that e € Stab x. Thus property SG2 holds. 
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SG3 Inverses 
Let g € Stab xz. Then 
gNT=T. 
It follows that 
g Ag = g7} A (gA x) 
= (g tog)^Ax (by axiom GA3) 
=eALx 
=x (by axiom GA2). 
Hence g~! € Stabx. Thus property SG3 holds. 
Since the three subgroup properties hold, Stab z is a subgroup of G. A 


Exercise E159 


Consider again the action of the group S(O) (see Figure 43) on the set 
{Aj, A2, A3, A4, A5, Ag, A7, Ag, Ag} of modified squares shown below. 
Write down the stabiliser of each of the modified squares, and check that 
each of these stabilisers is a subgroup of S(O). 


Aj Ag A3 
A4 As Ag 
Figure 43 S(O) A7 Ag Ag 


Exercise E160 


(a) Consider the action of the group S*(C) of direct symmetries of the 
square on the set X = {Aj, A2, A3, A4, A5, Ag, A7, Ag} of modified 
squares shown below. Write down the stabiliser of each of the 
modified squares under this = action, and check that each of these 
stabilisers is a subgroup of S(O 


TAWEOOC 


Aj Apo A3 A4 As Ag Az 
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(b) Now consider the group action of the group S(O) of all symmetries of 
the square on the same set X as in part (a). Write down the stabiliser 
of each of the modified squares under this group action, and check 
that each of these stabilisers is a subgroup of S(O). 


2.4 Stabilisers of group actions on R? 


In this subsection we will find stabilisers under the group actions on the 
plane R? that we considered in Subsection 2.2. 


Worked Exercise E69 
Let 


c= f(E D) aver}. 


Consider the action ^ of the group (G, x) on the set R? defined by 


(5p) An) = (ez, b) 


0 b 
Subsection 2.2, you may assume that (G, x) is a group and that ^ is a 
group action.) 


for all k i) € G and all (x,y) € R?. (As in Worked Exercise E64 in 


Find the stabiliser of each of the following points in R?. 


(a) (0,0) (b) (-1,0) (o) (4,-1) 
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For any point (x,y) € R?, 


Ane a= i ] eG: & a A (x,y) = (caf 


®. We use the definition of ^ to simplify the condition after the 


colon. ©& 
= HG 4) EG: (az, by) = ap} 


@. We can rewrite the condition slightly. ©& 


a O 
=| p) €G:a =z and y =y} 


®@. We now have an expression for the stabiliser of a general 
point (x,y). We use it to find the stabilisers of the given points. © 


(a) Putting (x,y) = (0,0) gives 


stab(0,0) = { (0 ;) €G:ax0=0and dx0=0} 


(b) Putting (x,y) = (—1,0) gives 


a O 
0 O 


a O 
k p) €G:-a=-1and0=0} 
R) 

p) E€G:a=1) 


={(!) ver}, 


(c) Putting (x,y) = (1,-1) gives 


Stab(—1,0) = ) €G:ax(-1)=-1 and bx 0=o} 


Stab(1,—1) = o, 


a O 
({ p) €G@sa=1and d= 1} 


e 


p) €Giax1=1andbx (1) =-1} 
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Notice that the answers to parts (a) and (c) of Worked Exercise E69 are 
groups under matrix multiplication, as expected in view of Theorem E63. 
The answer to part (b) is also guaranteed to be a group under matrix 
multiplication, by the same theorem. 


Exercise E161 


For the group action in Worked Exercise E69, find the stabiliser of each of 
the following points. 


(a) (2,0) (b) (0,5) 


For a group action on the plane R?, such as the group action in Worked 
Exercise E69 and Exercise E161, we cannot of course list the stabiliser of 
every point in R? individually, since there are infinitely many points. 
However, we can often determine that the stabiliser of each point of a 
particular form is a certain subgroup of the group that is acting, and the 
stabiliser of each point of another form is another subgroup of the group, 
and so on. In this way we may be able to describe the stabiliser of every 
point in R?. 

In the next exercise you are asked to do this for the group action in 
Worked Exercise E69 and Exercise E161. 


Exercise E162 


Consider the group action in Worked Exercise E69 and Exercise E161. 


It was found in Worked Exercise E69 that the stabiliser of the origin is the 
whole group (G, x). 


(a) Show that the stabiliser of every point of the form (x,0) where xz € R* 
(that is, every point on the x-axis except the origin) is the same 
subgroup of (G, x) as found in Exercise E161 (a). 


(b) Show that the stabiliser of every point of the form (0,y) where y € R* 
(that is, every point on the y-axis except the origin) is the same 
subgroup of (G, x) as found in Exercise E161(b). 


(c) Show that the stabiliser of every point of the form (x,y) where 
x,y E€ R* (that is, every point that lies neither on the z-axis nor on 
the y-axis) is the trivial subgroup of (G, x). 


In the next worked exercise we find the stabiliser of every point in R? 
under the group action whose orbits we found in Worked Exercise E65 in 
Subsection 2.2. 
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Worked Exercise E70 


Consider the action of the group (R, +) on the set R? defined by 


g^ (x,y) = (@+y9,y) 


for all g € R and all (a, y) € R?. (You saw that this is a group action in 
Worked Exercise E59 in Subsection 1.3.) 


Find the stabiliser of each point in R?. 


Solution 


®. As in the previous worked exercise, we start by finding an 
expression for the stabiliser of a general point (x,y) under this group 
action. .©& 


For any point (x,y) € R?, 
Stab(z,y) = {g E R : g A (x,y) = (z,y)} 
= {g E R : (£ + yg, y) = (x, y)} 
= {g ER:z+yg= <z and y = y} 
= {0E R: +y =E} 
= {gE R:yg=0}. 


®. We cannot simplify this specification of Stab(x, y) any further for 
a general point (x,y). However, for a point (x,y) in which y is 
non-zero, the condition yg = 0 simplifies to g = 0, which tells us that 
the only element of Stab(z,y) is 0. So we now split into two cases: 
y#Oandy=0. & 


Hence for any point (x,y) € R? with y 4 0 (that is, any point not on 
the z-axis), 
Stab(z,y) = {g E€ R : yg = 0} 
={gER:g=0} (since y £0) 
= {0}. 
Also, for any point (x,0) € R? (that is, any point on the x-axis), 
Stab(z,0) = {g E R: 0g = 0} 
= {gE€R:0=0} 
= IR, 


@. We have now found the stabiliser of every point in R?. © 


In summary, the stabiliser of any point on the x-axis is the whole 
group R, and the stabiliser of any other point is the trivial 
subgroup {0}. 


If you are trying to find the stabiliser of each point in the plane R? under a 
particular group action, and you have found an expression for the stabiliser 
of a general point (x,y) but are not sure how to proceed from there, then 
it can be helpful to use your expression to find the stabilisers of a few 
particular points, just as for orbits. This should help you develop ideas 
about what happens in general, and you can then try to confirm your ideas 
algebraically. 


Exercise E163 
Let 


ga ') :a,beER, azoh. 


Consider the action of the group (G, x) on the set R? defined by 
a b 


for all t J € G and all (x,y) € R?. (You saw that this is a group 


action in Exercise E143(a) in Subsection 1.4.) 


Find the stabiliser of each point in R?. 


Exercise E164 
Let 


e={(j 1) FadER, azoh. 


Consider the action of the group (G, x) on the set R? defined by 
a A (x,y) = (az, ay) 
0 a bl yY B ? yY 


for all k ’) € G and all (x,y) € R?. (You saw that this is a group 


action in Worked Exercise E60 in Subsection 1.4.) 
Find the stabiliser of each point in R?. 
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3 The Orbit—Stabiliser Theorem 


In this section you will meet the Orbit—Stabiliser Theorem, an important 
result that applies to actions of finite groups. 


3.1 What is the Orbit—Stabiliser Theorem? 


We begin with an exercise. 


Exercise E165 


Consider the action of the group S(O) (see Figure 44) on the set of all 
figures in R2. Complete the following table, in which each row corresponds 
to the modified square A in R? shown at the left of the row. Notice the 
apparent general relationship between |Orb A| and |Stab A|, the numbers 
of elements in Orb A and Stab A, respectively. 


A Orb A Stab A |OrbA| |Stab A| 


TUSE (0) 4 


XM NN SH 


Figure 44 S(O) 


In Exercise E165 you should have found that, for each modified square A 
in the table, 


|Orb A| x |Stab A| = 8. 


That is, for each of these modified squares, multiplying the number of 
elements in its orbit by the number of elements in its stabiliser gives the 
order of the group S(O). These findings are instances of the following 
general theorem. It is proved in the next subsection. 


Theorem E64 Orbit—Stabiliser Theorem 


Suppose that the finite group G acts on the set X. Then, for each 
element x in X, 


Orbal x |Stabz| = |G]. 
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Exercise E166 


In each of parts (a), (b) and (c), verify the Orbit—Stabiliser Theorem for 
each element x of the set on which the group acts. 


(a) The action of S(O) on the set {1,2,3,4} of vertex labels of the square 
(see Figure 45). 


(b) The action of S(O) on the set {R, S,T,U} of lines of symmetry of the 
square (see Figure 46). 


(c) The action of S(A) (see Figure 47) on the set {A, B,C, D} of 
modified triangles shown below. 


AAAA 


The Orbit-Stabiliser Theorem has the following immediate corollary. 


Figure 46 ‘The lines of 
symmetry of the square 


r 


K 
Corollary E65 


Suppose that the finite group G acts on the set X. Then, for each 
element x in X, the number of elements in Orb x divides the order 
of G. 


X V 
For example, the orbits in the table in the solution to Exercise E165 have 
4, 8, 2 and 1 elements, respectively, and these numbers all divide 8, the Figure 47 S(A) 
order of S(Q). 


Of course, it also follows from the Orbit—Stabiliser Theorem that if a finite 
group G acts on a set X, then for each element x in X the number of 
elements in Stab x divides the order of G. However, we knew that already: 
it follows from Lagrange’s Theorem, since Stab x is a subgroup of G. 


3.2 Left cosets of stabilisers 


Since the stabiliser of a set element under a group action is a subgroup of 
the group that is acting, it has cosets in this group. In this subsection you 
will meet an important property of the left cosets of stabilisers. We will 
use this property to prove the Orbit—Stabiliser Theorem. 


You might wonder why the property involves left cosets and not right 
cosets. This is because of the way that we defined a group action. The 
concept that we have been calling a group action is more accurately called 
a left group action. 
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In the definition of a group action that you met earlier, axiom GA3 is as 
follows: 


GA3 Composition For all g,h € G andall ze xX, 
g^A(hngx)=(goh)^z. 


If we replace axiom GA3 with the following alternative axiom, then we 
obtain the definition of a right group action: 


GA3 Composition (different) For all g,h € G and all z € X, 
GA(hAS) = (heg) Ax. 


If we had used this alternative definition, then we would have obtained a 
theory analogous to the one developed in this unit, just with a few things 
‘the other way round’. The situation is similar to that for left and right 
cosets. We will continue to use our original axiom GA3 throughout this 
unit — that is, we will continue to work with left group actions, and call 
them simply group actions. 


Here is an example that illustrates the property of left cosets of stabilisers 
introduced in this subsection. Consider the action of the group S(O) on 
the set {1,2,3,4} of vertex labels of the square (see Figure 48), and 
consider in particular the vertex label 1. 


The elements of S(O) that fix 1 are e and s, so 

Stab 1 = {e, s}. 
We will now find the left cosets of Stab 1 in S(O). Using our usual method 
for finding cosets and referring to Table 1, we find that they are 

Stab 1 = {e, s}, 

aStab1 = {ace,aos} = {a,t}, 

bStab1 = {boe,bos} = {b, u}, 

cStab1 ={ese,e0s} = {c,r}. 


Now let us partition S(O) in another way, namely according to where its 
elements map the vertex label 1. We can see from Figure 48 that 


e and s map 1 to 1 (of course, since e, s € Stab 1), 
a and t map 1 to 2, 
b and u map 1 to 3, 


cand r map 1 to 4. 


So the partition of S(O) according to where its elements map 1 is 


{e,s}, {at}, dba {cr}. 


This is the same as the partition of S(O) into left cosets of Stab 1. 


So if two elements of S(O) lie in the same left coset of Stab 1, then they 
map 1 to the same vertex label, whereas if they lie in different left cosets, 
then they map 1 to different vertex labels. 


3 The Orbit-Stabiliser Theorem 


In the next exercise you are asked to determine whether a similar property 
holds for the vertex label 2 under the same group action. 


Exercise E167 


Consider the action of the group S(O) on the set {1,2,3,4} of vertex 
labels of the square (see Figure 49). 
(a) Find Stab 2. 


(b) Find the left cosets of Stab2 in S(O). (The group table of S(O) is 
given as Table 2.) 


ey: eae 
Cro 


Partition S(O) according to where its elements map the vertex label 2. 


Are the partitions that you found in parts (b) and (c) the same? Figure 49 S(L) 
Table 2 S(0) 
The examples above are instances of the following general result, which is, Bo ae tere ta 
illustrated in Figure 50. 
ele aberstu 
b t 
Theorem E66 a nan oe 
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Let A be an action of a group (G,o) on a set X, let x be an element clo e a tmr & 4 
of X and let g and h be elements of G. Then 
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g and h lie in the same left coset of Stab z. 


G 
g Stab x ry ® Stab x 
b Orbz 


— 


Ce 


X 


Figure 50 Group elements g and h map set element x to the same element if 
and only if they lie in the same left coset of Stab x 


Proof of Theorem E66 ‘If’ part 


Suppose that g and h lie in the same left coset of Stab x. Then 
h € g Stab z, so h = g o k for some k € Stab x. It follows that 


=gA(kAx) (by axiom GA3) 
=gAzx (since k € Stabz), 


as required. 
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‘Only if’ part 
Suppose that 


g\xn=hr«. 


1 


Consider the effect of the group element g~* o h on a: 


(gtoh)Ar=g !A(hAx) (by axiom GA3) 
=giA(gAx) (since gAr=hAz) 
=(g-'og)Aa (by axiom GA3) 
=eAx 
=x (by axiom GA2). 

Therefore g7} o h =k for some k € Stab x. It follows, by composing each 

side of this equation on the left by g, that h = go k. Hence h € g Stab z. 

Thus g and A lie in the same left coset of Stab x. E 


Theorem E66 tells us that if a group G acts on a set X and z is any 
element of X, then the sets of group elements that map x to the same 
element of X are precisely the left cosets of Stab x. This means that 


if we collect together the group elements according to where they 
map z, then we have the left cosets of Stab x, 


and that, conversely, 


if we find the left cosets of Stab x, then we have the sets of group 
elements that map x to the same element of X. 


In the next exercise you are asked to check Theorem E66 for a set element 
under another group action. 


Exercise E168 


Consider the action of the symmetric group S3 on the set {1,2,3} of 
symbols. 


(a) Find Stab1. 

(b) Find the left cosets of Stab 1. 

(c) Partition S3 according to where its elements map the symbol 1. 
( 


d) Check whether the partitions that you found in parts (b) and (c) are 
the same. 


Although the examples illustrating Theorem E66 that you have seen so far 
all involve actions of finite groups on finite sets, the theorem applies to all 
group actions, no matter whether the group and set involved are finite or 
infinite. 


3 The Orbit-Stabiliser Theorem 


We can now use Theorem E66 to prove the Orbit—Stabiliser Theorem. 

The proof is based on the following idea. Consider any action of a group G 
on a set X, and let x be an element of X. By Theorem E66, the sets of 
elements of G that map x to the same element are precisely the left cosets 
of Stab x in G. It follows that we can define a mapping, say f, whose 
domain is the set of left cosets of Stab x in G, whose codomain is Orb a, 
and whose rule is 


left coset — element of Orb x to which each element of the left coset 
maps z. 


This mapping f is illustrated in Figure 51. 


G 


Stab x 


left cosets 
of Stab x 


Figure 51 The mapping f obtained from the stabiliser of an element x 


For example, consider again the action of the group S(O) on the set 
{1, 2,3, 4} of vertex labels of the square, and the particular vertex label 1. 


Near the start of this subsection you saw that under this group action the 
left cosets of Stab 1 are 


{es}, {a,t}, {bu}, ter}. 


You also saw that 


both elements of the left coset {e, s} (Stab 1 itself) map 1 to 1, 
both elements of the left coset {a,t} map 1 to 2, 
both elements of the left coset {b,u} map 1 to 3, 
both elements of the left coset {c,r} map 1 to 4. 


So the mapping f obtained from Stab 1 as described above is 
f : set of left cosets of Stab 1 —» Orb 1 
{e,s}rol 
{a,t} — 2 
{b u} +> 3 
{e,r} 4 


This mapping f is illustrated in Figure 52. 
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left cosets 
of Stab 1 


Figure 52 The mapping f obtained from Stab 1 under the action of S(O) on 
the set {1,2,3,4} of vertex labels of the square 


In this example the orbit of the set element considered, Orb 1, is the whole 
of the set X on which the group acts, but in other examples the orbit may 
be a proper subset of X. 


Exercise E169 


Consider again the action of the group S(O) on the set of vertex labels of 
the square (see Figure 53). By referring to your solution to Exercise E167, 
write down the mapping f obtained from Stab 2 in the way described 
above. 


The mapping f obtained from the stabiliser of a set element under a group 
action in the way described above is always one-to-one and onto, just 
because of how it is defined. This fact is stated formally in the following 
corollary to Theorem E66. It is the key to proving the Orbit—Stabiliser 
Theorem, as you will see shortly. 


Corollary E67 
Let ^ be an action of a group G on a set X and let x be an element 
of X. Then the mapping f given by 
f : set of left cosets of Stab x —> Orb x 
gStabaut>gAx 


is one-to-one and onto. 


Proof The mapping f defined above maps each left coset of Stab x to 

g Nx, where g is any element of the left coset. This is a valid definition of 
a mapping because, by Theorem E66, g A x is the same element of X for 
every group element g in any particular left coset of Stab z. 
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Theorem E66 tells us that elements from different left cosets of Stab x 
map x to different elements of X, so f is one-to-one. 


Also, f is onto, because each element g A x of Orb is the image under f 
of the left coset g Stab x. | 


We now use Corollary E67 to prove the Orbit—Stabiliser Theorem. Unlike 
Theorem E66 and Corollary E67, the Orbit—Stabiliser Theorem is a result 
about finite groups only. 


Theorem E64 Orbit—Stabiliser Theorem 


Suppose that the finite group G acts on the set X. Then, for each 
element x in X, 


|Orbz| x |Stab z| = |G]. 


Proof Let x be an element of X. Corollary E67 tells us that the left 
cosets of Stab zx can be matched one-to-one with the elements of Orb x. 
Hence the number of left cosets of Stab x is the same as the number of 


elements in Orb x. But the number of left cosets of Stab x is equal to 
|G|/|Stab z|, so 


|G|/|Stab z| = |Orb z|, 


and hence 


|Orb z| x |Stab z| = |G]. E 


3.3 Groups acting on groups 


In this subsection we will look at some examples of actions of a group G on 
a set X where X is itself a group. Often, but not always, the set X is the 
group G itself. Such actions have important applications in group theory, 
as you will see. 


Throughout the subsection we will mostly use concise multiplicative 
notation for abstract groups: that is, we will not use symbols for their 
binary operations. This is convenient when we have to deal with many 
composites of group elements, as you have seen before. 


The definition of a group action is translated into concise multiplicative 
notation below. There are only two differences: we refer to the group as G 
instead of (G,o), and in axiom GA3 we write (gh) A x instead of (go h) Aa. 
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Definition 
Let G be a group with identity element e, and let X be a set. Suppose 


that for each element g in G and each element x in X an object g A x 
is defined in some way. 


We say that the effect A of G on X is a group action of G on X, or 
simply an action of G on X, and that G acts on X, if the following 
three axioms hold. 


GA1 Closure For each g € G and each qz € X, 
gNtrEX. 

GA2 Identity For each z € X, 
eAL=. 

GA3 Composition For all g,h € G and all x € X, 
CIN UDINE), = (gu) Nae. 


The first action of a group on a group that we consider in this subsection is 
conjugation. The proposition below shows that conjugation is an action of 
a group on itself. 


Proposition E68 


Let G be a group, and let ^ be defined by 


GAL greg) 


for all g,x € G. Then A is an action of G on itself. 


Proof We show that the group action axioms hold. 
GA1 Closure Let g,x € G. Then 


g Ax = grg! €G. 
Thus axiom GA1 holds. 


GA2 Identity Let e be the identity element of G and let x € G. Then 


e\u=exre l =x. 


Thus axiom GA2 holds. 


GA3 Composition Let g,h,x« € G. We have to check that 


gALh Aw) = (oh) Ag: 


3 The Orbit-—Stabiliser Theorem 


Now 
gA (h Az) = gA (hth) 
= ghth-'g7} 
=(gh)a(gh)* (since h™'g™* = (gh)~*) 
= (gh) AT: 
Thus axiom GA3 holds. 
Since the three group action axioms hold, A^ is a group action. E 


Exercise E170 


Let G be a group. Determine which of the following define a group 
action ^ of G on itself. 


(a) gAxz=gxr forallg,zEeG. 
(b) gAxz=zg forall g,z EG. 
(c) gAxv=2g" forall g,z €G. 


We will now revisit some topics in group theory in the light of group 
actions. 


Lagrange’s Theorem 


Lagrange’s Theorem is related to the group action defined in the exercise 
below, as you will see. This group action is slightly different from those 
that you have met so far in this section: it does not necessarily involve an 
action of a group on itself, but instead involves an action of a subgroup on 
the group. 


Exercise E171 


Let H be a subgroup of a group G. Let A be defined by 
h^Ag= hg 
for all h € H and all g € G. Show that ^ defines an action of H on G. 


Now let H be a subgroup of a group G, and consider the action of H on G 
defined in Exercise E171. Let us investigate its orbits. For any element g 
of G, 


Orbg={hAg:he H}={hg:he H}. 


This is just the right coset Hg. So the orbits of this group action are 
precisely the right cosets of H in G. Hence the partition of a group G into 
the right cosets of a subgroup H is a particular instance of the partition of 
a group into the orbits of a group action. 
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Now suppose that the group G is finite. Corollary E65, an immediate 
corollary of the Orbit—Stabiliser Theorem, states that the number of 
elements in an orbit of an action of a finite group divides the order of the 
group. Applying this result to the group action above tells us that the 
number of elements in each right coset of H in G divides the order of G. 
Since H is one of the right cosets, this tells us that the order of H divides 
the order of G. This is Lagrange’s Theorem, so Lagrange’s Theorem is a 
special case of Corollary E65. 


Conjugacy classes 


We will now use group actions to prove a theorem about conjugacy classes 
that was stated but not proved in Unit E2 Quotient groups and conjugacy. 


You saw in Unit E2 that every group splits into conjugacy classes: elements 
in the same conjugacy class are conjugate to each other in the group, and 
elements in different classes are not conjugate to each other in the group. 


For example, the conjugacy classes of the symmetry group S(A) (see 
Figure 54) are as follows (they were found in Exercise E77 in 
Subsection 2.3 of Unit E2): 

{e} identity 

{a,b} anticlockwise and clockwise rotations through 27/3 

{r,s,t} reflections in lines through vertices and midpoints of edges. 


You met the following theorem in Subsection 2.3 of Unit E2. 


Theorem E27 


In any finite group G, the number of elements in each conjugacy class 
divides the order of G. 


For instance, the numbers of elements in the conjugacy classes of S(A) 
are 1, 2 and 3, respectively, and each of these numbers divides 6, the order 
of S(A). 
We can now use the group action defined in Proposition E68 earlier in this 
subsection to prove Theorem E27. 
Proof of Theorem E27 Let G be a finite group, and let A be defined 
by 
gx = grg 
for all g,x € G. By Proposition E68, ^ is an action of G on itself. 
For any element x in G, the orbit of x under ^ is 

Orbz = {gAz:g EG} 

= {grg7* : 9 € G}. 


This is the conjugacy class of G containing zx. 


3 The Orbit-—Stabiliser Theorem 


Thus the orbits of this group action are precisely the conjugacy classes 
of G. By Corollary E65 to the Orbit—Stabiliser Theorem, the number of 
elements in each orbit divides the order of G, which proves the result. E 


Homomorphisms 


We can also recognise a result about homomorphisms from Unit E3 as a 
special case of the Orbit—Stabiliser Theorem. To do this, we apply the 
Orbit—Stabiliser Theorem to the group action in the next exercise. 


Exercise E172 


Let ¢ : (G,o) — (H, *) be a homomorphism. Let ^ be defined by 


g^h = ġ(g) *h, 


for all g € G and h € H. (Notice that it is the binary operation of the 
group (H, x) that is used in the definition of A.) 


Show that ^ is an action of the group (G,o) on the group (H, x). 


Now let ¢ : (G,o) — (H, x) be a homomorphism where (G, o) is a finite 
group, and let A^ be the action of (G,o) on (H, x) defined in Exercise E172. 


Let us find the orbit and stabiliser of ep, the identity element of (H, *), 
under this group action. 


The orbit of ey is 
Orbey = {gA\en:9 € G} 
= {¢(g)* eH :g E G} 
= {ġ(g) : g € G}. 
This set is the image of ¢. So Orbey = Imọ. 
The stabiliser of ey is 
Stabey = {g E G:gAey = ep} 
= {g EG: o(g) *en =ep} 
= {g E G : 6(9) = en}. 
This set is the kernel of ¢. So Stab ep = Ker ọ. 
By the Orbit-Stabiliser Theorem, 
|Orbez| x |Stabez| = |G]. 
Therefore 
lim 4| x |Ker 4| = |G]. 
This is Corollary E56 from Unit E3 — it is a corollary of the First 


Isomorphism Theorem. Thus Corollary E56 is a special case of the 
Orbit—Stabiliser Theorem. 


Group actions can be used to prove many other results in group theory. 
The examples that you have seen in this subsection illustrate the power of 
this approach. 
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4 The Counting Theorem 


A counting problem is a problem that asks how many objects there are 
of a particular type. In this section you will learn how to solve some 
counting problems that involve symmetry. Many problems of this kind 
look hard to answer at first sight, but become much more straightforward 
if we apply ideas relating to group actions. 


4.1 Counting problems involving symmetry 


Some simple counting problems are easily solved by using the following 
rule. 


Multiplication Principle 


If we have k successive choices to make, and the ith choice involves 
choosing from n; options, for each 7 = 1,2,...,k, then the total 
number of ways to make all k choices is 


ny X Ng X +++ X Np. 


Here is an example. 


Worked Exercise E71 


How many distinct sequences of two coloured discs are there in which each 
disc is coloured blue, yellow or red? Some examples of such sequences are 
shown below. 


The nine sequences from Worked Exercise E71 are shown in Figure 55. 


Figure 55 ‘The different sequences of two discs coloured blue, yellow or red 


Exercise E173 


A 2 x 2 pattern of plain coloured tiles is to be mounted on a wall. How 
many different patterns are possible if tiles are available in blue, yellow, 
red, green and purple? Some examples of such patterns are shown below. 


Now consider the following counting problem. 


Bangle problem How many different bangles decorated with six 
equally spaced beads can be made if beads are available in blue, 
yellow and red? Some examples of such bangles are shown in 
Figure 56. 


Figure 56 Six-bead bangles made using blue, yellow and red beads 


If the bangles in this problem cannot be rotated or turned over — that is, if 
their positions are fixed — then we can answer this question by using the 
Multiplication Principle. There are six beads, and each of them can be any 
of the three colours, so the number of different bangles is 


3x3x3x3x3x3=3% = 729. 


However, such a bangle can be rotated or turned over, of course. For 
example, we would regard the two bangles in Figure 57 as the same, since 
either can be rotated to give the other. 


OO 


Figure 57 Two bangles each of which can be rotated to give the other 


Similarly, we would regard the two bangles in Figure 58 as the same, since 
either can be turned over to give the other. 


OO 


Figure 58 ‘Two bangles each of which can be turned over to give the other 


The symmetry of the objects involved in this counting problem makes it 
much more difficult to solve than the problems in Worked Exercise E71 
and Exercise E173. 
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Exercise E174 


Consider the problem of finding the number of different bangles that can 
be made using five equally spaced beads, if beads are available in just two 
colours, blue and white. Some examples of such bangles are shown below. 


S 


(a) How many different bangles are there if the bangles cannot be rotated 
or turned over? 


(b) By drawing all the possibilities, find the number of different bangles if 
two bangles are regarded as the same whenever one can be rotated or 
turned over to give the other. 


What has all this got to do with group actions? To see this, consider again 
the original bangle problem above, which concerned six-bead bangles made 
using beads available in three colours. Let X be the set of all 3° coloured 
bangles in fixed positions. We can think of the beads on each bangle as 
being placed at the vertices of a regular hexagon, and we can think of 
turning a bangle over as reflecting it, so the symmetry group of the bangle 
(when we ignore the colours of the beads) is essentially the symmetry 
group S(O) of the regular hexagon. The rotations and reflections in S(O) 
map bangles in X to other bangles in X, and the effect of S(O) on X isa 
group action by Theorem E60. 


We want to regard two bangles in the set X as the same if either can be 
rotated or reflected to give the other. In other words, we want to regard 
two bangles as the same if they lie in the same orbit of the action of the 
group S(©) on the set X. Thus the bangle problem can be rephrased as 
follows. 


Let X be the set of all possible bangles in fixed positions decorated 
with six equally spaced beads each coloured blue, yellow or red. How 
many orbits are there in the action of the group S(O) on the set X? 


Later in this section you will meet a theorem, the Counting Theorem, that 
gives a formula for the number of orbits of an action of a finite group on a 
finite set. You will see how to use it to answer counting problems such as 
the one above. 


First, however, we will look at a few more counting problems that 
illustrate the kinds of questions that we can answer by using the Counting 
Theorem. Here is another example of such a problem. 


Chessboard problem How many different patterns can be made 
by colouring the squares of a chessboard either black or white? 


If the chessboard in this problem is fixed in place — for example, if it is 
displayed on a wall — then we can answer this question by using the 


Multiplication Principle, as follows. A chessboard has 64 squares and each 
square can be coloured with either of two colours, so the total number of 
coloured chessboards is 


2K OX 2x x 2 = 264, 
a 


64 copies of 2 


However, usually a chessboard can be rotated, so we would want to regard 
two coloured chessboards as the same if one can be rotated to give the 
other. For example, we would want to regard the two coloured chessboards 
in Figure 59 as the same, as a quarter turn anticlockwise turns the first 
into the second. A chessboard usually appears on only one side of its 
board, so we would not want to regard two coloured chessboards as the 
same if one can be reflected to give the other (except in cases where one 
can also be rotated to give the other, of course). 


T.: 


Figure 59 Two coloured chessboards each of which can be rotated to give 
the other 


In the next exercise you are asked to look at a similar but smaller problem. 


Exercise E175 


There are 24 = 16 ways of colouring the squares of a 2 x 2 chessboard in a 
fixed position either black or white (by the Multiplication Principle). 
Three of them are shown below. 


AE 


(a) Draw all 16 coloured chessboards in fixed positions. 


(b) By using your drawings, determine how many different such coloured 
chessboards there are when we regard two of them as the same if one 
can be rotated to give the other. 


Like the bangle problem, the chessboard problem can be interpreted in 
terms of a group action. Let X be the set of all 264 coloured chessboards in 
fixed positions. We want to regard two coloured chessboards as the same 
when one can be rotated to give the other, so we consider the action of the 
group $t(C) of rotations of the square on the set X. Then we are 
regarding two coloured chessboards as the same when they belong to the 
same orbit of this group action, so the answer to the chessboard problem is 
the number of orbits of the group action. 
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Finally consider the following counting problem. 


Cube problem How many different coloured cubes are there with 
each face painted one of blue, yellow or red? 


A cube (see Figure 60) has six faces, and in this problem each of them is to 
be coloured with one of three colours, so by the Multiplication Principle 
there are 3° coloured cubes in fixed positions. However, we would want to 
regard two coloured cubes as the same when one can be rotated to give the 
other. 


We can interpret this problem in terms of a group action as follows. We 
let X be the set of all 3° coloured cubes in fixed positions. We want to 
regard two coloured cubes as the same when one can be rotated to give the 
other, so we consider the action of the group S+ (cube) of rotations of the 
cube on the set X. Then we are regarding two coloured cubes as the same 
when they belong to the same orbit of this group action, so the answer to 
the cube problem is the number of orbits of the group action. 


There is one more concept relating to group actions that you need to learn 
about before you can meet the Counting Theorem and discover how to 
solve problems such as those in this subsection. This is the concept of fixed 
sets, which is covered in the next subsection. 


4.2 Fixed sets 


We make the following definition. 


Definition 
Let A be an action of a group G on a set X, and let g be an element 
of G. The fixed set of g under ^, denoted by Fix g, is given by 


Deg = {7 E Kg AN = n 
That is, Fixg is the set of elements of X that are fixed by g. 


This definition is illustrated in Figure 61. 


G 


Figure 61 The fixed set of a group element g 


Notice that it is an element of the group G, not an element of the set X, 
that has a fixed set. This is in contrast to orbits and stabilisers, each of 
which is a set associated with an element of the set X. Fixed sets, like 
stabilisers, are concerned with elements of the group G fixing elements of 
the set X, but from the opposite point of view: 


e the fixed set of an element g in G is the set of all elements of X that are 
fixed by g 


e the stabiliser of an element x in X is the set of all elements of G that 
fix z. 


In particular, Fix g is a subset of X, whereas Stab x is a subgroup of G. 


The fixed set of the identity element e of the group G is always the whole 
set X, since by axiom GA2 the identity element e fixes every element of X. 


Worked Exercise E72 


Consider the action of the group S(O) (see Figure 62) on the set 
{R,S,T,U} of lines of symmetry of the square (see Figure 63). Write 
down the fixed set of each element of S(O) under this group action. 


Solution 


@. To find Fixr, for example, we consider the effect of the 
transformation r on each element of {R,S,T,U}: 


neha las 
Tho =U 
CATT 
TINUE == 6) 


The elements of {R, S,T,U} that are fixed by r are R and T, so 
Fixr = {R,T}. We find the fixed sets of the other elements of S(O) in 
a similar way. @ 
The fixed sets are 
Fixe — 4,9, AU 
Fixa=@ (the empty set), 
Bizo = MRS U 


Dize = Z 

Binge IA 
Eis = 19, Ut 
Bizi = {h 
miu = 1E Ur 
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Exercise E176 


Write down the fixed set of each element of the group S(O) under the 
action of S(O) on the set {1,2,3,4} of vertex labels of the square (see 
Figure 64). 


Exercise E177 
Write down the fixed set of each element of the group S(A) (see Figure 65) 


under the action of S(A) on the set {A, B,C, D} of modified triangles 
shown below. 


BAAD 


Exercise E178 


Write down the fixed set of each element of the group S(t) (see Figure 66) 
under the action of S(©) on the set {A, B,C, D} of modified rectangles 
shown below. 


Doe 


The fixed point sets that you met in Subsection 4.1 of Unit E2 are special 
cases of fixed sets. You saw there that if f is a symmetry of a figure F, 
then the fixed point set of f is the set of all points of F that are fixed by f. 
This is the fixed set of f under the natural action of the symmetry 

group S(F) on the set of points in F. 


The next worked exercise and the exercise that follows involve finding fixed 
sets under the action of a group on the plane R?. 


Worked Exercise E73 


Consider the action of the group (G, x) on the set R? defined by 
a 0 
(5 D) Gesu) = (anty) 


for all ¢ 3) € G and all (x,y) € R2. 


(This is the same group action as in Worked Exercise E64 in 
Subsection 2.2 and Worked Exercise E69 in Subsection 2.4.) 


(a) Find an expression for the fixed set of a general element of the 
group (G, x) under this group action. 


(b) Find the fixed set of each of the following elements of (G, x) under 
the group action. Describe each fixed set geometrically. 


TORTE 


Solution 


(a) 


®. We have to apply the general definition of a fixed set, 
Pirog Hr E Xi gAp =a}, 
to the situation here. We 
e replace g by a general element of the group G, say i 7 
_ @ 


e replace x by a general element of the set Rĉ, say (x,y) 


For any matrix ( 3 E G (so a,b E€ R*), 


a 
0 b 


(x,y) € R? : (ax, by) = (x, y)} 


(x,y) € Retar =a and by=y}. 


fil O\ _ 2. P = 
Fix (0 J- (mu) ER; ir =r ad y=) 


{ 
= {(x,y) € R? y= 0} 
= {(#,0):2 ER}. 


So this fixed set is the x-axis. 


(ii) ©. Here the given matrix is the identity element of (G, x). 
Under any group action the identity element of the group 
fixes every element of the set, by axiom GA2. So there is no 
need to use the formula from part (a) here (though of course 
it would give the same answer). © 


Since k i) is the identity element of G, 


Fix é ') =R. 


That is, this fixed set is the whole plane R?. 
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Exercise E179 


e={(j 1) ober, azoh. 


Consider the action of the group (G, x) on the set R? defined by 


(5 T) Mew) = (aru) 


for all (5 ') € G and all (x,y) € R?. (You saw that this is a group 


Let 


action in Exercise E143(a) in Subsection 1.4.) 


(a) Find an expression for the fixed set of a general element of the 
group (G, x) under this group action. 


(b) Find the fixed set of each of the following elements of (G, x) under 
the group action. Describe each fixed set geometrically. 


0G) G 


You will need to use the idea of fixed sets in the next subsection, where 
you will meet the Counting Theorem and see how to use it to solve 
counting problems involving symmetry. Using the Counting Theorem in 
this way usually involves considering the action of a finite group G of 
symmetries on a large finite set X of coloured figures. To be able to apply 
the Counting Theorem we need to know the sizes of the fixed sets of the 
elements of G, that is, the numbers of elements that the fixed sets contain. 
So we will now look at how we can find the sizes of fixed sets in this sort of 
situation. Here is an example. 


Worked Exercise E74 


Consider the action of the group S(A) (see Figure 67) on the set X whose 
elements are all the coloured figures obtained by colouring each of the four 
small triangles in the figure on the left below with one of the three colours 
blue, yellow and red. Some examples of elements of the set X are shown 
on the right below. 


AA Aa & 


Find the size of Fix g for each symmetry g in S(A 


Solution 
®. We consider each symmetry in $(A) in turn. ® 


e First consider the identity symmetry e. It fixes all the coloured 
figures in X. 


There are four small triangles, each coloured with one of three 
colours, so the number of coloured figures in X is 34 (by the 
Multiplication Principle). Hence 


[Pixel = 3. 


e Now consider the symmetry a. 


®. Let us think about the effect of a on some coloured figures in X. 


The symmetry a does not fix the first coloured figure below, 
because it maps it to the second coloured figure, which is different. 
However, it does fix the third coloured figure. 


AAA 


In general, we can say the following. © 


The coloured figures in X fixed by the symmetry a are those in 
which the three outer triangles are all the same colour. 


For such a coloured figure, there are three choices for the colour of 
the middle triangle and three choices for the single colour of the 
three outer triangles, so the number of such coloured figures is 37. 
Hence 


|Fix a| = 3°. 
By a similar argument, 
|Fix b| = 37. 


e Now consider the symmetry r. 


®. Let us think about the effect of r on some coloured figures in X. 


The symmetry r does not fix the first coloured figure below, 
because it maps it to the second coloured figure, which is different. 
However, it does fix the third coloured figure below. 


AAA 


In general, we can say the following. © 


The coloured figures in X fixed by the symmetry r are those in 
which the bottom two outer triangles are the same colour. 
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For such a coloured figure there are three choices for the colour of 
the middle triangle, three choices for the colour of the top triangle, 
and three choices for the single colour of the bottom two outer 
triangles, so the number of such coloured figures is 3°. Hence 


Fixr| = 3°. 

By similar arguments, 
Pire = 3° 

and 
Fix(|=3>. 


The sizes of the fixed sets for this group action are summarised below. 


Symmetry g 


Se Us 3 SPs) @ 


In the solution to Worked Exercise E74, once we had found the size of 

Fix a, we could see that by a similar argument we would get the same 
answer for the size of Fix b. This is because the symmetries a and b are of 
the same geometric type. Similarly, once we had found the size of Fixr, we 
could see that by similar arguments we would get the same answers for the 
sizes of Fix s and Fixt. Again this is because the symmetries r, s and t are 
of the same geometric type. 


In fact, our observation that a and 6 are of the same geometric type is an 
observation that they are conjugate in S(A). You studied the connection 
between conjugacy and geometric type in symmetry groups in 

Subsection 4.1 of Unit E2: you saw there that two symmetries x and y of a 
figure F are conjugate in S(F’) if and only if there is a symmetry g of F 
that transforms a diagram illustrating x into a diagram illustrating y 
(when we ignore any labels). 


In general, if a group G of symmetries of a figure F acts in the natural way 
on a set X of coloured figures, then symmetries in G that are conjugate 

in S(F) have fixed sets of the same size (but usually not the same fixed 
sets). 


In the solution to Worked Exercise E74, the sizes of the fixed sets were left 
as powers of the number of colours, rather than being evaluated. You 
should do likewise in the next exercise, and in the subsequent exercises in 
this subsection. This is convenient when we use the Counting Theorem, as 
you will see later. 


4 The Counting Theorem 


Exercise E180 


Consider the action of the group S(O) (see Figure 68) on the set X whose 
elements are all the coloured figures obtained by colouring each of the four 
small squares in the figure on the left below with one of the five colours 
blue, yellow, red, green and purple. Some examples of elements of X are 
shown on the right below. 


| Bak 


Find the size of Fix g for each symmetry g in S( Figure 68 S(0) 


Exercise E181 


Consider the group action that is the same as the one in Exercise E180 
except that the figures in the set X are coloured with the four colours 
blue, yellow, red and green, instead of with five colours. By using your 
final answers to Exercise E180 and thinking about the arguments that you 
used to derive them, write down the size of Fix g for each symmetry g 

in S(O). You should not need to work through all the arguments again. 


The solution to Exercise E181 illustrates that if we have found the sizes of 
the fixed sets for the natural action of a group of symmetries on a set of 
coloured figures like those in the exercise and we want to change the 
number of colours, then it is straightforward to find the sizes of the 
resulting new fixed sets. 


There is a method involving permutations that can help make finding the 
sizes of fixed sets like those in the last few exercises and worked exercises 
more systematic. It is based on considering the action of the group on the 
set whose elements are the parts of the figure to be coloured. For example, 
in Worked Exercise E74 the parts of the figure to be coloured are the four 
small triangles. The mapping effect of the group S(A) on these four 
triangles is a group action by Theorem E59. 


The method is demonstrated in the next worked exercise, in which we look 
again at the question in Worked Exercise E74, but this time use the 
permutation method to carry out the working. 


Worked Exercise E75 


Consider the action of the group S(A) (see Figure 69 below) on the set X 
whose elements are all the coloured figures obtained by colouring each of 
the four small triangles in the figure below with one of the three colours 
blue, yellow and red. 


AA 


Find the size of Fix g for each symmetry g in S(A). 
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Solution 


®@. Label each part of the figure to be coloured with a symbol. Here 
we label the four small triangles. © 


We can label the figure as follows. 


@. Express the effect of each symmetry on the parts to be coloured as 


a permutation, including any 1-cycles. & 


This gives the following. 


Symmetry g | Permutation 


(1)(2)(3)(4) 


Go VA SS) Sy IS) 0 


(1)(4)(2 3) 

®. Consider the symmetry a, for example. It gives a permutation 
with two cycles: (1) and (2 3 4). For a figure in X to be fixed by a, 
triangles in the same cycle must have the same colour, but triangles in 
different cycles can have different colours. Since there are three 
choices of colours for each cycle, the number of coloured figures fixed 
by a is 3. 

In general, by a similar argument, if the permutation given by a 
symmetry g has k cycles and there are c colours (here c = 3), then the 
number of coloured figures in X fixed by g is c*. 


So we can find the sizes of the fixed sets by adding to the table as 
follows. & 


e (1)(2)(3)(4) a 3 
a (1)(2 3 4) 2 Be 
b (1)(2 4 3) 2 Be 
r (1)(2)(3 4) 3 3° 
5 (1)(3)(2 4) 3 a 
t (1)(4)(2 3) 3 ae 


Notice that, as you would expect, in the solution to Worked Exercise E75 
symmetries of the same geometric type give permutations with the same 
cycle structure, leading to fixed sets of the same sizes. 


Remember that when you use the method in Worked Exercise E75 it is 
essential to include 1-cycles. 


4 The Counting Theorem 


In the next exercise you are asked to answer the question in Exercise E180 
again, but this time using the method in Worked Exercise E75. 


Here and in similar exercises the permutations that you obtain may be 
different from the ones given in the solution, because there are different 
ways to label the parts of the figure to be coloured. However, your 
permutations and the ones in the solutions should have the same cycle 
structures and hence the same numbers of cycles. 


Exercise E182 


As in Exercise E180, consider the action of the group S(O) (see Figure 70) 
on the set X whose elements are all the coloured figures obtained by 
colouring each of the four small squares in the figure below with one of the 
five colours blue, yellow, red, green and purple. 


= 


Use the method demonstrated in Worked Exercise E75 to find the size of 
Fix g for each symmetry g in S(Q). Figure 70 S(C) 


The permutation method introduced above will be useful in the next 
subsection. 


4.3 The Counting Theorem and its use 


In Subsection 4.1 you saw some examples of counting problems that can be 
interpreted as problems involving finding the number of orbits of an action 
of a finite group on a finite set. In this subsection you will meet the 
Counting Theorem and see how to use it to solve such counting problems. 


The theorem is stated below. Its proof is given at the end of the subsection. 


Theorem E69 Counting Theorem 


Let ^ be an action of a finite group G on a finite set X. Then the 
number of orbits of A is given by 


1 ; 
ig 2 |Fix g|. 


gEG 


The Counting Theorem tells us that one way to find the number of orbits 
of an action of a finite group G on a finite set X is to determine the 
number |Fix g| for each element g in G, add up all these numbers, and 
divide the total by the order of G. Here is an example. 
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Worked Exercise E76 


Use the Counting Theorem to determine how many different triangular 
window stickers similar to the one shown below can be made if each 


triangular region is to be coloured blue, 


yellow or red, and we regard two 


stickers as the same if one can be rotated or turned over to give the other. 


A 


Solution 


Figure 71 S(A) 


triangle. 


/\ 
WEN 


The following table was obtained. 


We want to regard two stickers as the same if one can be rotated or 
reflected to give the other, so we consider the action of the group S(A) 
(see Figure 71) on the set of all 34 coloured stickers in fixed positions. 


®. The answer to the problem is the number of orbits of this group 
action, which we can find by using the Counting Theorem. © 


The sizes of the fixed sets for this group action were found in Worked 
Exercise E75 in the previous subsection, using the following labelled 


Symmetry g | Permutation | Number of cycles | |Fix g| 


(1)(2)(3)(4) 


Ge wy SS} GIs! as 


A 3. 
2 24 
2 2 
3 go 
3 g? 
3 oe 


By the Counting Theorem, the number of orbits is 


al ae ee fe BE Ba ae) = 


4 (34 +2 x 3? +3 x 33) 
4 x 3°(37 +2437) 


= 3 x 20 


30. 


Thus 30 different window stickers can be made. 


So the Counting Theorem has reduced the complicated counting problem 
in Worked Exercise E76 to a straightforward calculation — such is the 


power of group theory! 
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Exercise E183 


By using the Counting Theorem and your answers to Exercise E182 (or 
Exercise E180) in the previous subsection, determine how many different 
square headscarves, similar to the one shown below, can be made if each of 
the four square regions is to be coloured with one of the five colours blue, 
yellow, red, green and purple, and we regard two headscarves as the same 
if one can be rotated or turned over to give the other. 


H 


Exercise E184 


Find the answer to Exercise E183 if each region of each headscarf is to be 
coloured with one of only four colours, instead of five colours. 


Exercise E184 illustrates that if the number of colours in a counting 
problem of the type that we are considering is changed, then it is 
straightforward to adjust the solution accordingly. 


The Counting Theorem is often incorrectly referred to as Burnside’s 
Lemma. The British group theorist Peter M. Neumann (1940-) 
explained how this name arose in his 1979 paper A lemma that is not 
Burnside’s. 


It appears that the result was so well known in the early twentieth 
century that the British mathematician William Burnside 
(1852-1927) quoted it without attribution in the second (1911) 
edition of his classic book Theory of Groups of Finite Order. Fifty Ferdinand Georg Frobenius 
years later, it was misattributed to Burnside by the American 
mathematician Solomon Golomb (1932-2016) in a paper in 1961, 
following which the Dutch mathematician Nicolaas Govert de Bruijn 
(1918-2012) referred to it as ‘Burnside’s lemma’ in papers in 1963 
and 1964. The name was used subsequently by many other 
mathematicians. De Bruijn wrote to Neumann as follows: 


Indeed, I think I am to blame, having used the name ‘Burnside’s 
lemma’ in several of my papers. You describe correctly how this 
all went. Pólya did not give a reference, Golomb mentioned the 
name Burnside, I looked it up in Burnside’s book and found it 
without reference, so that was that. 


The result was known many years beforehand. It appears in a paper 
by the German mathematician Ferdinand Georg Frobenius 
(1849-1917) published in 1887, and earlier in a slightly different form 
in work of the French mathematician Augustin-Louis Cauchy 
(1789-1857) published in 1845. Neumann therefore suggested that a Augustin-Louis Cauchy 
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more appropriate name for it is the Cauchy—Frobenius Lemma. This 
name is now sometimes used, as are some other names such as the 
Counting Theorem, but despite Neumann’s paper being published 
only 18 years after the first misattribution of the result to Burnside in 
print, the name ‘Burnside’s lemma’ is still widely used. 


(Source: Neumann, P. M. (1979) ‘A lemma that is not Burnside’s’, 
Mathematical Scientist, vol. 4, pp. 133-41.) 


Exercise E185 


Use the Counting Theorem to determine how many different 2 x 2 
chessboards there are with each small square coloured either black or 
white, when we regard two chessboards as the same if one can be rotated 
to give the other. Hence check your answer to Exercise E175 in 
Subsection 4.1. 


In the next worked exercise the bangle problem from Subsection 4.1 is 
solved using the Counting Theorem. 


Worked Exercise E77 


How many different bangles decorated with six equally spaced beads can 
be made if beads are available in blue, yellow and red? Some examples of 
such bangles are shown below. 


The sizes of the fixed sets for this group action are as given below. 


®. For convenience, here we use the permutations of the beads to 
represent the symmetries in S(O), rather than using a different way of 
representing them in the first column of the table. We can do this 
because no two symmetries in S(Q) give the same permutation of the 


beads. © 

Symmetry g Permutation Number of cycles | |Fix g| 

e (1)(2)(3)(4)(5)(6) 6 3° 

other rotations | (1 2 3 4 5 6) îl 3 
G35 46) 2 a2 
GAO DNIE) 3 3° 
(1 5 3)(2 6 4) 2 ae 
066432) 1 3 

reflections (1 6)(2 5)(3 4) 3 ap 
(26 6)4 5) 3 3° 
(1 4)(2 3)(5 6) 3 a 
(1)(4)(2 6)(3 5) 4 3- 
(2)(5)(1 3) (4 6) 4 3: 
(3)(6)(1 5)(2 4) 4 3- 


By the Counting Theorem, the number of orbits is 
(8° +2 x 342 x3? +4 x 3+3 x 34) 


= $ x 3(8°+242x344x 3743 x 3°) 


= 4(3 x 81 + 2 + 6 + 36 + 81) 
= (4 x 81 + 44) 


= el Ill 
= OM, 


Thus there are 92 different coloured bangles. 


We can reduce the amount that we have to write down in the table in the 
solution to Worked Exercise E77 by recognising symmetries in S(O) that 
are of the same geometric type and hence will give permutations with the 
same cycle structure. This gives the following more concise table. 


Symmetry g 


Example 
permutation 


Number 
of cycles 


|Fix g| 


e 1)(2)(3)(4)(5)(6) 6 3° 


2 rotations, through +7/3 
2 rotations, through +27/3 


rotation through 7 


3 reflections not through beads 
3 reflections through beads 


os 


23456) 

3 5)(2 46) 
4)(2 5)(3 6) 
6)(2 5)(3 4) 
1)(4)(2 6)(3 5) 


1 
1 
1 3 6 
1 34 


CO LO LON ON LOS 


Ae U U Nhe 


3 

32 
33 
33 
34 
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Exercise E186 


Use the Counting Theorem to determine how many different bangles 
decorated with five equally spaced beads can be made, if beads are 
available in just two colours. Hence check your answer to Exercise E174(b) 
in Subsection 4.1. 


In the next worked exercise the chessboard problem from Subsection 4.1 is 
solved using the Counting Theorem. The solution does not use a table of 
permutations to find the sizes of the fixed sets: that would be impractical, 
as each permutation would contain 64 symbols! Instead, it uses the type of 
argument that you saw in Worked Exercise E74 in the previous subsection. 


Worked Exercise E78 


How many different patterns can be made by colouring the squares of a 
chessboard either black or white? 


Solution 


We are regarding two coloured chessboards as the same if one can be 
rotated to give the other. So we consider the action of the group 
S*(Q) (see Figure 72) on the set of all possible coloured chessboards 
in fixed positions. 


We find the size of the fixed set of each symmetry in S*(Q) under 
Figure 72 S*(0) this group action. 


e First consider the identity symmetry e. It fixes all the coloured 
chessboards. There are 64 small squares, each coloured one of two 
colours, so the number of coloured chessboards is 264. Hence 


Pice = 2. 

e Now consider the symmetry a. The coloured chessboards fixed by a 
are those in which each square is the same colour as the three 
squares onto which it is mapped under successive quarter turns (an 
example is shown in Figure 73). There are 216 different ways to 
colour one quarter of such a chessboard, and this colouring 
determines the colours of the squares in each of the other quarters 
of the chessboard. Thus 


Fiza = 2". 
Figure 73 A coloured eee 
chessboard fixed by a By a similar argument, 
Fid = 2%, 
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Figure 74 A coloured 
chessboard fixed by b 


The answer found in Worked Exercise E78 is approximately 4.6 x 1018. 


Exercise E187 


Use the Counting Theorem to determine how many different patterns can 
be made by colouring the squares of a 4 x 4 chessboard either black or 
white, when we regard two chessboards as the same if one can be obtained 
by rotating the other. 


In the final worked exercise in this section the cube problem from 
Subsection 4.1 is solved using the Counting Theorem. This involves 
considering the action of the group S+ (cube) of rotations of the cube on 
the set of all possible coloured cubes in fixed positions. The group 

S* (cube) has 24 elements, so it would be time-consuming to find the size 
of the fixed set of each of its elements individually. Instead, we collect 
together symmetries that are of the same geometric type and hence have 
fixed sets of the same size. 
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The solution given below includes two different versions of the part of the 
solution in which the sizes of the fixed sets are found. The first version 
uses the permutation method, and the second version does not. 


Worked Exercise E79 


How many different coloured cubes are there with each face painted blue, 
yellow or red? 


Solution 


We are regarding two coloured cubes as the same if one can be 
obtained by rotating the other. So we consider the action of the group 
S+ (cube) on the set of all possible coloured cubes in fixed positions. 
There are 3° coloured cubes in fixed positions. 


The symmetries in S* (cube) are of five different geometric types, as 
follows. Types (b)—(e) are illustrated below. 


(a) The identity symmetry. 


(b) Rotations through +7/2 about axes through midpoints of 
opposite faces (three such axes; two such rotations about each). 


(c) Rotations through m about axes through midpoints of opposite 
faces (three such axes; one such rotation about each). 


(d) Rotations through +27/3 about axes through opposite vertices 
(four such axes; two such rotations about each). 


(e) Rotations through 7 about axes through midpoints of opposite 
edges (six such axes; one such rotation about each). 


east eax 


2m / 
I TS 
| Neg 3 / 
p a A 
(c) | (a) a 


(b) | 


Finding the sizes of the fixed sets using the permutation 
method 


We can label the cube as shown below. 
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The sizes of the fixed sets for the group action are as given below. 


identity symmetry (type (a)) 
6 rotations of type (b) 
3 rotations of type 
8 rotations of type 
6 rotations of type (e) 


Symmetry g Example Number | |Fix g| 
permutation of cycles 


(1)(2)(3)(4)(5) (6) 6 36 
(1)(2 3 4 5)(6) 3 32 
c) (1)(2 4)(3 5)(6) 4 34 
d) (1 2 5)(3 6 4) 2 32 
(1 3 


( 
( 
( 
( 4)(2 6)(3 5) 3° 


Alternative: finding the sizes of the fixed sets without using 
the permutation method 


We consider the five different geometric types of symmetries in 
St (cube) in turn. 


(a) 
(b) 


The identity symmetry (type (a)). This fixes all the 
coloured cubes, so |Fix e| = 3°. 


Six rotations of type (b). Let g be such a rotation. The 
coloured cubes fixed by g are those in which the four faces not 
intersected by the axis of rotation have the same colour. So for 
such a cube the two faces intersected by the axis can have any 
colours, and the other four faces must have the same colour (as 
illustrated in Figure 75, with Greek letters representing the 
colours). Thus |Fix g| = 3°. 


Three rotations of type (c). Let g be such a rotation. The 
coloured cubes fixed by g are those in which each of the four 
faces not intersected by the axis of rotation has the same colour 
as its opposite face. So for such a cube the two faces intersected 
by the axis can have any colours, but, for the other four faces, 
opposite faces must have the same colour (as illustrated in 
Figure 76). Thus |Fix g| = 34. 


Eight rotations of type (d). Let g be such a rotation. The 
coloured cubes fixed by g are those in which, for each of the two 
vertices on the axis of rotation, the three adjacent faces have the 
same colour (as illustrated in Figure 77). Thus |Fix g| = 3?. 


Six rotations of type (e). Let g be such a rotation. The 
coloured cubes fixed by g are those in which the two faces not 
touching the axis of rotation have the same colour and also, for 
each edge intersected by the axis of rotation, the two adjacent 
faces have the same colour (as illustrated in Figure 78). (The 
rotation g transposes the six faces in three pairs.) Thus 

|Fix g| = 3°. 


4 The Counting Theorem 


Figure 75 Colours for 


Er 


Figure 76 Colours for 


Figure 77 Colours for 


"Ss 


Figure 78 Colours for 
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Exercise E188 


How many different coloured cubes are there with each face painted blue 
or yellow? 


The Counting Theorem and chemical molecules 
The Counting Theorem can be applied to count chemical compounds. 


For example, benzene is a compound with molecular formula CeHe 
whose molecules consist of six carbon atoms joined in a ring with a 
hydrogen atom attached to each, as illustrated below. (In the diagram 
the carbon atoms are not labelled, and the circle is a convention that 
indicates that the electrons forming the bonds between the carbon 
atoms are equally distributed.) 


H H 


H H 


Chlorinated benzenes result when some of the hydrogen atoms in a 
benzene molecule are replaced by chlorine atoms. Replacing one 
hydrogen atom gives chlorobenzene, replacing two gives 
dichlorobenzene, replacing three gives trichlorobenzene, and so on. 
However, for some numbers of replaced hydrogen atoms there is more 
than one way to replace them. For example, the three different ways 
to replace two hydrogen atoms are shown below. These three 
molecules give isomers of dichlorobenzene. In general, isomers of a 
chemical compound are compounds that have the same molecular 
formula but different arrangements of the atoms in each molecule. 
They can have very different physical and chemical properties. 
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4 The Counting Theorem 


H Cl Cl H H H 
H Cl H Cl Cl Cl 
H H H H H H 
1,2-dichlorobenzene 1,3-dichlorobenzene 1,4-dichlorobenzene 


Because the hydrogen and chlorine atoms in a chlorinated benzene 
molecule have a hexagonal arrangement, the problem of counting the 
number of different chlorinated benzenes is exactly the same as the 
problem of counting the number of six-bead bangles that you met 
earlier in this section, except with only two ‘colours’ (the elements 
hydrogen and chlorine) rather than three. 


So the number of chlorinated benzenes can be worked out by changing 
the number of colours from three to two in the solution to Worked 
Exercise E77. Doing this gives the answer 


(2° +2x2+2 x2? +4x 2° +3 x 2") 
= p x 4(2f+1+2+2 +3 x 2”) 

= 4(16+1+2+8 +12) 

= 4x39 

=e) 


This count includes the possibility of six hydrogen atoms and no 
chlorine atoms, that is, benzene itself, so there are 12 different 
chlorinated benzenes. 


Of course this count does not tell us how many isomers there are of 
each of dichlorobenzene, trichlorobenzene, and so on. However, there 
is a generalisation of the Counting Theorem known as the Polya 
Enumeration Theorem that can be used to obtain a polynomial that 
provides this type of information. In the case of the chlorinated 
benzenes, whose underlying structure has a fairly small symmetry 
group, the information can be obtained quickly by drawing the 
different possibilities. However, for more complicated molecules there 
are many more possibilities and the Pólya Enumeration Theorem can 
provide the information much more easily. 


The Pólya Enumeration Theorem was first published in 1927 by the 
American mathematician John Howard Redfield (1879-1944), and is 
sometimes known as the Redfield—Polya Theorem. It was rediscovered 
independently by the Hungarian mathematician George Pólya 
(1887-1985). He published the result in 1937 in a paper that included 
the dichlorobenzene example above, as well as applications to more 
complicated molecules with larger symmetry groups. The paper led to 
an area of mathematical research known as enumerative graph theory. George Pólya 
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Proof of the Counting Theorem 


Here is a proof of the Counting Theorem. 


Theorem E69 Counting Theorem 


Let A be an action of a finite group G on a finite set X. Then the 
number of orbits of A is given by 


1 : 
rel D |Fix g|. 


gEG 


Proof Let the number of orbits of A^ be t. 


Suppose that we find the size of Stab x for each element x in the set X and 
add up all these numbers: this gives the sum 


X. [Stab z]. 
xrEX 


We will get the same answer if we split the set X into the t orbits of ^, 
find the value of 


> |Stab z| 
xzEB 


for each individual orbit B, and then add up these t values. Now for any 
orbit B of A, we have 


G 
S> [Stab z| = ` i a (by the Orbit-Stabiliser Theorem) 
xzEB xzEB 
1 
= (co ee 
a |Orb z| 
zEB 
1 
=|(G > Bi (since Orb x = B for each x € B) 
seb | | 
= |G| x |B| x : 
|B| 
(since there are |B| terms in the summation, each equal to 1/|B]) 
= |G|. 


Adding up this value for all t orbits gives t|G|, so 
X. |Stab «| = 4G]: 


rex 


This equation can be rearranged as 


1 
t= — Stab z|. 
a >] | 


rex 
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4 The Counting Theorem 


We can now complete the proof by showing that 
x [Stab z| = x |Fix gl. 
LEX gEG 


To do this, consider a table whose row headings are all the elements of the 
group G and whose column headings are all the elements of the set X. For 
each g in G and each x in X such that g fixes x, we enter a tick in the cell 
corresponding to g and 2, as illustrated below. 


X 


For each x in X, the number of ticks in the column headed « is the 
number of elements of G that fix x, which is |Stab z|. Summing over all 
the columns, we see that the total number of ticks in the table is 


> |Stab z|. 
xEXx 


But also, for each g in G, the number of ticks in the row headed g is the 
number of elements of X fixed by g, which is |Fix g|. Summing over all the 
rows, we see that the total number of ticks in the table is 


> |Fix g|. 


gEG 
Thus 
5 |Stab z| = >, |Fix g]. 
eX gEG 
This completes the proof. E 
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Figure 80 The lines of 
symmetry of the square 
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5 Group actions and groups of 
permutations (optional) 


In this short optional section you can learn a little more about the nature 
of group actions, particularly those that are not faithful, that is, in which 
two or more elements of the group permute the elements of the set in the 
same way. 


In Exercise E138 in Subsection 1.2 you considered the action of the 

group S(O) (see Figure 79) on the set {R,S,T,U} of lines of symmetry of 
the square (shown on a single diagram in Figure 80). You saw that the 
elements of S(O) permute the lines of symmetry of the square as shown in 
the table below. Here i is the identity permutation of {R,S,T,U}. 


Element g | Permutation 
; (R T(S U) 
b i 
g (ROWS U) 
r (S U) 
s (RT) 
t (S U) 
u (RT) 


Thus for this group action the group S(O) splits into four subsets, namely 


{e,b}, {a,c}, {r,t} and {s,u}, 


such that the group elements in each subset permute the elements of the 
set {R, S,T,U} in the same way. 


In general, as mentioned after Exercise E138, whenever a finite group G 
acts on a set X, the group G can be partitioned into subsets of equal size 
such that the group elements in each subset permute the elements of X in 
the same way. In this subsection you will meet a theorem that explains 
why this is, and tells you more. 


First we need a preliminary theorem, Theorem E70 below. Remember that 
a permutation of a (finite or infinite) set X is a one-to-one and onto 
function from X to itself. We denote the set of all permutations of a set X 
by Sym X. For example, for any natural number n we have 

Symi 1,2, 2.39% t = Sas 


5 Group actions and groups of permutations (optional) 


Theorem B52 in Unit B3 states that for any natural number n the set Sn 
of all permutations of the set {1,2,...,n} is a group under function 
composition. Theorem E70 below generalises this theorem to apply to 
permutations of any set, no matter whether it is finite or infinite. Its proof 
is much the same as the proof of Theorem B52. 


Theorem E70 


Let X be any set (finite or infinite). Then the set Sym X of all 
permutations of the set X is a group under function composition. 


Proof We check that the four group axioms hold for (Sym X,0) (where o 
represents function composition). 


G1 Closure 


A composite of any two one-to-one and onto functions from X to X 
is a one-to-one and onto function from X to X. Thus Sym X is 
closed under function composition. 


G2 Associativity 
Function composition is associative. 

G3 Identity 
The identity function, say 7, on X is an identity element for function 
composition in Sym X. 

G4 Inverses 
Every one-to-one and onto function f from X to X has an inverse 
function f~! that maps from X to X and satisfies 
fof-|=i=f-'of. That is, each element f of Sym X has an 
inverse ft in Sym X with respect to function composition. 


Hence (Sym X, 0) is a group. a 


For any set X, the group Sym X of all permutations of X is called the 
symmetric group on X. The identity element of this group, which is the 
identity function on X, is called the identity permutation of X. 


We can now prove the following illuminating theorem. In the statement of 
this theorem the symbol » is used instead of our usual symbol o to denote 
the binary operation of a general group G, because the symbol o is needed 
to represent function composition. 
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Theorem E71 


Let A be an action of a group (G,*) on a set X. For each g in G, 
let fọ be the permutation in Sym X given by 


MESAR 


for all x € X. (That is, for each g in G the permutation fg is the 
permutation of X that is the effect of g under ^.) Then the mapping 


o : (G, *) — (Sym X, 0) 
G= ia 


is a homomorphism. 


Proof Let g,h € G. We have to show that 


o(g * h) = (9) © (h); 
that is, 


fgh = fao fh- 


Now fxh, fg and fp, are all functions with domain X, so to show that the 
equation above holds we have to show that 


forh) = (fa o fa) (2) 
for all x € X. To do this, let x € X. Then 


fanl) =(g*h) Aa (by the definition of fgsh) 
=gA(hAzx) (by axiom GA3) 
= fg(fn(x)) (by the definition of fa and fg) 
=(fg° fn)(x) (by the definition of function composition). 


Thus ¢ is a homomorphism. E 


To illustrate Theorem E71, consider once again the action of the 

group S(O) on the set {R, S,T, U} of lines of symmetry of the square. As 
mentioned earlier in this subsection, the elements of S(O) permute the 
elements of {R, S,T,U } as follows, where 7 is the identity permutation 

of X. 


Element g | Permutation 
a (RT)(S U) 
b i 
c (REVS U) 
r (S U) 
S (RT) 
t (S U) 
u (RT) 


5 Group actions and groups of permutations (optional) 


Theorem E71 tells us that the following mapping ¢ is a homomorphism. 


@: (S(O),°) —> (Sym{R, S,T,U},0) 


Exercise E189 


In each of parts (a) and (b) below, write down the homomorphism 
@: (S(O), °c) — (Sym X, o) as defined in Theorem E71 for the action of 
the group S(O) on the set X whose elements are the modified hexagons 


shown. 


Use the labels for the elements of S(O) shown in Figure 81. 


FLY 
YY OY 


We can obtain several useful results about group actions by applying the 
results about homomorphisms that you met in Unit E3 to the 
homomorphisms obtained from group actions as defined in Theorem E71. 


These include the following results. 


Figure 81 S(O) 
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Corollary E72 


Let A be an action of a group (G,*) on a set X. Then the following 
hold for ^. 


(a) The set of permutations of X given by the elements of G under ^ 
is a group under function composition. 


(b) The set Æ of elements of G that behave as the identity 
permutation of X is a normal subgroup of G. 


(c) Two elements of G behave as the same permutation of X if and 
only if they lie in the same coset of E. 


Proof Let ¢:(G,*) — (SymX,0o) be the homomorphism obtained 
from / as defined in Theorem E71. 


(a) The set of permutations of X given by the elements of G under ^ is 
the image of ¢. Since the image of any homomorphism is a subgroup 
of the codomain group (by Theorem E47 in Unit E3), this set is a 
group under function composition. 


(b) The set E of elements of G that behave as the identity permutation 
of X under A is the kernel of ¢. Since the kernel of any 
homomorphism is a normal subgroup of the domain group (by 
Theorem E51 in Unit E3), E is a normal subgroup of G. 


(c) By Theorem E54 in Unit E3, two elements of G have the same image 
under ¢ if and only if they lie in the same coset of Ker ¢ in G. That 
is, two elements of G behave as the same permutation of X if and 
only if they lie in the same coset of E. | 


By Corollary E72(b) and (c), whenever a group G acts on a set X, the 
group G has a normal subgroup F such that all the group elements in each 
coset of E behave as the same permutation of X. If G is finite, then each 
of these cosets contains the same number of elements, because this is 
always the case for cosets in a finite group. This justifies the fact 
mentioned near the start of this section: if a finite group G acts on a 

set X, then the group G can be partitioned into subsets of equal size such 
that the group elements in each subset permute the elements of X in the 
same way. (If the action of G on X is faithful, then each of the subsets 
contains a single element.) 


5 Group actions and groups of permutations (optional) 


Exercise E190 


For each of the two group actions in Exercise E189, use your solution to 
Exercise E189 to partition the group S(O) into subsets such that all the 
group elements in each subset behave as the same permutation of the 

set X. Write down the permutation of X corresponding to each subset. 


The main theorem earlier in this section, Theorem E71, tells us that every 
action of a group (G,*) on a set X defines a homomorphism 

@:(G,*) — (Sym X, o). The theorem below tells us that the converse of 
this theorem is also true: if (G,*) is a group and X is a set then every 
homomorphism ¢ : (G, *) — (Sym X, o) defines an action of (G,*) on X. 
You may find the expression (¢(g))(x) in the statement of this theorem 
rather complicated. Keep in mind that the codomain of the 
homomorphism ¢ is (Sym X,0), so (g) is a permutation of the set X and 
hence (¢(g))(x) is the image of x under the permutation ¢(g). 


Theorem E73 
Let (G,*) be a group, let X be a set and let ¢: (G,*) — (Sym X, 0) 
be a homomorphism. Let A be defined by 
g ^z = (6(9))(2) 
for all g € G and all x € X. Then A is an action of (G, x) on X. 


The next exercise asks you to prove Theorem E73. It involves working 
with expressions like the one mentioned above, so you may find it quite 
complicated. 


Exercise E191 


Prove Theorem E73. 


Theorems E71 and E73 together show that if (G,*) is a group and X isa 
set, then actions of (G,*) on X and homomorphisms from (G, *) 
to (Sym X, o) are essentially the same objects. 
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Summary 


In this unit you have learned what is meant by a group action on a set, 
and met many examples. You have studied some general properties of 
group actions, and seen how some of the concepts and results that you met 
in earlier group theory units, such as conjugacy, Lagrange’s Theorem and 
homomorphisms, can be viewed as particular cases of concepts and results 
relating to group actions. Finally, you met the Counting Theorem and saw 
how it can be used to solve counting problems that involve symmetry. 
Now that you have reached the end of the group theory part of M208, you 
should be able to recognise how group theory reveals links and similarities 
in a variety of different concepts, and hence increases our understanding of 
them. You may be starting to appreciate the beauty and elegance of group 
theory as a mathematical theory in its own right, and beginning to see how 
it can provide powerful tools for solving some types of problems. You saw 
an example of its use when you solved counting problems using the 
Counting Theorem, but it is also used in other areas, such as cryptography, 
coding theory and the design of experiments. Group theory is part of the 
mathematical subject area known as abstract algebra, which is concerned 
with mathematical structures such as groups, fields and vector spaces. 


Learning outcomes 


After working through this unit, you should be able to: 
e explain what is meant by a group action 
e check the group action axioms 


e explain what is meant by the orbit Orb x and the stabiliser Stab x of an 
element x of a set under the action of a group 


e understand that the orbits of a group action form a partition of the set 
on which the group acts 


e understand that the stabiliser of a set element under a group action is a 
subgroup of the group that is acting 


e determine orbits and stabilisers for a group action 
e understand the Orbit—Stabiliser Theorem 


e understand various ways in which a group can act on itself or on other 
groups 


e explain what is meant by the fixed set Fix g of an element g of a group 
that acts on a set 


e determine fixed sets for a group action 
e understand the Counting Theorem 


e use the Counting Theorem to solve counting problems involving 
symmetry. 


Solutions to exercises 


Solution to Exercise E134 
(a) (i) rA2=3 

(ii) bA1=3 

(b) (i) BAB=D 

(ii) sAB=B 

(c) (i) (132)A2=1 

(ii) (12)A3=3 


wo (5 DGG Q)-G) 
a (1 gA aC- 


(e) (i) 3A7.4=3+7.4 = 10.4 
(ii) 1A —0.3 = 1 + (—0.3) = 0.7 


Solution to Exercise E135 
We check the group action axioms. 
GAI Let g € G and let x € X. Since g fixes or 
transposes the symbols 4 and 5, it maps each of 
the symbols 1, 2 and 3 to 1, 2 or 3. Therefore 
g^z=glx) EX. 
Thus axiom GA1 holds. 
GA2 The identity element e of G is the identity 
permutation of {1, 2,3,4,5}. So for each x in 
X = {1,2,3}, we have 
eAg= ee) =x 
Thus axiom GA2 holds. 
GA3 Let g,h € G and let x € X. Then 
gA (hAz) 
= g (h(z)) 
= g(h(x)) 
= (g o h)(x) 
(by the definition of function composition) 
=(goh)^Ax (by the definition of ^). 
Thus axiom GA3 holds. 


Since the three group action axioms hold, ^ is a 
group action. 


(by the definition of ^) 
(by the definition of ^) 


Solutions to exercises 


Solution to Exercise E136 


(a) This mapping effect A does not satisfy 
axiom GA1 (closure). For example, (1 4) € S5 and 
1 € {1,2,3}, but 


(1 4)A1=4¢g {1,2,3}. 
Hence ^ is not a group action. 


(This mapping effect ^A does satisfy axioms GA2 
and GA3.) 


(b) This mapping effect A does not satisfy 
axiom GA2 (identity). 

To see this, note that the identity element of the 
group (R*, x) is 1, and, for example, (4,4) € R?, 
but 


A (4,4) = (4+ 1,4 + 1) = (5,5) 4 (4,4). 


Hence ^ is not a group action. 


(This mapping effect ^A does satisfy axiom GA1. 
However, it does not satisfy axiom GA3. To satisfy 
this axiom it would have to satisfy 


gA (hA (z,y)) = (g x h) A (x,y) 


for all g,h € R* and all (x,y) € R?. However, for 
example, 1,2 € R* and (1,1) € RÊ, but 


1A (2A (1,1)) = 1A (3,3) = (4,4) 
whereas 
(1 x2)JA(1)=2A{1,1) = (3;3)-) 


Solution to Exercise E137 
(a) This is a group action. 
(b) The element a of S( 


=. 


The first figure here is an element of X, but the 
second figure is not. Thus axiom GA1 does not 
hold. Hence A is not a group action. 


) maps 


(c) This is a group action. 


(d) This is a group action. 
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(e) The element a of S+( 


Ve Fl 


The first figure here is an element of X, but the 
second figure is not. Thus axiom GA1 does not 
hold. Hence A is not a group action. 


(0O) maps 


(f) This is a group action. 

(g) This is a group action. 

(h) This is a group action. (Each symmetry of the 
square maps any plane figure A in X to another 
plane figure, which also lies in X since X contains 
all plane figures.) 

(i) This is a group action. 


(j) By rotating the tetrahedron we can map one 
of the three edges in X to an edge that does not lie 
in X. For example, we can map 


Thus axiom GA1 does not hold. Hence A is not a 
group action. 


Solution to Exercise E138 


The permutations are as follows. Here the identity 
permutation of {R,S,T,U} is denoted by i, since e 
is used to denote the identity element of (QD). 


Element g | Permutation 
a (R T(S U) 
b i 
c (R T)(S U) 
r (S U) 
s (RT) 
t (S U) 
u (RT) 
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Solution to Exercise E139 
(a) The element a of S(A) maps 


A. f 


The first coloured figure here is an element of X, 
but the second is not. Thus axiom GA1 does not 
hold. Hence A is not a group action. 


(b) This is a group action. 


(c) This is a group action. (The set X includes 
every possible colour combination, so the result of 
applying any symmetry of the square to an 
element of X must be another element of X.) 


Solution to Exercise E140 

We check the group action axioms. 

GA1 Let g € Z and let x € R. Then 
gAxrx=xr-—-gER. 

Thus axiom GA1 holds. 

GA2 The identity element of the group (Z, +) is 0. 

Let « € R. Then 
OArt=x-O0O=-@. 

Thus axiom GA2 holds. 


GA3 Let g,h € Z and let x € R. We have to show 
that 


A(hAz)=(gt+h)Ax 
Now 
gA\(hAZ) 
=g^(x— h) (by the definition of ^) 
=(x—h)-—g (by the definition of ^) 
=x-—(h+qQ) 
=(g+h)Az (by the definition of ^). 


Thus axiom GA3 holds. 


Since the three group action axioms hold, A^ is a 
group action. 


Solution to Exercise E141 
This mapping effect ^A does not satisfy axiom GA2. 


To see this, note that the identity element of the 
group (Z, +) is 0, and, for example, 1 € R, but 


OA1=0-1=-—-1F1. 


Thus axiom GA2 does not hold. 
Hence A is not a group action. 


(This mapping effect A does not satisfy axiom GA3 
either, but it does satisfy axiom GA1.) 


Solution to Exercise E142 
We show that the group action axioms hold. 
GA1 Let g € R and let (x,y) € R?. Then 
AG = (2,y +g) € R’. 
Thus axiom GA1 holds. 
GA2 The identity element of the group (R, +) 
is 0. 
Let (x,y) € R?. Then 
OA (x,y) = (x,y + 0) = (x,y). 
Thus axiom GA2 holds. 
GAS3 Let g,h € R and let (x,y) € R?. We have to 
show that 


g^ (AA (a, y)) = (g +h) A (x,y). 


Now 
gA (hA (z,y)) =9A (zy +h) 
=(a,yth+g) 
= (x,y +g +h) 

and 


(g +h) A (x,y) = (z,y +g +h). 


The two expressions obtained are the same, so 
axiom GA3 holds. 


Since the three group action axioms hold, ^ is a 
group action. 


Solutions to exercises 


Solution to Exercise E143 


(a) We check the group action axioms. 
GA1 The element (az, y) is an element of R? for 


all real numbers a, x and y, so axiom GA1 holds. 


GA2 The identity element of G is k i) 


Let (x,y) € R?. Then 


1 0 
e o) A (x,y) = (1z, y) = (x,y). 
So axiom GA2 holds. 


a b c d 
GA3 Let i) ( i) € G and let 


(x,y) € R?. We have to show that 


= o J A^ (cx, y) 


= (acr, y) 
and 


(ENE Den 


_ fac ad+b 


= (acz; y). 
The two expressions obtained are the same, so 
axiom GA3 holds. 


Since the three group action axioms hold, A is a 
group action. 


(b) Axiom GA2 does not hold for A because, for 
example, 


€ i) A(2,2) = (1x 2.0% 2) = (2,0) 4 (2,2): 


Thus A is not a group action. 


(Axiom GA3 does not hold either, but axiom GA1 
does hold.) 
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(c) Axiom GA3 does not hold for A. 
For axiom GA3 to hold, we require that, for all 


(5 a (G i) € G and all (x,y) € R’, 
(; ) ^ e ) ^ (v) 
=(( 1) ( i) )s@». 


The left-hand side of this equation is equal to 


a b 
(= amaa 


= (aca, b(dy + y) + dy + y) 
= (acx, bdy + by + dy + y) 


and the right-hand side is equal to 


ac ad+b 
aaen 


= (acz, (ad + b)y + y) 
= (acxz,ady + by + y). 


The two expressions obtained are equal only if 
bdy + by + dy + y = ady + by + y; 

that is, only if 
bdy + dy = ady, 


which we can write as 
(b—a+1)dy = 0. 
This equation is not true in general. For instance, 


if we take a = b = d = y = 1, it gives 1 = 0. 


. 1 1 1 1 
So, for example, the matrices C i) G i) EG 


and the point (0,1) € R? provide a counterexample 
to show that axiom GA3 does not hold here. 


Thus A is not a group action. 
(Axioms GA1 and GA2 do hold.) 


(It is not necessary to give the general algebraic 
argument above: it is sufficient just to demonstrate 
that there is a counterexample to axiom GA3. 
However, the general argument may help us find a 
counterexample. ) 
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Solution to Exercise E144 
The orbits are 
Orb 1 = {1,2,3,4}, 
Orb2 = {1,2,3,4}, 
Orb 3 = {1,2,3,4}, 
Orb 4 = {1,2,3,4}. 
(So for this group action the orbit of each element 
is just the whole set X on which the group acts.) 


Solution to Exercise E145 
The orbits are 

Orb A = {A}, 

Orb B = {B,C, D}, 

OrbC = {B,C,D}, 

Orb D = {B,C, D}. 


Solution to Exercise E146 
The orbits are 


Orb A = {A, B}, 
Orb B = {A, B}, 
OrbC = {C, D}, 
Orb D = {C, D}. 


Solution to Exercise E147 


The elements of the group S(O) are the rotations 
about O and the reflections in the lines through O. 


Any rotation about O and any reflection in a line 
through O maps O to itself, so 


OrbO = {0}. 


Now let P be any other point in R?. The rotations 
in S(O) rotate P about O, through all possible 
angles. So Orb P certainly includes all points on 
the circle with centre O whose radius is the 
distance between O and P, as shown below. 


YA 
P 


RY 


Also, any reflection in a line through O maps P to 
a point on this circle, as illustrated below. 


AA pe 


RY 


image of P 


\ 
\ 
\ 


Hence Orb P is this circle. 


(So the orbits of the points in R? under the action 
of S(O) are the same as their orbits under the 
action of S*(©), which were found in Worked 
Exercise E63.) 


Solution to Exercise E148 
The orbits are 


{A1, A3, A7, Ag}, {42, A4, A6, As}, {As}. 


(We can find them by using Strategy E7.) 


Solution to Exercise E149 
(a) The orbits are 

{A1, A2, A3, Aa}, {As, Ag, A7, As}. 
(b) There is just one orbit: 

{A1, A2, As, A4, A5, Ae, A7, Ag} = X. 


Solution to Exercise E150 
(a) There is just one orbit: 
11,2.3,4}. 
(b) The orbits are 
{1,3}, {2,4}. 
(c) The orbits are 
{1,4}, {2,3}. 
(d) The orbits are 


{1}, {2}, {3}, {4}. 


Solutions to exercises 


Solution to Exercise E151 
In the solution to Worked Exercise E64 it was 
found that for any point (x,y) € R?, 
Orb(z, y) = {(az, by): a,b E RT}. 
(a) Putting (x,y) = (1,0) gives 
Orb(1,0) = {(a x 1,b x 0): a,b E RT} 
= {(a,0) :a E RĦ}. 
So Orb(1,0) is the positive part of the x-axis. 
(b) Putting (x,y) = (0,—1) gives 
Orb(0,—1) = {(a x 0,b x (—1)) :a,b E R*} 
= {(0,—b) :b E R*}. 
So Orb(0,—1) is the negative part of the y-axis. 
(c) Putting (x,y) = (1,1) gives 
Orb(1,1) = {(a x 1,b x 1) :a,b E€ RĦ} 
= {(a,b) : a,b E R*}. 
So Orb(1,1) is the first quadrant of the plane. 


(It does not include any points on the z-axis or 
y-axis. ) 


Solution to Exercise E152 
The point (0,1) has still not been assigned to an 
orbit. We have 

Orb(0, 1) = {(a x 0,b x 1): a,b E R*} 

= {(0,b): bE R*}. 

So Orb(0, 1) is the positive part of the y-axis. 
The point (—1, 1) has still not been assigned to an 
orbit. We have 

Orb(—1, 1) = {(a x (—1),b x 1): a,b E R*} 

= {(—a,b) : a,b E R*}. 

So Orb(—1,1) is the second quadrant of the plane. 
(It does not include any points on the z-axis or 
y-axis. ) 
The point (—1,—1) has still not been assigned to 
an orbit. We have 

Orb(—1, —1) = {(a x (-1),b x (-1)): a,b E R*} 

= {(-—a, —b): a,b E€ RH}. 

So Orb(—1, —1) is the third quadrant of the plane. 


(It does not include any points on the z-axis or 
y-axis. ) 
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All the points in the plane have now been assigned 
to orbits. 


The nine orbits of the group action are sketched 


below. 
| 


È — 
x 


Solution to Exercise E153 
For any point (z, y) € R?, 


oas ie i oe & n) c G) 


= {(ax,y):a,b E R, a # 0} 
= { (ax, y) : a € R*}. 


For any point of the form (0, y) (that is, any point 
on the y-axis) we have 


Orb(0, y) = {(a x 0,y) : a € R*} = {(0,y)}. 
So each point on the y-axis lies in an orbit 
containing itself alone. For example, 
Orb(0, 2) = {(0, 2)}. 
For any point of the form (x,y) where x 4 0 (that 
is, any point not on the y-axis) we have 


Orb(z, y) = {(az,y) : a E€ R*}. 


This is the set of all points on the horizontal line 
through the point (x,y), except for the point (0, y). 
For example, Orb(1, 2) is the line y = 2 excluding 
the point (0, 2). 

We have now found all the orbits. They are the 
individual points on the y-axis and the horizontal 
lines excluding the point on the y-axis in each such 
line. 

They are sketched below. Each orbit that is a line 
continues on the other side of the y-axis. 
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Solution to Exercise E154 


For any point (x,y) € R?, 


Owm (5 Aai C ’) c c} 


= {(axz,ay):a,b E R, a # 0} 
{(axz, ay): a E€ R*}. 


So, for example, 
Orb(0,0) = {(a x 0,a x 0) : a € R*} = {(0,0)}. 


So the orbit of the point (0,0) consists of the point 
(0,0) alone. 


Also, for example, 


Orb(1,0) = {(a x 1,a x 0): a E€ R*} 
= {(a,0): aE R*}, 
Orb(0,1) = {(a x 0,a x 1):a€ R*} 
= {(0,a): aE R*}, 
Orb(1, 2) = {(a x 1,a x 2) :a E R*} 
( 


=4 
So Orb(1,0) consists of all the points on the z-axis 
excluding the origin, Orb(0, 1) consists of all the 
points on the y-axis excluding the origin, and 
Orb(1, 2) consists of all the points on the line 
y = 2x excluding the origin. 


a, 2a) : a E€ R*}. 


In general, as we found above, we have 
Orb(x,y) = {(az, ay): a€ R*}. 


If x and y are not both zero, then this set consists 
of all the points on the line through the origin and 
the point (x,y), excluding the origin itself, as 
sketched below. 


y (x,y) 


Sv 


We have now found all the orbits. They are the 


origin, together with all the lines that pass through 


the origin, each excluding the origin. They are 


sketched below. (Each orbit that is a line continues 


on the other side of the origin.) 


Solution to Exercise E155 


The stabilisers are 


Stab 1 = {e, s}, 
Stab 2 = {e, u}, 
Stab 3 = {e, s}, 
Stab 4 = {e, u}. 


Solution to Exercise E156 
The stabilisers are 
Stab A = {e,a,b,r,s,t} = S(A), 


Stab B = {e,r}, 
Stab C = {e, s}, 
Stab D = {e,t}. 


Solution to Exercise E157 


The stabilisers are 


Stab A = {e, s}, 
Stab B = {e, s}, 
StabC = {e,r}, 
Stab D = {e,r}. 


Solution to Exercise E158 


The elements of the group S(O) are the rotations 
about O and the reflections in the lines through O. 


Solutions to exercises 


Any rotation about O and any reflection in a line 
through O fixes O, so 


Stab O = S(O). 


Now let P be any other point in R?. The only 
rotation in S(O) that fixes P is the identity 
symmetry e. The only reflection in S(O) that 
fixes P is the reflection, say q, in the line through 
O and P, as illustrated below. 


YA / 
/ 
SP 
/ 
/ 
of a 
7 
j 
TSN 
/ 
So 
Stab P = {e,q}, 


where q is the reflection in the line through O 
and P. 


Solution to Exercise E159 
The stabilisers are 

Stab A, = {e, s}, 

Stab Ag = {e,r}, 

Stab A3 = {e, u}, 

Stab Ay = {e,t}, 

Stab As = {e,a,b,c,r, s,t,u} = S(D), 

Stab Ag = {e,t}, 

Stab A7 = {e, u}, 

Stab Ag = {e,r}, 

Stab Ag = {e, s}. 
The stabiliser Stab As is a subgroup of S(O) 
because it is the whole group S(O). The stabiliser 
of each of the other modified squares consists of 
the identity element e of S(O) together with an 
element of S(O) of order 2, so it is the subgroup 


of S(O) generated by that element of order 2. 
Thus all the stabilisers are subgroups of S(O). 
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Solution to Exercise E160 


(a) The stabiliser of each of the modified squares 
is {e}, which is the trivial subgroup of S+ (0). 


(b) Again, the stabiliser of each of the modified 
squares is the trivial subgroup {e}. 


Solution to Exercise E161 


From the solution to Worked Exercise E69, for any 


point (x,y) in R?, 


stab(e,u) = | (o € G: ax = zx and =u} 


(a) Putting (x,y) = 
Stab(2, 0) 


(2,0) gives 


EGiax2=2andbx0=0} 


) 
) €G:2a=2and0=0} 
) 


a=1} 
0 Jeer) 


(This is the same subgroup of (G, x) as 
Stab(—1,0), found in Worked Exercise E69(b).) 


(b) Putting (x,y) = (0,5) gives 
Stab(0, 5) 


ai 

aA eG: 0 =0and 5b=5} 
) 
) 


by 
AC Jeen} 
Solution to Exercise E162 


From the solution to Worked Exercise E69, for any 
point (x,y) € R?, 


EG: ax0=0andbx5=5} 


EG: 


stab(e,u) = (0 ) € G : ax = z and =u} 
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(a) Consider a point of the form (x,0) where 
x € R*. By the expression for Stab(z, y) above, we 
have 


This is the same subgroup as found in 
Exercise E161 (a). 


(b) Consider a point of the form (0,y) where 
y € R*. By the expression for Stab(x, y) above, we 
have 


=a p) €Gsax 0 =0and by =u} 
AE Jeem 
={(5 1) Ec b= ah (since y # 0) 


This is the same subgroup as found in 
Exercise E161(b). 


(c) Consider a point of the form (x,y) where 
x,y E€ R*. By the expression for Stab(z, y) above, 
we have 


) €G:aæ=2 and by = yt 


) €G:a=1ando=1} 


=t(0 1} 


This is the trivial subgroup of (G, x). 


(since x,y # 0) 


Solution to Exercise E163 
For any point (x,y) € R?, 


Stab(x, y) 
{G Jech rene) 
= 1) EG: (ax, y) =(w)} 
={(0 1) 

Gaia: 


Since we can simplify the equation ax = x in the 
expression above if we know that z Æ 0, we now 
consider the cases x Æ 0 and x = 0 separately. 


EG: as =z and y= y} 


For any point (x,y) € R? with x 4 0 (that is, any 
point not on the y-axis), we have 


stab(e.u) = { (0 i eG:ar=a} 
{6 Jeo 


(since x Æ 0) 


E 9) ven} 


For any point (0,y) € R? (that is, any point on the 
y-axis), we have 


stab(0.n) = { (4 D) EG:ax0=0} 


=G: 


In summary, the stabiliser of any point on the 
y-axis is the whole group G, and the stabiliser of 
any other point is the subgroup 


(6 Jee} 


Solutions to exercises 


Solution to Exercise E164 
For any point (x,y) € R?, 
Stab(z, y) 


wedi (5 A) atu =(eu} 


r) € G : (ax, ay) = (cw } 


a b 
are n) €G: ar =a and ay =y}. 


Now if we know that x 4 0 then we can simplify 
the equation ax = x toa = 1. Similarly, if we know 
that y Æ 0 then we can simplify the equation 

ay = y to a = 1. So we now split into two cases: 
the case where either x £0 or y £0 (or both), 
that is, the case where x and y are not both zero, 
and the remaining case, which is z = y = 0. 


For any point (x,y) € R? such that x 40 or y #0 
(that is, any point except the origin), we have 


stab(e,u) = { (4 ‘) eG:a=1} 
{Goa} 


The only remaining point is the origin, for which 


we have 


Stab(0, 0) 


=a P) EG:ax0=0andax0=0} 
0 a 


=G.: 


In summary, the stabiliser of the origin is the 
whole group G, and the stabiliser of any other 
point is the subgroup 


(G Jeen} 
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Solution to Exercise E165 Also, 

ee Stab A = S(A), 

A Orb A Stab A |Orb A| |Stab A| Stab B = {e,r}, 
Stab C = {e, s}, 


LZ {7-01.84} {eb} 4 2 Stab D = {e,t}. 


í | | o , , So H “ i ne j i ane 
| /| | ? | Or A x a A = x = = Espi 
NJ 4 A , LN ; Es} 


For each other modified triangle, say z, we have 


Fá AN? {e,b,s,u} 2 4 |Orb z| x |Stab z| = 3 x 2 = 6 = |S(A)|. 
(The orbits and stabilisers under the three group 
xX ix SO 1 8 sani eos vagmarae | | 
actions in this exercise were found in the solutions 
to worked exercises and exercises in 
In each case, the number of elements in the orbit Subsections 2.1 and 2.3, but it is probably quicker 
multiplied by the number of elements in the to find them again than to look back.) 


stabiliser is 8, the order of the group S(Q). 


Solution to Exercise E167 


Solution to Exercise E166 (a) Stab2 = fe,u}. 

(a) This group action has just one orbit, namely (b) The left cosets of Stab2 in S(O) are 
{1, 2,3, 4}. Stab 2 = {e, u}, 

Also, aStab2 = {ace,aou} = {a,r}, 


bStab2 = {boe,bou} = {b, s}, 


Stab 1 = Stab3 = r23 
ab1 = Stab3 = {e, 9} cStab2 = {coe,cou} = {c,t} 


Stab 2 = Stab4 = {e, u}. 


Hence, for each vertex label x (Cane Oe Pigre Ana 


[Orb z| x |Stabz| = 4 x 2 = 8 = |S (0)|. e and u map 2 to 2, 


a and r map 2 to 3, 


(b) The orbits of this group action are b and s map 2 to 4, 


{R,T}, {9,U}. cand t map 2 to 1. 
Also, So the partition of S(O) according to where its 
Stab R = StabT = {e,b,r,t}, elements map 2 is 
Stab S = Stab U = {e, b, s, u}. {e, u}, {a,r}, {b, sh, {e,t} 
Hence, for each line of symmetry 2, (d) The partitions found in parts (b) and (c) are 
the same. 
|Orb z| x |Stab z| = 2 x 4 = 8 = |S(0)|. 
(c) The orbits of this group action are Solution to Exercise E168 
{A}, {B,C,D}. (a) The elements of S3 that fix 1 are e and (2 3), 
so 


Stab 1 = {e, (2 3)}. 


394 


(b) The left cosets of Stab 1 in S3 are 
Stab 1 = {e, (2 3)}, 


(1 2) Stab 1 = {(1 2) oe, (1 2) o (2 3)} 
= {(1 2), i 2 3)}, 

(1 3) Stab 1 = {(1 3) oe, (13) 0(23)} 
= {(1 3), (1 3 2)}. 


(c) We have 
e and (2 3) map 1 to 1, 
(1 2) and (1 2 3) map 1 to 2, 
(1 3) and (1 3 2) map 1 to 3. 


So the partition of S3 according to where its 
elements map the symbol 1 is 


{e (2 3)}, {0 2), (1 2 3)f, 


(d) The partitions found in parts (b) and (c) are 
the same, as expected. 


Solution to Exercise E169 
The mapping f obtained from Stab 2 is 
f : set of left cosets of Stab 2 — Orb2 
{e,u} +> 2 
{a,r}+>3 
{b,s}+ > 4 
{c,t} — 1. 


Solution to Exercise E170 
(a) This is a group action. We show that the 
group action axioms hold. 
GAI Let g,x € G. Then 
g\u= gr EG. 
Thus axiom GA1 holds. 


GA2 Let e be the identity element of G and let 
x € G. Then 


eNTtT=eT=T. 
Thus axiom GA2 holds. 
GA3 Let g,h,x € G. Then 
g^A(h^z)=g^hz 


Thus axiom GA3 holds. 


Hence ^ is a group action. 


113), (13 2)}. 


Solutions to exercises 


(Some texts refer to this group action as the left 
regular action of a group. The proof of Cayley’s 
Theorem given in Section 6 of Unit B3 amounts to 
showing that a finite group is isomorphic to the 
group formed by the permutations that are the 
effects of its elements under its left regular action. 
The fact that these permutations form a group 
follows from a result given in the optional 

Section 5 at the end of this unit.) 


(b) This is not a group action. Axiom GA3 does 
not hold. If g,h,x € G, then 


GAAS) = g^ (zh) = che 
but 
(gh) Az = zgh. 


These two expressions are equal when gh = hg. 
This is not true in general, but it does hold when 
the group G is abelian. 


As a particular counterexample to demonstrate 
that axiom GA8 does not hold, consider the 


group S(O) and its elements a, r and e. We have 
air he) =aA l(eor) =ahr=7se=a 
but 
(wor) Ae =s^e=eos=s. 


(c) This is a group action. We show that the 
group action axioms hold. 
GA1 Let g,x € G. Then 
g\t=a2g t! EG. 
Thus axiom GA1 holds. 


GA2 Let e be the identity element of G and let 
x € G. Then 


e Nx = re! = re = T. 
Thus axiom GA2 holds. 
GA3 Let g,h,x € G. Then 

gA(hA2)=gA (rht) 

= gzh`!g! 

= a 

= (gh) NT: 
Thus axiom GA3 holds. 
Hence ^ is a group action. 


(Some texts refer to this group action as the right 
regular action of a group.) 
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Solution to Exercise E171 

We show that the group action axioms hold. 

GAI Let he H and let g € G. Then 
hng=hg eG. 

Thus axiom GA1 holds. 


GA2 Let e be the identity element of H and let 
g € G. The identity element of H is the same as 
the identity element of G, so 


eA\g=eg= g: 
Thus axiom GA2 holds. 
GA3 Let hi,ho € H and let g € G. Then 
hy A (h2 A g) = hy A (hag) 
= hyhog 
= (hyh2) A 
Thus axiom GA3 holds. 


Hence ^ is a group action. 


Solution to Exercise E172 

We show that the group action axioms hold. 

GA1 Let g € G and let h € H. Then 
g^h=¢(g)*h 


which is in H, since ¢(g) € H. Thus axiom GA1 
holds. 


GA2 Let h € H, and let eg and ey be the identity 


elements of (G,o) and (H 


eg Ah = $(eg) *h 
=epnx*xh 


,*), respectively. Then 


(since ¢(eg) = ep, because ¢ is a homomorphism) 


=h. 
Thus axiom GA2 holds. 
GA3 Let g1, g2 € G and let h € H. Then 


gı \ (92 ^h) 

= ġ(g1) A ($(g2)* h) (by the definition of ^) 

= ġ(g1) * ($(g2)* h) (by the definition of A^) 

= (ġ(g1)* 6(g2)) *h (by associativity in (H, *)) 


= $(g1 9 g2) *h (since ¢ is a homomorphism) 
= (91°92) Ah (by the definition of ^). 


Thus axiom GA3 holds. 


Hence ^ is a group action. 
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Solution to Exercise E173 


There are four positions to be filled by a tile of a 
chosen colour, and there is a choice of five colours 
for each position. Hence by the Multiplication 
Principle the number of different patterns is 


5x5x5x5=5* = 625. 


Solution to Exercise E174 


(a) By the Multiplication Principle, the number of 
different bangles in fixed positions is 


2x2x2x2x2=2° =32. 


(b) If two bangles are regarded as the same 
whenever one can be rotated or turned over to give 
the other, then there are eight different bangles, as 
shown below. 


Q Q 


Solution to Exercise E175 


(a) The sixteen coloured chessboards are drawn 
below. Those that can be rotated to give each 
other are drawn in the same row. 


4 
[ E 
E 
| 


(b) If we regard two coloured chessboards as the 
same when one can be rotated to give the other, 

then there are six different coloured chessboards, 
namely those in the first column above. 


Solution to Exercise E176 
The fixed sets are 
Fixe = {1,2,3,4}, 


Fixa = Ø, 
Fixb = Ø 
Fixc= Ø, 
Fixr = ø; 
Fixe = {1,3}, 
Fixt = Ø 
Fixu = {2,4}. 


Solution to Exercise E177 
The fixed sets are 
Fixe = {A, B,C, D}, 


Fixa = {A}, 
Fixb = {A}, 
Fixr = {A, B}, 
Fixs = {A,C}, 
Fixt = {A, D}. 


Solution to Exercise E178 
The fixed sets are 
Fixe = {A, B,C, D}, 


Fixa = Ø, 
Fixr = {C0, D}, 
Fixs = {A, B}. 


Solution to Exercise E179 


(a) For any matrix D) EG (soa,b ER, 
a # 0), 


= {ner (0 aens en) 


= {(,y) ER (az,y) = (2,y)} 
= { (x,y) E€ R°: ax =x andy =y} 
2 {(x,y) ER? :ar=z}. 


Solutions to exercises 


(b) (i) By part (a), 


Fix E i) = { (x,y) ER? : -1lx =z} 
= { (x,y) ER? : £ = 0} 


= {(0,y):y E R}. 
So this fixed set is the y-axis. 
(ii) By part (a), 


Fix G E = { (x,y) ER? :1iz=2} 


So this fixed set is the whole plane R?. 


Solution to Exercise E180 


e First consider the identity symmetry e in S(O). 
It fixes all the coloured figures in X. There are 
four small squares, each coloured with one of five 
colours, so the number of coloured figures in X 
is 54. Hence 


|Fixe| = 54. 


e Now consider the symmetry a. The coloured 
figures in X fixed by a are those in which the 
four small squares are all the same colour. Hence 


|Fix a] = 5. 
By a similar argument, 
[Fixe] = 5. 

e Next consider the symmetry b. The coloured 
figures in X fixed by b are those in which each 
small square is the same colour as the diagonally 
opposite small square. There are two pairs of 


diagonally opposite small squares and five 
choices for the colour of each pair, so 


|Fix b| = 5°. 


e Next consider the symmetry r. The coloured 
figures in X fixed by r are those in which each 
small square is the same colour as the square 
next to it horizontally. There are two pairs of 
small squares next to each other horizontally 
and five choices for the colour of each pair, so 


|Fixr| = 5°. 
By a similar argument, 


|Fixt| = 5°. 
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e Next consider the symmetry s. The coloured 
figures in X fixed by s are those in which the top 
right small square is the same colour as the 
bottom left small square. Hence there are three 
colour choices to be made — the single colour of 
the top right and bottom left small squares, and 
the colour of each of the other two small squares. 
Each colour choice is from five colours, so 


|Fix s| = 5°. 
By a similar argument, 
|Fix u| = 5°. 


The sizes of the fixed sets for this group action are 
summarised below. 


Symmetry g | |Fixg| 


etn ROSTER O 
on 


(Notice that, as expected, symmetries that are 
conjugate in S(O) have fixed sets of the same size. 
The conjugacy classes of S(O), found in Worked 
Exercise E28 in Subsection 2.3 of Unit E2, are 


{e}, {asc}, {b}, {r,t} {s,u}.) 
Solution to Exercise E181 


Each of the fixed sets in Exercise E180 has size c" 
where c is the number of colours and k is the 
number of colour choices to be made. If we change 
the number of colours from 5 to 4, then a fixed set 
of size 5" changes to a fixed set of size 4". So the 
sizes of the fixed sets for the group action with four 
colours are as given below. 
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Solution to Exercise E182 
We can label the figure as follows. 


This gives the following. 


Symmetry g | Permutation | Number | |Fix g| 
of cycles 
e (1)(2)(3)(4) 4 54 
a (1234) 1 5 
b (1 3)(2 4) 2 5? 
c (1432) 1 5 
r (1 2)(3 4) 2 a 
s (1 3)(2)(4) 3 5> 
t (1 4)(2 3) 2 5? 
u (1)(3)(2 4) 3 53 


(Your permutations may be different if you chose a 
different labelling of the squares.) 


Solution to Exercise E183 


We are regarding two coloured headscarves as the 
same if one can be rotated or reflected to give the 
other. So we consider the action of the group S(O) 
on the set of all possible coloured headscarves in 
fixed positions. The sizes of the fixed sets for this 
group action, found in Exercise E182 (and 
Exercise E180) in the previous subsection, are 
shown below. 


Symmetry g 


| 
ol 
A 
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By the Counting Theorem, the number of orbits is 
(5f +5 +5 +5 +5? +5? +57 +5’) 

(5€ +2 x 5+3 x5? +2 x 5°) 

(55 +2+3x5+2x 5°) 

(125 + 2 + 15 + 50) 


ll 


x 

j= 
No) 
N 


= 120. 


Thus 120 different headscarves can be made. 


Solution to Exercise E184 


Consider the action of the group S(O) on the set of 
all possible coloured headscarves in fixed positions. 
The sizes of the fixed sets for this group action are 
the same as those given in the solution to 

Exercise E183, but with 4 colours replacing 

5 colours (as you saw in Exercise E181 in the 
previous subsection). 


Thus the sizes of the fixed sets are as follows. 


Symmetry g | |Fixg| 

€ 44 
a 4 

b 42 
c 4 

r 42 
8 43 
t 4? 
u 43 


By the Counting Theorem, the number of orbits is 
g(44444+47 44447442447 44°) 

(444+2x4+3x4?4+2x 4°) 

(48 +2+3x4+2x 4?) 


bole l= 


Solutions to exercises 


=2 x4 +1+3x2+4? 
=32+1+6+16 
= 55. 


Thus 55 different headscarves can be made if only 
four colours are allowed. 


Solution to Exercise E185 


We are regarding two coloured chessboards as the 
same if one can be rotated to give the other. So we 
consider the action of the group S+(O) on the set 
of all 24 coloured 2 x 2 chessboards in fixed 
positions. 


We can label the squares of the chessboard as 
follows. 


2) 1 
3 


Thus the sizes of the fixed sets are as follows. 


Symmetry g | Permutation | Number | |Fix g| 
of cycles 
e (1)(2)(3)(4) 4 24 
a (1234) 1 2 
b (1 3)(2 4) 2 2 
c (1432) 1 2 


(Your permutations may be different if you chose a 
different labelling of the squares.) 


(The sizes of the fixed sets are the same as the first 
four sizes of fixed sets given in the solutions to 
Exercises E183 and E184, but with two colours 
replacing five or four colours, respectively. There 
are only four fixed sets to be considered here, 
rather than eight, because we are considering the 
action of the group S+ (0O) rather than that of the 
whole symmetry group S(L).) 


By the Counting Theorem, the number of orbits is 
¢(27+2+427 +2) =F(16+2+4+2) 
= - x 24 
=6: 
Thus there are 6 different coloured chessboards. 


This is the same answer as found in Exercise E175. 
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Solution to Exercise E186 


We are regarding two coloured bangles as the same 
if one can be rotated or turned over to give the 
other. So we consider the action of the group $(Q) 
on the set of all possible coloured bangles in fixed 
positions. As there are two colours, there are 2° 
coloured bangles in fixed positions. 


We can label the beads as shown below. 


The sizes of the fixed sets for this group action are 
as given below. (For convenience, we collect 
together symmetries of the same geometric type.) 


Number 
of cycles 


Example |Fix g| 


permutation 


e (1)(2)(3)(4)(5) 5 2° 


2 rotations, 


Symmetry g 


through 27/5 | (1 23 4 5) 1 2 
2 rotations, 

through +47/5 | (1 3 5 2 4) 1 2 
5 reflections (1)(2 5)(3 4) 3 23 


By the Counting Theorem, the number of orbits is 
(2 +2 242x245 x 2°) 


(32 + 4+ 4+ 40) 
x 80 


sl- 


1 


© Hj- 


Thus eight different coloured bangles can be made. 


This is the same answer as found in 
Exercise E174(b). 
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Solution to Exercise E187 


We consider the action of the group 
S* (QO) = {e, a,b,c} on the set of all possible 
coloured chessboards in fixed positions. 


e The identity symmetry e fixes all the coloured 
chessboards. There are 16 small squares, each 
coloured one of two colours, so the number of 
coloured chessboards is 216. Hence 


\Fixe| = 2". 


e Now consider the symmetry a. The coloured 
chessboards fixed by a are those in which each 
square is the same colour as the three squares 
onto which it is mapped under successive quarter 
turns. There are 24 different ways to colour one 
quarter of such a chessboard, and this colouring 
determines the colours of the squares in each of 
the other quarters of the chessboard. Thus 


|Fix a| = 24. 
By a similar argument, 
|Fix c| = 24. 


e Finally consider the symmetry b. The coloured 
chessboards fixed by b are those in which each 
square is the same colour as the square onto 
which it is mapped under a half turn. There 
are 2° different ways to colour one half of such 
a chessboard, and this colouring determines the 
colours of the squares in the other half. Thus 


|Fix b| = 2°. 
By the Counting Theorem, the number of orbits is 
4 (2'° +2 x 94 +28) — 7(2'° +25 + 2°) 
= } x 2 (2 +1 + 2°) 
= 2 (2 + 2 +1). 
This is the number of different coloured 
chessboards. 


(The number 23 (211 + 23 + 1) is a little 
time-consuming to evaluate without a calculator. 
A calculator shows that its value is 16 456.) 


Solution to Exercise E188 


To determine the number of coloured cubes when 
only two colours are available, we rework the 
calculation in the solution to Worked Exercise E79, 
changing the number of colours from 3 to 2 
wherever it occurs. This gives the answer 

a (2° +6 x 23 +3 x 2448x2746 x 2°) 

= 4 x 2? (2f +6 x 243 x 27+8+46 x 2) 


So there are 10 different coloured cubes if only two 
colours are available. 


Solution to Exercise E189 


(a) The homomorphism ¢ is as follows, where e 
and i are the identity elements of (S(O), 0) and 
(Sym X, 0), respectively. 


@: (S(O), o) — (Sym X, 0) 


(b) The homomorphism ¢ is as follows, where e 
and i are the identity elements of (S(O), o) and 
(Sym X,0), respectively. 
@:(S(O),°) — (Sym X, o) 

er >t 

am (J K)(L M) 

b— i 

c (J K)(L M) 

d i 

fr (J K)(L M) 


Solutions to exercises 


r (J L)(K M) 
s (J M)(K L) 
t (J L)(K M) 
um (J M)(K L) 
vı (J L)(K M) 
w (J M)(K L) 


Solution to Exercise E190 


(a) For the group action in Exercise E189(a), the 
subsets in the partition of S(O) and their 
corresponding permutations of X are as shown 
below. 


Subset in Corresponding 


partition of S(O) | permutation of X 


{e,c} i 


{a, d} (A BC) 
{b, f} (AC B) 
{r,u} (BC) 
{s, v} (A B) 
{t, w} (A C) 


(b) For the group action in Exercise E189(b), the 
subsets in the partition of S(O) and their 
corresponding permutations of X are as shown 
below. 


Subset in 


partition of S(O) | permutation of X 


{e, b, d} i 


Corresponding 


{a,c, f} (J K)(L M) 
{r,t,v} (J L(K M) 
{s,u, w} (J M)(K L) 


(Notice that in each of parts (a) and (b) the listed 
permutations of X form a subgroup of Sym X, as 
expected in view of Corollary E72(a). 


It also follows from the above and 
Corollary E72(b) that {e,c} and {e,b, d} are 
normal subgroups of $(©).) 
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Solution to Exercise E191 
We check the group action axioms. 
GAI Let g € G and let x € X. We have to show 
that g\ a EX. Now 
gA\x=(¢(g))(x)_ (by the definition of A) 
E€ X (since $(g) is a permutation of X). 
Thus axiom GA1 holds. 
GA2 Let e be the identity element of (G, *) and 
let x € X. We have to show that eA x =x. Let i 
be the identity element of (Sym X, o); that is, i is 
the identity permutation of X. Now 
e ^x = (¢(e))(x) (by the definition of ^) 
= i(x) 
(since ¢(e) = i, as ¢ is a homomorphism) 
=i: 
Thus axiom GA2 holds. 
GA3 Let g,h € G and let x € X. We have to 
show that g A (hA x) =(g*h) Aa. Now 
gA(hAZ) 
=g/((h)(x)) (by the definition of ^) 
= o(g)(o(h)(x)) (by the definition of A) 
= ((9) ° (h))(x) 
(by the definition of function composition) 
= (¢(g*h))(x) (since ¢@ is a homomorphism) 
=(g*h)Ax_ (by the definition of A). 


Thus axiom GA3 holds. 


Since the three group action axioms hold, A^ is a 
group action. 
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